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ABSTRACT 

Th i s  r epor t  s tud ies  the  two-s teps  de tec t ion  o f  sea rch  rada r  pu l ses  in  the  

p resence  o f  no i se .  The  two  in fo rmat ions ,  l oca t ion  and  ex i s t ence  o f  a  t a rge t ,  

a re  ob ta ined  s imul t aneous ly  in  a  conven t iona l  r ada r  r ece ive r ,  bu t  success ive ly  

in  a  two-s teps  r ada r  r ece ive r .  The  loca t ion  o f  a l l  the  s ign i f i can t  pu l ses ,  i . e .  

t a rge t s  and  l a rge  no i se ,  i s  ob ta ined  f i r s t  by  a  low leve l  con t inuous  th resho ld  

de tec t ion .  The  f i r s t  t h resho ld  de tec to r  un la tches  a  second  th resho ld  de tec to r  

(once  fo r  each  s ign i f i can t  pu l se )  wh ich  dec ides  whe the r  the  s ign i f i can t  pu l se  

i s  a  t a rge t  pu l se  o r  a  no i se  pu l se .  

Once  the  loca t ion  o f  the  pu l ses  in  known,  the  p rob lem o f  r ada r  becomes  

a  prob lem o f  t e l emet ry  and  the  adap t ive  dec i s ion  t echn ique  deve loped  in  the  

UARI  Repor t  No .  33  [  1  ]  fo r  the  de tec t ion  o f  pu l se  code  modula ted  s igna l s  i s  

app l i cab le .  The  no i se  jus t  be fo re  the  unknown s igna l ,  de te rmined  by  sampl ing ,  

and  the  no i se  dur ing  the  in te rva l  o f  de tec t ion  a re  more  o r  l e s s  co r re l a t ed ;  

the re fo re ,  us ing  co r re l a t ion  t echn iques ,  i t  i s  poss ib le  t o  p red ic t  t he  no i se  anywhere  

dur ing  the  in te rva l  o f  de tec t ion .  The  p robab i l i ty  o f  e r ro r  in  the  de tec t ion  i s  

cons ide rab ly  r educed  in  an  adap t ive  scheme  where  the  no i sy  s igna l  i s  co r rec ted  

by  subs t rac t ing  the  p red ic ted  no i se .  The  mathemat ic s  a re  more  d i f f i cu l t  fo r  t he  

adap t ive  two- th resho ld  de tec t ion  than  fo r  the  adap t ive  PCM de tec t ion  because  

o f  the  complex i ty  o f  the  jo in t  p robab i l i ty  dens i ty  a f t e r  enve lope  de tec t ion .  

The  p robab i l i ty  o f  f a l se  a l a rm fo r  an  adap t ive  two-s teps  de tec t ion ,  P^ /  

is  expressed  by  a  doub le  in t eg ra l .  i s  expanded  as  a  power  se r i e s  in  powers  

o f  p  where  p  i s  t he  au tocor re la t ion  coe f f i c i en t  be tween  sampled  and  de tec ted  

s igna l ;  t he  se r i e s  i s  va l id  on ly  fo r  sma l l  va lues  o f  p .  F ina l ly ,  P f a t  i s  computed  

wi th  a  d ig i t a l  compute r  fo r  t yp ica l  va lue  o f  p  and  ( l eve l  o f  the  second  

th resho ld  de tec to r ) .  I t  i s  shown tha t  t he  p robab i l i ty  o f  f a l se  a l a rm i s  sma l l e r  fo r  

an  adap t ive  two-s teps  de tec t ion  than  fo r  a  conven t iona l  de tec t ion ,  e spec ia l ly  

fo r  l a rge  va lues  o f  p .  



LIST OF SYMBOLS COMMONLY USED 

D Constant Threshold Level 
c 

^F^(a; b; z) Hypergeometric Function 

Iq(z) Modified Bessel Function of Order Zero 

l.|(z) Modified Bessel Function of Order One 

L^ (z) Generalized Laguerre Polynomial 

n(t) Noise at the input of the Envelope Detector 

Pg(r) Probability density at the Output of the Envelope Detector for 
Noise Alone 

p^ (rt Probