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ABSTRACT

The theory of absorption by molecular oxygen in the wavelength
region between 1 and 10 millimeters is summarized, and experimental
methods of measuring atmospheric ibsorption are discussed. It 1is
concluded that the agreement between experiment and theory is in
general satisfactory.

Short-period fluctuations in atmospheric absorption, possibly
correlated with variations in the earth’s magnetic field or other
external factors, have been suspected. The probable effects of time-
varying external flelds, Zeeman splitting, and statistical orientations
of the oxygen molecule in the magnetic fleld are analyzed. None of
these factors appear to explain the suspected variatlons.

A limited experimental program is included in the study.
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1 INTRODUCTION

The millimeter wavelength portion of the electromagnetic spectrum
occuples a transition reglon between the microwave atmospheric window,
where attenuation 1is -v,anively small, and the long infrared opaque
region, where there 1is essentlially no transmission. Such transition
regions can often provide fundamental knowledge of the properties of
the absorbing medium.

The potentialities of experiments in the millimeter wavelengths
are being realized with the development of new techniques for trans-

St deded g o 1 £ 't o =m P A 5 ~nead Aarna
mitting and handling them. For example, already under consideration

are activities in development of small, light-welght systems, in the
deslgn of reasonably secure communication systems, and in the study

of the atmosphere (of other planets as well as of the earth), by

means of transmission into or through the atmosphere elther from above
or from below

ey C =

The theories which predict the propagation of ele tromagnetic

g

waves through the various constituents of tThe atmosphere have been
able to account reasonably well for the frequencies of the observed
maxima of absorption. However, the quantitative predictions of the
theory in the wings of the lines have been less successful. The
pertinent experiments in this range of frequencies (from 30 KMcps

to 300 KMeps) have been quite limited in number and in frequency
coverage. Furthermore, a correlation between theory and experiment
is difficult because of the constantly varying atmospheric condltions
along the path, plus an incomplete knowledge of the composition of

The upper atmosphere.
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Fig. 1. Approximate attenuation in sea-level atmosphere.
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In clear weather, millimeter wave propagatlion through the atmos-
phere depends on absorption and radlation from oxygen and water vapor
molecules. At atmospheric temperatures, oxygen has 25 absorption lines
closely spaced near 5 mm wavelength. Pressure broadening in the lower
altitudes blends these lines into one complex. There is an addltional
oxygen line at about 2.5 mm. Water vapor has one line at 1.3 mm and
another at 16 mm. The skirts of the many pressure broadened lines in
the sub-millimeter region cause a continuous absorption through the
millimeter spectrum, particularly at its short-wavelength end.

Figure 1, taken from several source%?’18'24’25’36'37 summarizes
the general trend of the absorption data. The windows at about 2 mm,
3-4 mm, and 7-9 mm are the only reasonably transparent regions. It
is to be noted that the absorption may vary by a factor of nearly
1000 for a relatively small wavelength change.

The radiation from the atmosphere can also be predicted from the
absorption data. igure 2 shows the antenna temperature to be expected
from atmospheric radiation?7 In many practical systems, this emlission,
which adds noise to the antenna, may be more important than the attenu-
ation of a more remote signal passing through the atmosphere.

Presumably, a theory should be able to account for the emitting
and absorbing properties of the atmosphere, 1f the composltlion were
accurately known at the time of the measurement. Most of tThe diffi-
culties in the theory arise from the effect of pressure broadening,
which must be invoked to explain the shape of the wings of the lines.
There have also been a few experiment%o’42"54 in which unexpected

variations in absorption are suspected. Such fluctuations, 1f real,

would provide valuable checks on the theory. It seems, on the whole,

—
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that a critical survey of the state of the theoretical analyses, espe-
clally considering possible fluctuations due to external factors, 1s
needed. Particularly of importance are the assumptions which have been
made in the various theoretical models.

This report represents an effort to survey critically the theory
of absorption in the general region between 1 and 10 mm wavelength,
and to estimate the success of the theory in predicting the measured
values. Primary emphasis is given to clear-weather absorption by oxygen,
since the same type of theory also applies to water vapor. The main
reason for this choice lies 1n the fact that experiment and theory are

far more difficult to compare in the case of water vapor, because of

the wide variations in humidity.




2. MEASURED VALUES OF ATMOSPHERIC ABSORPTION

2.1 General Methods. Experiments to determine the absorption in

the atmosphere fall into three general classes. First, there is the
laboratory measurement, over a short path, of the attenuation between

6,2
o This method has

a laboratory transmitter and laboratory receive%f
the advantage of affording the ablility to control the conditions in
the absorbing path at will. However, in order to obtaln sufficient
absorption to be measurable at frequencies in the wings of the lines,
the gas is usually at a rather high pressure. Measurements of this
type, while affording the same electrical path length, do not always
reproduce the conditions in the earth’s atmosphere, especially as
concerns pressure broadening.

A second method, which has been used quite successfully to obtain
absorption data at longer path lengths, measures the attenuation over
some kilometers between a ground-based transmitter and a ground-based
receiver. Such experimentgo’M’42 give the absorption at atmospheric
Pressure, but do not take into account the vertlcal variations in the
atmospheric conditions. Furthermore, these experiments often suffer
from an incomplete knowledge of the atmospheric conditions over the
path of propagation.

The third method measures the absorption in the atmosphere of

Some naturally occurring radiation which is in or beyond the atmosphere.
For instance, the sun is often used as the source for this type of
experimenlﬁ?’gg’ﬁ’}u’53 It has the advantage of measuring through the
entire atmospheric layer around the earth. It must, however, assume
that the source of the radiation 1s itself constant with time and of

known spectral distribution. A varlation of this method measures the

-lL.llIIIIllllIlllllllllllllllllllllllllIIlIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
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thermal emission from the atmosphere itself as a function of zenith
angle. A series of such measurements for different zenith angles can

12

also furnish a value of the atmospheric absorptio%i It must be assumed
that the atmospheric conditions do not change during a run.

In order to compare these methods, and to compare them with theory,
some knowledge of the structure of the atmosphere is required. The
third method yields the total attenuation in a column of atmosphere
rather than the attenuation per unit length. If the equivalent sea-
level height of the actual column of atmosphere (approximately 20 KM)
can be inferred by means of some model of the atmosphere, then the
third method may yield indirectly the attenuation per unit length.
Althcugh this comparison would seem to be of doubtful validity, it 1s
eéncouraging that the values as given by the three methods usually agree
fairly well, and sometimes surprisingly well.

2.2 Absorption Coefficient. Consider thermal radiation from a

Source at temperature ts, passing through a thin absorbing layer dz
thick at temperature ta with power absorption coefficient ?° « The
Power absorbed in this layer is ‘U kt dz, where k is the Boltzmann
constant. The thermal radiation from this layer 1is 7“ktadz. The
effective temperature measured by an antenna at the bottom of this
layer is to be found.

Let the antenna position be at z=0. The effective temperature
at z=0 1s that due to (1) the external radiation attenuated by the
absorbing layer, plus (2) the radlation emitted by the various levels,

1tself attenuated by the lower levels. Let the first of these be tl

and the second ty. Let the height of the medium be h. Then,

3t =7t d%
(ydz (2-1)
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The antenna temperature 1:2 due to radiation from a layer dz high

/
at a height z at temperature ta is given by
dt, = —¥+t sy )ds
L =—Ttalevpf vdz )dw

o s . 4
t, :—[X’Ta(expéf)ﬂa/g)dg

If the path makes an angle © with the vertical, and if it is assumed

(2-2)

that the atmosphere i1s horizontally stratified, we have

dg = (cos 6)dy (2-3)
where dzV is measured vertically and dz alon othe pat;l;. Therefore,
(o] 4 7 .
o - /L'ff 1c 6 e.'S'rM'é ag i (2-4)
e h - T, N Fy .
e g § L& L

The quantity »fk’f’o’gv i1s called the zenith opacity ’T; , or sometimes

the total vertical attenuation (TVA). Consequently,

—T; Sec O ¢

3 W P + ’(X't(\_SCC e.e

3 2 (2-5)
5 5 J

The absorbing atmosphere is mainly that at the lower levels. If

the temperature of this layer 1s assumed lsothermal at the temperature
t,s and 1f Y is constant in this layer, we can write:

. !
—T sec 6 i SECsévC/ )
t =1 e G {—'FSece)e 3
B =
(2-6)
—T* Sec & vl B

b2 s s +n(!*€ )
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The assumptions made in deriving this equation have been shown to
be reasonable by means of various experiments in which tg was measured
as a function of the zenith angle ©. Equation (2-6) is the basis of
135,31, 55

extensive measurements of the total vertical attenuation in the
earth’s atmosphere. From a knowledge of the atmospheric profile, the
equivalent sea-level depth of the atmosphere can be faifly well pre-
dicted, and thus the attenuation per unit length of path at sea level
i1s inferred.

2.3 Experiments in the 100-300 KMcps Reglon. As the techniques

of radiometry advance, more data can be expected in the range around

the window near 2 mm wavelengthlf4 Little is known about this portion

of the spectrum, and even relatively crude data would be welcome.

During the summer of 1961, a laboratory evaluation of the feasibility

of using multiplier-mixer super-heterodyne radiometers in the frequency
range from 100 KMcps to 200 KMcps was made under thils contract in the

U. S. Army Rocket and Guided Missile Research and Development Operations
facility.

The initial tests were made with equipment and components that
Were already present in the lab. During the summer, other components
were constructed for use in later tests.

The two initial tests were made with a 4 millimeter klystron local
Cscilllator and a 4 millimeter to 2 millimeter multiplier with appropriate
Crystals. No 2 millimeter noise source was avallable; an 8 millimeter
and a 3 centimeter nolse source were avallable. The noise power from
these noise sources was radiated from an open wave gulde end. A 2

Millimeter horn was placed in line with the radiating guide end to inter-

Cept the noise. Chopping was accomplished in the 8 millimeter case by
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mechanically inserting a resistive load into the 8 millimeter waveguide,
and in the 3 centimeter case by means of a ferrite switch operated in
the 3 centimeter wavegulide. The usual amplification and detection fol-
lowed the multiplication and mixing. Results were negative in both
cases. It 1s difficult to assess the meaning of these results, since
no knowledge of the 2 millimeter noise power output of the 8 millimeter
and 3 centimeter noise sources was obtainable.

The second test employed the same 4 millimeter klystron with an
8 millimeter to 4 millimeter multiplier and the same 8 millimeter noise
source and chopper as in the initial tests. The chopped output of
the 8 millimeter noise source was multiplied and mixed with the output
of the 4 millimeter local oscillator. A radiometer capable of detect-
ing temperature changes of a few hundred degrees resulted.

During the carrying out of these tests, mechanical choppers to
operate in 4 millimeter and 2 millimeter guide were being constructed.
Following the completion of the 4 millimeter chopper, a test was made
with an 8 millimeter local oscillator and an 8 millimeter to # milli-
meter multiplier. The radiated noise output of the 8 millimeter noise
Source was intercepted by a 4 millimeter horn, chopped in the 4 milli-
meter waveguide, and mixed with the multiplied &8 millimeter local
Oscillator signal. A working radiometer having a sensitivity of a
few hundred degrees Kelvin was achieved.

The final test utilized a 4 millimeter local oscillator, a 4
millimeter to 2 millimeter multiplier, and 8 millimeter and 3 centimeter
Noise sources. The radiated noise output was intercepted by a 2
millimeter horn and chopped in the 2 millimeter waveguide. The results

Were negative. No detectable signal output was measured.

ﬁi...lIIIIlllllllllllllllllllllllllllllllIllllllllllllllllllllllllllllll-
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More extended tests on this radiometer are needed in order to
measure the three unknowns which made these tests undefinitive. No
knowledge of the noise temperature of the 8 millimeter noise source
at 2 millimetérs is avallable. A noise source operating in smaller
wavegulde would be very desirable. This higher frequency noise source

~

or a 2 millimeter oscillator would alsc allow tests to determine the
fficlency of the 2 millimeter chopper to be made. Additionally,
further work should be done to gain knowledge of the conversion effi-
clency of the crystals at these frequencies and to find better crystals.

Because of the above state-of-the-art limitations, no useful data

on atmospheric attenuation was acquired in these tests.
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3. THEORY OF ABSORPTION

3.1 Pressure Broadening. The first theory of pressure broadening

was proposed by Lorentzg' in 1906. Iorentz treated resonant absorption
while Debyell treated nonresonant absorption. It was expected that the
Debye theory was merely a special case of the Lorentz theory; however,
this 1s not the case, and for many years a single Iintegrated theory was
lacking. The need for a more complete theory was met by J.H. Van Vleck
and V.F. Weisskopf51 in 1945. They made & modification in the assump-
tions of Lorentz and derived an equation for absorption which encompassed
both the theories of Ilorentz and Debye. The line breadth parameter,

i&W/’ was left as an undetermined constant 1n theélr equation. The

more recent theoretical work which has been done on collision broadening
has been directed toward deriving explicit expressions for AV . 1In
1946, i)l Foleylﬁ used the Fourier expression for the intenslity dis-
tribution in a pressure broadened line to obtain a formula for the line
breadth and the line shift of a spectral line. He made the adlabatic
collision approximation. Anderson3 developed a generallzed theory of
Pressure broadening which differed from previous theories by taking

into account transitions among quantum states caused by collisions.

Hls basic assumption was that the colllding molecules could be treated

a8 point dipoles which followed definite paths. Mizushima32 deduced

the Fourier integral formula with the adlabatlc assumptlon and applied
the theory to ammonia and molecular oxygen. Baranger'5 later proposed

@ theory which treats the colliding molecules quantum mechanically

and allows for inelastic collisions, degeneracy, and overlapping lines.

The theory concerning pressure broadening has reached a high level

Of sophistication. The experimental techniques for measuring absorption
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1

and line breadth parameters have also been improved greatl:f;.’xr When

Van Vleck wrote his papers‘-’ ? concerning absorption by molecular
oxygen and uncondensed water vapor, the individual lines in the oxygen
absorption line at 5 mm had not been resolved. The line breadth was
assumed to be the same for all the lines, and 1t was found by first
measuring the absorption and then choosling a value of AV which would
best it the experimental data. Van Vleck concluded that LV was

0.02 cm /. In general, the agreement of theory with experiment for
oXygen and water vapor was very good except in the wings of the water
vapor absorption line at 1.35 cm, where the residual absorption was

four times as great as predicted by the theory. This discrepancy could
be explained if the line breadth parameters of the absorption lines in
the short millimeter and near infrared regions were different from their
values at 1.35 em. An effect of this nature has been found in the
Spectrum of oxygen by Anderson, Smith, and Gordy&. They measured
fifteen transitions in the 5 mm region and found line breadth parameters
ranging from 0.0319 to 0.0516 cﬁ}atmos, wlth a population welghted

mean of 0.0475 cgpatmos.

3.2 Theory of Van Vleck and Weisskopf. There are two limiting

cases of collisions which may be delineated. These are weak and strong
collisions. A strong collision may be defined to be one in which the
impact 1s so great that the orientation of the molecule after the col-
lision 1s independent of the orientatlion before the colllsion. The
additional assumption 1s usually made that the collision is adiabatic.
This means that the collision takes place over an interval of time
which is short compared with the period of oscillation of the impressed
fleld, Under these assumptions, the molecules may be regarded as dis-

tributed in accordance with the Maxwell-Boltzmann law after collision,
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and the orientation of the particles will depend on the instantaneous
value of the fleld after collision. On the other extreme, a collision
1s sald to be weak when the collision has very little effect in chang-
ing the orientation of the molecule, so that an appreciable change in
orientation can be obtalned only as the result of a large number of
impacts.,

We wlll use the strong collision model, which is generally con-
S8ldered the more reasonable for absorption in gases,

Consider a harmonic oscillator with angular frequency 5 , charge
€, and mass m,in an incident electromagnetic wave of angular frequency
W', IfE cos wl 1s the electric field, the equation of the oscillator

is

§5 2 — 4 -+ _
MM { X + W, X) A B CYY Wt (3-1)

where x 1is the displacement in the direction of E. The general solution

- Ll L L
—— - e o s Ay

- i - | p 5

&

(T4
r‘|(°

(3-2)

of this equation is Tl
L S : w, T LW, T 1
i L (= wr ;

/

The constants C and CO are determined by the values of x and x
immediately after the last Zollision of the osclillator. Lorentz assumed
that positive and negative values of X and X were equally probable and
that on the average X = X = o immediately after collision. Van Vleck
and WQisskopfﬁl assume that the values of x and X are not randomly

distributed, but instead are distributed according to the Boltzmann

dlstribution law for a Hamlltonian function

H/t\) = _ 4+ ; m(w, L) — eLE cos wT (3-3)
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If we let the time of last collision be at t = to, then

A% —'H[‘fo)/\(—r .
'{(T ) #5 % € "/" J_/'Lﬂ
e T
Zgide tATHJP (3-4)

_______ =)
""-/ - H(t. (3-5)
e vﬁdecﬁv

If we evaluate the integrals in Eq. (3-4), we find that

5 iurt;
x(‘t‘ K[ . E e J (3-6)

We now assume that x(t ) = x(t ) and xit } = x(to). The constants C1
and 02 may now be found. If we let t = to + O, we have
. ‘ b} <) e
LwT- o uy=w) D N e e((w—’“; A S A L]
feee T 5Py €7 (5] o
n\(w ) A 2 o A

We must now remember that the oscillator undergoes many collisions
over a period of time. If the collisions occur at random with a
mean interval 717, then the probability that the last collision ex-
bPerienced before t was in the interval between t-6-d0 and t-6 is
/% e-g/TaO. In order to average over the times of last collision

we must multiply Eq. (3-7) by‘ﬂ -0/ and integrate over © from O to Z.

The result is
wwC "

X = R('t‘

m(w, = ")

+—Lﬂ:( >l/ -f—L(Uf""Mf)]}

/
l—J'&r(H—"‘-’-’) i
2 W, wo

= - ((w-w) (3-8)
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Now that we have found x; we calculate the absorption coefficient.
X may be written in the form x =}?[é LWT\ L'ij/. The absorption
coefficient ¥ 1s defined to be the average amount of work done on
the assembly of oscillators by the wave divided by the average energy

flux in the wave. In symbols

: d
- e e e et
B e

or £ 4TINE ﬁ'”fﬁi where N is the number of oscillators per

unit volume. ¥ 1is easily found from Eq. (3-8), and ¥ then becomes

- lts =
e SHNE T T, e (
= v C Ma} 7,!:\. +(W—UG)L :1?‘_ e (,f -rw’,))") (3-9)

All of the calculations so far have been classical, but these
results can be generalized to the quantum mechanical case by means
of the correspondence principle. Each transition between stationary
states can be identified with an equivalent classical oscillator. ;
From the results gilven by Heitler21 we replace ee/m by STT%4jﬁM¢df/{;h
and we replace W, by 21Tx{i. Because of the symmetry in Maxwell’s
€quations in E and H, the moment matrlx element /biﬁ may be either
electric or magnetic, After the molecules have been distributed
Over the various possible states according to the Boltzmann law and

the sum is taken over the various possible transitions, we find that
-Wi/eT
_.W//ﬂ<1' ' =
=he g_'e 1
d
Where we have used w= 277V, Then %(

41)'V) is given by

AV
s
Ve o5 I(V (v +(zﬂ+w/§"+(f>‘/);) e

k




where A/ = 'L;T/T

In a physical situation, there is never a single frequency in
a wave, but rather a range of frequenciles. In order to see if the
bresence of other frequencies will have an appreciable effect on the
absorption, we replace the field E coswt by E, cos wiT + E Cos w it .

The equation of motion then becomes

m(%+ witx) = €€ Cos T + £, €05 WLt (>-12)

The Hamiltonian function of the system is now given by

HE: T+ & (W) - e x(B cos vt + feat Wit ) (o0,

If we assume that the oscillators are distributed according to a

Hamiltonlan of this form, and if we find x in the same manner as before,
then we can again calculate '79 1f we know x. In the previous calculation
of ¥ we assumed that the time averages were taken over an infinilte
Period of time. We now assume that the time average 1s taken over a

time T; this introduces some terms which are in general small in com-
barison with the 7 given by Eq. (3-9) and which vanish as T — =<.

The result for }" is
PR
unNe*(1-cos’wWT W (Wowi )

;)!":,_ "'\ : AT A W
) !‘l_ o (*ﬂ*“jz)’r (zu{{.‘ﬁ-"r[(ﬂ ...,.rjj
== Wi W WL j
—P--‘ %
AT (A ur)‘ R
B TN e, '/Ji..,_\_n—zn:,(q_.,;,_)_-,_— _i—cos(wa w )T
MmCE(W W) (w, -y T (iiik sy oo




» “ \ p \
4 _{‘:ﬁ*l\/c_mﬁ_ﬁ:ﬂ‘iﬁ. [;m“«\a W'»)‘T'" o Sl“(w‘-%_)T
(Wh+wi )T (- )T
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where 7°o 1s given by Eq. (3-9). A comparison of the other terms with
17", shows that in general {° . is much larger than the other terms.
However, it i1s possible for the third term to become large if E2>>Ei
and w‘;zw;(Eq. (3-14) is not valid when L\!‘:\;’=w2’ of course). This effect
is similar to the Luxemburg effect. It is, however, unlikely that the
additional terms will contribute anything to ordinary atmospheric
absorption. The second term in Eq. (3-1%) would also be retained
in Eq. (3-9) if the transient terms were kept in Eq. (3-9). It is
clear that Eq. (34#1}) reduces to Eq. (3-9) as T —> =0,

It has been assumed throughout that the change in phase of the
Tield during collision is small. If the frequency of the wave is high
enough so that the phase changes appreciably during a collision, then
the collisions are ineffective in creating thermal equilibrium, and the
correct analysis of the absorption is that given by Lorentz. In the
Mmlcrowave reglon the frequency is low enough so that the Van Vleck-
Welsskops theory holds.

We have also assumed that there 1s a single relaxation time “I° for
all the molecules. It 1s possible that one could separate the mole-
Cules into different classes with different values of 7. 1In this
eévent the final formulas must be integrated over a range of values of
T.a W spread in the values of -7 will lead to more absorption in

the wings of a 1line than one would expect from the absorption in the

B e e
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center of the line. This is true since the absorption in the center
1s proportional to T avg and the absorption in the wings is proportional
to 1 avg.

'r
3.3 Fourier Integral Theory. Many of the most recent theories of

pressure broadening are based on the Fourier integral theory, which was

first developed by Weisskopf in 193352. The derivation of the Fourier

integral which will be presented here 1s similar to that given by
Mizushima32.

We conslder the simultaneous collision of three or more molecules
to be negligible. This assumption will be valid if the pressure is
not too high. We can consider the Hamiltonian of the system to have

three parts,

H s e i, Eaid
where H, and Hﬁ are the Hamiltonlans of the 1solated molecules ~ and
3 respectively, and H_qa is the intermolecular potential between
the two molecules. In the event that the radlation field interacts

Wlth molecule <, we must add Hr to the Hamiltonlan where

!'ir = F;wu e’t\JT— (3-16)
and /M.is the dipole moment of the molecule, W 1s the angular frequency
Of the field, and F is the amplitude of the field. We will also consider
the Ssimultaneous optical transition of two molecules to be negligible,

80 that we do not have to add the Hamiltonian which gives the inter-
# actlon of the field with molecule ﬁ .

We take the functions which make Ha and HFB diagonal as our basis.

Let the total wave functions be expanded as

.\
¥

- P
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where the star indicates the fact that we are considering a Schrb'dinger

representation. We then have

= :Qwﬁ
L N
e ) 5-18
dLHK’UL Lﬁ%(qﬁat + Oy 3T ( )
We must include the term 2>W-/Qt’ because of the relative motion of the

e
molecules. If we multiply Eq. (3-18) by W’l' and integrate or sum over

all the variables we find that

e *
“?;--*‘-‘Z(H“‘ﬂ 2)..% (3-19)
Z°C 1~

In everything that follows we will make the adiabatic assumption.
This means that we neglect the effect of motion of the molecule, or

that we neglect (P Bo(f in comparison with H. The result is

LF\\D“J— (E Y )4, + 4(Hxﬁ+ H)u.. By
where E’i 1s the energy of the isolated molecule in stated' PR ) : is
the diagonal part of H«(b J and Hc’;l/5 is the remaining part of H»(/s ’

We now change to a Heisenberg representation
¥ : .
Q.= G exp —-é-(gkf-r‘[v;d-t)} (3-21)

If we neglect all of the a'.{ except C(_.t , which we assume to be unity,

(3-20) becomes

: e
(900 a6 rviesels 3 (e (7 e )]
2

~(E 3 v-)a_ E%F[—-——(ﬁ t-#—// J'tj‘*‘

+@dﬁ+h‘ja\e~m[—-f(£t+j &) ] (3-22)
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If we now neglect H(/2 » we may integrate Eq. (3-22) to find

LT 1 = ,A'\. F {"r_" !;’[‘-l-.-' ':(E’— '('TJ(V' v, )o/'!‘ STV o 4/ (3-23)

v

4

Hence the transition probablility from state | to state ﬂ is given by
D

} R y z
Yart) /F [ /I’L% -’(l:j t+fa("{1" v, )i~ (uw € J//! ,!r[‘ (3-24)

3.4 Line Breadth and Line Shift. Eq. (3-24) is the Fouriler integral

formula. By means of this result, we can derive expressions for the
/
line breadth Av’ and the line shift 4V’ due to pressure broadening.

If we ignore the numerical factors in Eq. (3-24), we may write
T (/ f) : / ) & \/Z:L (L&’L_.;‘L'V)-.{_ ._.’ L ’)f\ ‘{-(‘*L/ _l( / (3_25)

where T (.-) is the intensity distribution, A 1s the initial state and

-;C i1s the final state, uft = -L(Lr s ) A ned
. i £l

“‘L : \/(f v.)dt = [ Y/H J£2 <¢/HJW/L§¢/¢ (35553
" gl - t { ¥ -
T‘/"‘/):.w,(/r ( o ) [} (f) u(t )/ (3_25)/

/
Let t = 'C =7 and t, = t. Then Eq. (3-25 ) becomes

w /\’T—/
T(w) - ( G g () (3-27)

[ (e v &
r'(T)T/C"T eL[\ P J (3-28)
e

We now make the assumption that the times of collisions are

-Short compared with the time between them. This means that we may write

,»\(-‘:(-'( +7) - b o (t).- (] /\f\L (3-29)

-~
- > ,
> 3 o
Trethy D € "7}

e
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where A\C are the phase shifts due to the various collisions ocecurring
in the interval between t and T +7T . We may write ”%-as
W s [ dtfalfHy,]i> - <FIH, )57 (3-30)

Ellis ron
<

The types of collisions may be divided into classes which will depend
on the paths followed by the molecules. Corresponding to each element
of cross section Jr,rK ; there will be a definite phase-shift /"}; -

The probability that a collision in Jd; occurs 1is a time 47 is gilven

o [ !‘lk = xn\/cjr‘{ﬁh (3-31)
Wwhere vy 1s the number of molecules per unit volume and v~ is their
average velocity (it is always justifiable in collision broadening
broblems to assume that all molecules have the average velocity v~ ).

Let £ /% ) be the integrand in Eq. (3-28).

A y,
{7y = exp[ fm ft+7)-m  (0)f (3-32)

If a collision of type K occurs in a time o after 7 » Then

F(cmsdr) = enfifon fermsomfeumiin feomy -, (01

Or using Eq. (3-29), we have
,{'(f}/,\.., J-r-) ——.‘F(‘T,T’)'t CC’)&ID(LW\Q' U‘{(T, "") (3-33)

If we now take the integral (this is equivalent to averaging over T) we
Obtain

“,(’ﬁ(t) = W(’F’—* C"'T‘)’J(T') - <("')(I3 LM\‘ ”') g/-t' ‘)> (35283

Where < > denotes the average over L
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This is the point at which the impact theory assumption must be
made. We assume that the time ;Jﬂ’ is short compared to the interval
between collisions (so that it contains one collision at most), and
we assume that o7 is long in comparison with the duration of a
collision. The latter assumption must be made so there will be no
correlation between what happens in the interval A4 and what happens
in the preceding or following times.

Under these conditions, we can take the averages in Eq. (3-34)

Separately. We obtain

e
! A \ B - i { [ i~ RERE Y
O.({{/fh?&75_4€XF(LAH—-!<I d{1 } (o nrd {afﬁ_ ey b | (3.38)

We then ha -y T
ve (0('() -
(3-36)
where
;'/ L-‘A.)IC :
1) de(1- € )—' RES (3-37)
If we use this result in Eq. (3-27), we get#
.
4 3 P [ i A /\/- o i /‘"j
L(u)= 2 f v expl{(umer + W @) T o0V G ] (oo
, o
or
T () 2 AV s
(W — oo Y ey 9" 3 i .
- — 47 |+ v]
C e
Where 5 and

4V = ‘W/el'“( ~ées M) (5-39)

This step 1s explaincé in 1q - (3-%8) and (3- J*9)




and the shift by

A % W\ ¥ { } { U 1/

ohilei o ‘ (3-40)

We also have from gas kinetic theory

$/

] g g / vy \ i , l A
s gty Aak A i / r WY,
/\("..‘/\_'4’ C ,‘ ] H TP i oFf Bl - i / 1V 28/ (& v

AR & 1 s o ] { .'! . ; (3"41)

& 3 -

1\ [ 1y
where m is the reduced mass, V 1s the relative velocity, o 1is the
lmpact parameter, and G is the probability of the molecule being in
a rotatlional state., V and ,. are integrated from © to =, and G is
summed over all states.

3.5 Overlapping Lines in Pressure Broadening. The absorption

spectrum is obtalned by summing Eq. (3-38) over . and <4 after the
appropriate constant factor has been included in Eq. (3-38).

More general expressions for the line breadth have been given by
z’«'.nck:r'sc>r13j and BarangerB. Since Baranger’s work 1s an extension of the
work done by Anderson, we will disucss the work of Baranger. His
theory takes into account inelastic collislons, degeneracy, and over-
lapping lines. The paths of the perturbers will be assumed to be
¢lassical, so that their interaction is a definite function of time.
The justification for this treatment lies in the fact that when the
Velocity of a molecule is determined to a good accuracy, the positions
May also be known to a few Angstrom units for all except the lightest
molecules. The ranges of the interactions which are important in line
bPOadening are many times this distance, In a later paper Baranger
removes this difficulty by treating the perturbing molecules by quantum
Mechanics. We will not consider this latter paper, since it seems to
be a g00d approximation to assume classical paths for the case of absorption

by unionized gases.
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We now consider the problem of overlapping lines in pressure
broadening. This work includes Anderson’s case of a single isolated
line as a special case. The impact approximation is again made. This
consists in assuming that the average collision is weak, but it does
not exclude the possibility of a few strong collisions. We again
assume that the average time between the strong collisions is much
longer than the duration of the collision, and also that the molecules
ove independently of each other.

Let F[*ﬁﬁhwr be the power emitted or absorbed in the frequency

interval /u~ about % . Then we have

Plur)duwr = TR gme== .
-t /"-‘r "“rf [ 3' . .
: ( 4 AL, Yo ()
o) < T (A €S g w0
. (3-43)
lé‘:(*ﬁ S is the initial state and <Y,(¢)| 1s the final state

in the Schrodinger plcture, Positive s correspond to emission,
negative wr’. to absorption. M, 1s the number of photons per
Quantum state after the emission or before the absorption, i. e.,

wWhichever state of the radiation field has the larger number of photons.

:; 1s the dipole moment of the molecule and the absolute square
/

In Eq. (3-43) also involves a summation over the three components of i

ml i1s time independent in the Schrodinger representation. T  1is

——

* Very long time, which will be taken to be infinite in the limit.
Eq. (3-%3) nas already been summed over all angles and polarizations
Of the light. From now on I{lf) will be referred to spectruh or line
Shape in the case of an individual line The true line shape will also

Yy
Include the fractor Ywm, /3

-
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where the asterisk means complex conjugate. We then find Z}[-) only

for £>0 and use Eq. (3-48) for S< © . Thus,

1‘./}.,,) =M RIE

The expression for Zi i)aan be modified by introducing the
A ..r £ ~ 1 ] / & \» Fa -
Schrodinger time evolution operator, "I ( >/, which transforms a state

at time O into a state at time .

v 4 (3-50)

T}/')is a unltary operator. We can now obtain df(VV) in the
form of a trace. We have
4
.4;." e i P —ing — 10l 1% i! : A ~ o / \\- ; \ /
D)= 2 B LW (%()>< (o) 17 s)dT(s) | w (o)
- S P ,f'},‘r).j;?’ AR wATE 'i|,(,\\f
i~ (CV s 1 | Ll ) (!/y'!‘J)<V:<,/}3-T(,) PL‘—/ #
:/ _7
] * . e
"o i : “.‘ . ‘ " -./L, Fi \'] 'l‘ - p | y ;\~
w =2 B &WI2 T > <y@[d Tl vile)>],,
Bt |
* } . -
B(s)= T [dT(s)-dT(s)r] (3-51)
- J v L.» \ {
We L 4 .."‘ \ 4 < E ¥ { A~ ’. v,|
"e have written 4 -T ($) for the matrix whose elements are <y 1€T06) Vo) >

v

and d-( }4 for the matrix whose elements are<<lﬂéjLi77J).”#(,)>

3.6 One-State Case. We will now consider the case where the inter-

actlon of the perturbers with the lower state of the atom can be
Neglected. This case often arises in practice since the atom is more
tightly bound and less easily polarized in its lower state. We will
“Onsider the case where the lower state 1s the final state (emission).
The problem is to compute Z (ZJ » Uslng the assumptlon above,

W€ must sum over all initial states in Eq. (3-47), but not over all

final states. We will find 1t necessary to be concerned only wit
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final states of energy'-ﬁﬁ. .  We introduce a degeneracy index Then
- i
R ) e | e ) ) -
P(s) = 2 Jey | d T ><0 |dr()lw 5] - P
i i | T¢ 4 (219 RN !
) O '
< :' e ] kg \/( oy R iy SR
= L\ | > T/ <) W, S
GO are bk ol R yﬁﬂ\{ I _),#Q - SR
= z Y -
We can take the energy of the final state to be zero; that is,
.r-";’ e { e @ / y ‘ TR, / / } | 3
’:{) ...4.—,/ /<“, ,‘J{-_,)(f@, tlu/-'l"f’("/‘ ' P ¥ S
f .l'," — f T8 % R - | } L
L ‘_ / e ; I } P W ot
If we define the Hermitian operator [ by
I B 1 T (T R 3.52
J_ Lo :—;/r.,\w et B g N | 8 (5 52)
Then
1‘- { ) — ’)/ ‘— perhil ] '/ 37 J
N Ry ey s IYAREL/ (3-53)
We must now evaluate the average of [ (A
T( <)} satisfies the Schrodinger equation
4 ' { . / : '\'1 ,/,;’ } o
(AT L o V)] TS (3-54)
where |4 1s the unperturbed Hamiltonian, and V_{!) 1is the inter-
actlion Hamiltonlan. Another evolution operator i {S) may be defined by
-t ;;-/;9'
[ ) =li@ A (5) (3-55)
L } 18 then given b
. { / ¥ / F A
\fs)= T eypl~=| V_ (t)dT 3_56
\""“ 4 N l{ s i '),) [ e } < 'J)
"’here ' / !
p L H 7’/[‘; e H'z‘t/ﬂ
| & - - \ i
V. (e) = e V. (t) € L
(3-57)
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i1s the time ordering operator which mekes operators act in the

order prescribed by the time in their argument, with time increasing
from right to left. Eq. (3-57) may be easily verified by showing
that Eq. (3-55) satisfies Eq. (3-5%) with this form for WU(S)

V;a t) 1s a sum of interactions due to the different perturbers.

«

Ty (f) is the interaction due to the L = perturber, we may write

L ‘ & ¢
L(J: | J & ""/T:""l'/"v///r-"i"’"!,, /5";’[{""/-/'r" T (3-58)
A Tl el R = | V(O dt ) (3-58
- "/1 Ty - -
a
nd S N
4 |
l/_\ - }’_‘:'- O:{—'t‘ './';/..-/ ]
l._( } A L/ o e | ,‘J Yl (3_;9)

N

-

\ 1s the total number of perturbers.

Eq. (3-59) 1is very complicated because of the presence of the
time ordering operator, which causes a hopeless entanglement of the
°perators, We must now make the impact assumption which states that

two strong collisions never occur slmultaneously. 1In this case, the
®0llisions take place one after the other, and there 1s no question
8bout the order in which to write the operators in Eq. (3-59). Notice

ble

1.-.

]»,.

that no restriction is made on the weak collisions. It is poss
that T 4} o a
“hat several weak collisions can occur simultaneously or at the same

Uime ag g strong collision. The Justifications for treating the problem
>
“N1s way are dlscussed by Baranger-.
Using this assumption, we can compute J (f) by first computing an

©XPression relating to a single perturber

/ {; Eypf - i“ \ fr/ / }4 (j—GO)
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g _ +
and then raising 1t to the N - power while treating the collisions in
chronological order. We wlll take & to be much longer than the time

2

of a strong collision, Because the average collislion is weak, it will
take many collisions to produce a (*‘\ appreciably diff t

o il w W _,/ pp.z. v y AL I 2el
£ ¥ ’
irom unity. In the great majorlity of cases, the bracket in Eq. (3-60)
18 unity because the perturber will not often make any collisions in
4 2 i o * :
the interval considered. The probability of a collision occurring in
this int * F. ’
tills Interval 1s of the order of N , and the probabllity of two

Fe) 4 o - y 2 'Z !
collisions occurring is of the order of N . Let o+ Dbe the frequency

of a particular type of collision when all the perturbers are present;
then the frequency with a single perturber is Awes i’

and the proba-

- } -

01lity of such a collision oceurring in time dt is N Jd¥Y It . Iet
be a unitary matrix, for a collision occurring at time zero, given

by

If a collision occurs at time T between o and -S , then Eq. (3-60)

18 glven by

M _’:-;. - LY, /7
1 ‘ (3-62)
tH. /%
Since the state at time T 1s € times what 1t was at time zero.

The deviation from un ty in Eq. (3-60) due to a particular type of

¢0llision oceurring in the time interval ST at time T is

> 3 | ] | / L t’f 4 R g \- ) }11/;' ‘;’ P
oaeEe e ) (5-63)
B ( - " "
+ (3-60) 1s found by treating all types of collislons between and

<

: 1t 1s given by
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hen Eq. (3-64) may be written as

7 W) dt (3-67)

Af £ " . - 7 oy
Now, since N is a very large number, the result of raising Eq. (3-67)

to the Y] 4' . w4 ¢ 4 (A (< s easlly verified to be given
He i power (which gives | A5 ) is easily verified to be given
IV

by
et 1
- = / !
W (o) etthsnie dfuile ) 849 .
\,L\ﬂ/;. LS ) = b e - )()Hi— :Jl H e J‘T—) (5_,0)
to - o 2% e Iy 1 1w ot I © 2
& good approximation. Then | (%) 18 glven by Eq. (3-55) as
3 o 5 i
e / N . ¢ ’ «I.'. e :/'* ‘_. !/ v ,:/.r N /f “.'
ar (8] = € Pt st [ ncs o 1
foe ¥ 4
or
/ ™ L ﬁ \I / i § { ' " 7
{ 3} 2= e Pl A { HU T L} (3-69)
W i i = [} \

The lagt equation is verified since the derivatives of the two expressions
In BEq. (3-69) are the same. The expressions are equal because [+ 13 a
“Onstant .

The main result of Baranger’s study 1s that when the impact approxi-
Mation 1g valid, 1t is possible to replace the fluctuating, time-dependent
1nteraction between the molecule and the perturbers by a constant

)

Sffective interaction M . From Eq. (3-65) we see that [ 1s not



32
Hermitian, and hence the energy levels wlll have an imaglnary part, which
will result in a line-breadth for the spectrum. In order to compute F#”
we must know 5 , which is the usual collision matrix. The calculation
of £ may be very difficult, but it is a standard problem in time-
3

dependent quantum mechanics. Anderson” has developed an approximate
method for calculating S .

3.7 Line Shape for the One-State Case. Now that we have found g 5)}

we can find the line shape for the one-state case. Under the validity
conditions, which will be stated later, the density matrix Ve varies
mch too slowly to affect the shape of individual lines, and we may
consider it to be constant for a single line or a group of a few lines
which overlap.

The line shape is obtained from Eq. (3-49). The integral will be
Performed in the operator form, and we will assume that the lmaginary
Parts of the elgenvalues of H, + b are of the right sign to make the
Integral converge at infinity. Baranger states that this 1s the case,
but he gives no proof of this statement. Slnce /a is a constant for

the 1lines under consideration, we have

TP 'T(w)= R T, _[i@f:‘”e”%(% i S
-(‘}

77[3- n for) sla B/r;/f@ (uf-— %— - i:t) | (3-70)

or

F
We must now evaluate Eq. (3-70) in terms of the eigenvalues of H + #F

Let the eigenstates of H,) + bt be ,4 - and the eigenvalues

.-

! ’ /
‘;\(VII’LWL) W >0. Then,

(H,+ B[ @ > = F(ug- Lw')]@ > (3-71)

L
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Now since f4;4 ¥ is not Hermitlan, the states{iz,> are not mutually

orthogonal, but we can find another set of functions, <,K;| , such that

Xj'/@-—" = {LJ. (3-72)
It follows that

2,4 >< x;} = | (3-73)

C

It is then possible to write Eq. (3-70) as

-} o W= i
17'r= £ [ S Renl 2l oo oIvg,
From Eq. (3-T4), we see that the shape of a group of spectral lines 1s a
sum of lines which have a Lorentz line shape plus a sum of terms which
do not have a Lorentz shape. For large uJ: the latter terms are all
Proportional to afd « DLNes -2 1s a Hermitian operator, it follows
th&t<§1:(fp)=c7, and hence the contribution of these terms away from
the resonances is very small. The latter terms are important only in
the region where the lines overlap.

Anderson’s results can be easlly obtained from this theory. We
Will only consider the nondegenerate case (Anderson also treats the
degenerate case). ILet IVﬁ? and £, be the elgenstates and eigen-
Values of HG .  We calculate the eigenvalues By T bt by first-
order perturbation theory. This means that this method will be valid
only when i 1is small compared to the energy level spacing of ffo
Thus, the theory is restricted to non-overlapping lines. We have

\

[ . /
I TR R s i Vi
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and we use~<ukf and

term of Eq. (3-74) vanishes, since a diagonal matrix element of .

real, and we ge?¥

<
{

where

then (using Eq. (3-65),

/

JL - }2( "U‘/—L‘!lv‘/,,. ?\{-.//'. )&> s K ‘_L. /,_ f,(t e /

or

In 8imilar fashion,

/

/7

;
| el

i,

For the case of inelastlc

(3‘?9) are the same

A discussion of the valldity

by 4
J Baranger; these conditions

Uration of typical impact,

*eVel shift, then the impact approximation is

/

-

'
A

20ll

|\. > instead of < X, | and | ¥ > .

/
vt ti Fi A iR
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as Eq. (3-39) and (3-40).

onditions 1s presented 1n some

Then the second

is

(3-78
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W
I
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detall

—_- ™ 3 o
will be merely stated here. If U 1ls the
/t%e width of the level, and o . the

valid when
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We have restricted ourselves to dealing with the one-state case.

The results for the two-state case, where both the initial and the final
state interact appreciably with the perturbers, are analogous to the
results already derived.

3.8 Atmospheric Absorption by the Oxygen Molecule. The oXygen

molecule has a %{ ground state and a magnetlic dipole moment of two

Bohr magnetons. The rotation of the oxygen molecule about its center

of mass interacts with the permanent magnetic moment to form what is
called a "rho-type triplet”, The rotational quantum number exclusive

of the spin will be denoted by K. K will be added vectorlally to the
5pin S to form a total rotational quantum number J, which can assume

the values X + 1, K, and K - 1. Since the resultant spin of each oXygen
atom 1s 1/2 and the spin function 1s symmetric in the ground state,

the Pauli exclusion principle will allow K to take on only odd values.
The microwave resonances are due to the decomposition of the states

With the same K but different J . The components J = K-1 and T=K+1
8¢ of lower energy than the state J = K, and they almost coincide. The

e 3 - » - o Ao e eTal=% e 4
“ergy difference between K and JmEK-lOor K+ 118 dependent on K,

—
"0 L v -

| . " 3 o ; } ~h
Ut 1t 18 nearly the same (about 1/2 cm) with the one exception which

- 1 /1 Ve
to a resonance at 1/% Cm.

levels in the oxygen molecule were measured experimentally
N v o . ' Vil AYE 4 ik .

b 1 e . o . nergy levels
¥ Dieke and Babcock , and a theoretlcal formula for the energy 5

4

wag X 3 A anlta on 1ous work done by
&lven by Schlapp”; who based his results on previous w 3

e & & calc by Schla
8elf”" ang Hill and Van Vleck . The levels calculated by S PP

*d the levels Dieke and Babcock agree very closely. The

measured by

%bs beock, but 1t was
x by ] bcock, but it
TPtion at 0.25 cm was not measured by Dieke and Babcock,

DPre e calculation of
Alcteg by the theoretical formula of Schlapp. In his a’ 3

4
. apect copic rather than
980rption, Van Vleck chose to use the spectros p

. I

v —




36

theoretical values-.of.the intervals, in order to be in as close agree-
ment as possible wilth experiment.
The equations which Van Vleck used are those given by Eq. (3-10)

Ly
and (3-11) with the factor /oﬁkgh

i

€ 1inserted in order to express the

absorption in decibels per killometer. He then assumed varlous values

for the line breath AY and proceeded to calculate the absorption

for the different AV S. The calculated absorption and-the experimentally

measured absorption were then compared in order to determine the correct

value for AV . At this time, there was no theoretical means of com-

puting AV . The microwave measurements of Beringer6 showed conclusively
-1

that 47 had the upper and lower bounds of 0.05 and 0.02 ecm . By

comparison with the work of other e:{perimenters%3 Van Vleck concluded

that 0.02 cm’/ was the most probable value for £ s

The formulas which were used by Van Vleck in calculating the absorp-

tlon will now be given. We start from

| % & p . ( 1
: oy N 2| S0V exp(CEifT) L
¥=10 leg e - LT Al (310}
- = 4 E 4
P :XP(— y@r)
"
-
| - I
f(_ - f’ /‘fllvj ot ’_MZ_;_,___/—-—""‘“L} (j-ll)
— A JOTRE e —————— v /
7 V“.,VJ i e TR ) T r”}' (V- . +V] —f’\Z,W /
= NA R L v (b © 5 1 —
Sine / AL RN o ¢ - nd the contribution
Slnce p;A:.-v{_ ; we have e—/i}ijyj = j’(W;l) /)) an
. wizof ¥ fo monibiy sative depending
°f a particular term in Eq. (3-10") 1s positive or nega ive depending
i - 4 TM qiates o make all
°n the energles of the L - and 4 — states. In order t

/ 3o ; - -~ 4 N
°f the terms in Eq. (3-10 ) positive, we may make the approximation

E \
R 7 : AR ) - Efyr
o ik BT o badd e b Tonng /]  (3-81)
P2 [ -/ o — < ,"- i 6 + e
A e + ‘ N S— ——
1 4 p I L \

—



which is good if /{f{: Eiff;<y E}~.The absorption coefficient is then
[ \
given by - Efer

——

Le g (3-82)

= /f;-i";._«», e S PIV N / ._11'-““/1_‘{_(’ r) €
: i X eﬁP(-b«¢1)

In any application to oxyéen, the indices . and 4 really refer to

the three quantum numbers J, K, M. For the transitions wlth which we are

concerned J = K + 1, K, or K-1. The energy does not depend on M, and

only slightly on J. We can say that EL is a function only of K 1n the

Boltzmann factors. If 7é* is the frequency assoclated with the transition

from the level J = K + 1 to J = K, and 7, _ with J = K-1 to J = K, then

we may write Eq. (3-82) as

b W11 /N el . [ % 3 os s X g
X: /0 }./-J/ € e L] /‘ ¥ -x(/y’) /))1,1“' T LY VI f
R R 2 RArShAag 1AL SRENAGKREE T4T b k=<1 )
-’ & . ‘Jl
e - p t'\/—r
s &) [2 3 (or) '
+ F(v) | e pel S j |
o J LK (3-83)
With
1 ) !_ 1 ;/ // .,b/\ — 2 V"‘-/ =y
J - f, W ————— T 3-8
\ g 474" ‘ ’k\ % T y"—-I (/ 'r",/ ( )
9
and
| L4 1~ \ \) ‘ % ’ ,\/] 4 ,)/, 4 B
A o : ".". [ 7 x
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W
'mefe/g is the Bohr magneton.

] ; : * R -8 resent the resonant
The first and second members of Eq. (3 55) represent tih

, - +hird nt . s the non-resonant
8bsorption of oxygen while the third member represents th

absol‘ption. The latter term 18 a result of the fact that the matrix for

the magnetic moment of the oxygen molecule has diagonal elements. This

- T
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part of the absorption is due to the presence of lines whose resonance

frequency 1s zero. The mechanism for absorption for these lines 1s
shown by Van Vleck to be similar to that in Debye’s model of absorption
and dispersion of radiation by a molecule due to the statlstical redis-
tribution of these molecules by collisions.

e ]
F 4 VNS

The E. in the Boltzmann factors may be approximated by B K(¥1!)
; " L8 ad A
with = 1.4 cm . A simple expression for the absorption 1s then
easlly found for the wings of the lines, If T = 293°, and the pressure

is 76 cm, then

A0y
N - 7/ el o
S bV b

B 24 Y| e T AT
N ™ e J = ’.-— AR y ¥ i yi :ﬂ"" /\.——"‘ L | — e\
C™ (2 ,,,,(/.;} (2+ %) +{(&F) i

Van Vleck cautions that it should not be surprising if the detalled
shape of the absorption curve 1s somewhat different from the shape
his formulas predict, because he sasumed the collisions were of infinl-
T

tesimal duration. The fact that these formulas.qO not give the correct

¥

line shape in the case of overlapping lines 1s shown by EQq. (3-74),

a - ey I g & m}
¥here some terms are present which do not have a lLorentz shape. 1nhe
- ~ £ " o 2} T 1 ST ? e 8 o
O0Xygen resonance at 5 mm does onslst of a group of overlapping lines,
8ince there are 25 important lines 1in this region with a minimum breadth

~ sonant reg ig about 10 mc/sec
°f 600 mc/sec. The width of the entire resonant reglon is about 10 mcy, ,

2 A " s . A atlo e Pars nay be calculated
3.9 Calculation of Ay for Molecular Oxygen. AV may

by using Bq. (3-30), (3-39), and (3-%1). If we let AF be defined by




The most easlly handled cases are those where AP 1is of the form

w G

[-AF ) e (3"88)

If we also assume that the path of the molecule is stralght, then m  1s

¢
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gilven by
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where m is the reduced mass

RLT LHIGO 0
By means of the formulas above, we may calculate the line breadth
3

of oxygen, if we assume the interaction of the oxygen molecules to be

glven by a particular value of m™m . Since oxygen has a permanent dipole

moment, one might think that the dominant interaction between molecules

5

18 of the magnetlc dipole-dipole variety; however, this interactlon 1s

£ 1 o S
found to be too small to glve the correct line-breadth for oxygen.

R

W4 52
Mzushima calculated the line-breadth by assuming that there 18 an

ric quadrupole-quadrupole interaction between OXygen molecules.
-

Ly -

s calculation will now be given.

=1

: Ry s e 1 -he sSunm
In the oxygen molec the total a.ngt:lar" momentum J is the sum

LEeCULE,

. p—— ¥ ¥ "m+i11m |4
8pin angular momentum S and the rotational angular momenvum & .

"
In . ™ nd th ree
the ground state of the oxygen molecule S5 =1 and there are three

st J : :

8tes J = X + 1, K, K-1 corresponding to each K except for K = 0, 1.

Ta -

St 3 d a2 a N 20 P 11ne i C;lle
Cem 18 the ordinary rotational wave function of a linear mole

Wit

‘i quantum numbers K, M

e
ar
N, il and ?

18 the spin wave function with magnetic

.-"IIIIII--:______________¥
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guantum number s« , then the wave functions of these three states are
9 (pp. 78) A
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Y . S
15 M
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\\ 6.‘ <, M= | J"'/

The diagonal element of the quadrupole interactlon between two molecules

28
has been found by Margenau to be

/ (') 9 ( ‘\/ 3 ‘" aid f‘ ~QL (F" )-\/‘*’\ ]FK’/'\.;’)-;’:\_"\._::/ (3 92)
Qﬁ A (lhﬁ D) (2K =) {[iFf*“)(i K- )

where Q 1s the quadrupole moment, 1 refers to the firct molecule, 2 to

the second molecule, and Vl2 1s the interaction Hamiltonlan of the mole-

!

cules, which is assumed to be an electric quadrupole-quadrupole interaction.

Since Eq. (3-92) 1s sultably factored, it can be calculated separately

for each molecule.
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By means of the wave functions given by Eq. (3—91) and the results
yf Eg. (3-92), we can calculate the diagonal element of the quadrupole
nteraction between two oxygen molecules. Mizushima found the following

actors to come from each molecule.

(v+N ¥ o2 ol B
(&j L+i3(¥* *) ik B o L{,a;rx)(K+¢\(F-¥iﬂ ) Te= K+ | (3-93)
K(Kl;)—:ﬂml'ﬁhﬁﬁ:3 ); K
[ g lefer)ree o) T K
e (3-9%)

and
(!(+I)LK(K~ ) - 3m ff’,[k(;pﬂ)(; -1 T=K=1  (3-95)

Since the interaction as given by EQ. (3-92) 1is proportional to
-
R , we must use m= 5 in Eq. (3-90). The result 1s
i/

..f

go= 21(2) 5T <[l 2N (50

where M 1s the real mass of the oxygen molecule. In order to find the
line breadth, the average value of the square root of the potential
diffepence must be found. Mizushima assumed that only one of the
¢0lliding molecules undergoes & transition and that the average value
of K for the perturbing molecule ls 1arge, so that Eq. (3-93), (3-9%),

and (3-95) may all be replaced by

(k=3 (3-97)

for the perturbing molecule. The procedure adopted by Mizushlma is to

take the square root of Eq. (3-97) and average over all of the values




L2
# M. This gives the average factor for the perturbing molecule. The
ine breadth for a particular transition is then found by using the
i fference of two of the expressions Eq. (3-93), (3-9%), and (3-95)
‘or the factor due to the perturbed molecule. Mlzushima gives the

wverage of the square root of Eq. (3-97) to be
I
) —
(Z)7{ )= 3w ey (3-98)

\\‘ \\,

7
[t seems that there is an error here, and the correct result must be

» 3 K

- M
l? "“‘“‘"‘“L dm g iy 5 e
a }|\\-ml dm = O4| (3-99)
A

e
~wa A

Then AV 1s given by
-y
k. _.;_,q/vj( ) é lecm!)ﬁ LAI>N

V3 1 ' ¢

- (o itp(3) (&Rt < AN (100

Where

A = Eq. (3-93) - Eq. (3-94) for K + 1—K
A = Eq. (3-95) - Bq. (3-9%) forE - 1=»%

(3-101)

If there 1s an external magnetic field, the results of Mizgshima

¢an be modified slightly. In order to average over M, we now multiply

(3-97) by the proper Boltzmann factor and then

the square root of Eq.
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take the average. Thus Eq. (3-99) should now be replaced by f

el 4f |
(=3 S |
---- =o€t e Mgty Budia M

. i & g B -102

K // j < JM (3 )

- L
_ of M
where - MM o IP & deoemnlds Then t € Ui may be expanded in a

Ay
rapidly converging series. The terms of the first order in « vanish,

8o that Eq. (3-102) i1s glven by

1] + 0,015 A" 4 o{%') (3-103)
correct to the third order in « . A similar correction for the presence
of the field must also be made in computing< (A/).

Mizushima concluded that the value of Q required by his equations to
explain the observed line breadth of oXygen was of a plausible order.
Some support to the supposition that the line-breadth is due at least
Partly to the quadrupole-quadrupole interaction is found in the Temperature
dependence of 4Y. From Eq. (3-96) we see that AY should be proportional
to T-B/l; at constant pressure. Beringer and Castle’s experimental data

at 300° K and 85° K show a temperature dependence midway between T

ang 'I‘_3/4 dependence. The experimentally measured temperature dependence

of A¢ 18 AV « T-O'85.
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4, CONCLUSIONS

The absorption of microwave radiation by molecular oxygen is a
well understood phenomenon. The agreement between absorption predicted
by the Van Vleck theory and the observed values in the laboratory is
in general very good. The application to the earth’s atmosphere 1is
less certain. A study of absorption by oxygen has been made by M.L. Meekgq
By means of a computer program, he calculated the absorption predicted
by the Van Vleck theory in the range from 3.7 to 7.5 mm wavelength. The
results of his calculations agreed well with experimental obgervations
of atmospheric attenuation in thls range by Whitehurst, Copeland, and
Mitchell55 at 6 mm, and by Coates8 at 4.3 mm. The formidable task of
a comparable program to extend over the entlre millimeter wavelength
region and to include the correlation between theory and experiment,
has not yet been attempted anywhere.

We have made attempts to explain certain suspected variations in
absorption with variations in the earth’s magnetic fleld or other external
factors. Three different approaches were tried: (1) examination of |
the effect of a time-varying external field on absorption, (2) investi-
gation of Zeeman splitting as a possible factor in absorption, and
(3) study of effects attributable to the statistical orientation of the
Oxygen molecule in & magnetic field. ’

The effect of & time dependent external field 1s glven by Eq. (3-1%). l
We see from this equation that the absorption may be affected notlceably |
if E; ;;fE; and ‘Jféﬁ;Lﬂ; . If the Fourler component of the earth’s |

fleld during a magnetic storm, at a frequency close to the oxygen reso-

d to the magnetic field of the incomlng

lance at 5 mm, is large compare
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radlation, then it seems possible that the absorptlion coeffilcient may
he momentarily affected. We have been unable to check thils possibility
numerically.

The Zeeman effect for filelds of the order of the earth’s magnetic
field is important only if the pressure is much less than atmospheric
pressure. An analysis of the Zeeman effect is given by Hill and Gordy%3
We have concluded that since the great bulk of the oxXygen in the atmos-
phere 1s at relatively high pressure, and since the magnetic field changes
only by about one per cent during a magnetic storm, the Zeeman effect
probably can not -producc appreciable varlations in the absorption durilng
a magnetic storm.

The effect of statistical orientation of the oxygen molecule on
absorption was examined in conjunction with Mizushima’s theory of broaden-
ing. We assume that the broadening 1s due to an electric quadrupole-
quadrupole interaction. It is shown by Eq. (3-103) that /7 has a
Quadratic dependence orp%%% ii’é%% >>»| . For the case of molecular
oxygen in a magnetic field of the order of the earth’s fleld, this extra
term 1s negligible at atmospheric temperatures.

A magnetic fleld could also affect absorption by changing Eq. (3-03).

It was assumed there that E;=-B!<(‘*'0 5 E; ol B Lt B
” M
of [ gy 1 - so that
K. In a magnetic field, we would have 4 EK FT'JFIQF:D’

there will be a sum over K and M in EQ. (3-83). This correction 1s

Quite small for atmospheric absorptilon.

Ziamddinb‘T attributed the variations in absorptlon with changes

in the earth’s magnetic field to abnormal increases in the electron

density, collision frequency, OI both, at heights below about 95 KM

The results of this study have indicated no mechanism

in the atmosphere.
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by which variations in the earth’s magnetic field of the magnitude to
be expected might affect absorption of microwave radiation by molecular
oxygen to a noticeable extent.

It must be concluded that all attempts to explain the suspected
variations 1n absorption by oxygen in terms of external factors which
might affect the theory have failed. A further search may become use-
ful 1f future observations can definitely establish that such fluctuations

do exist.
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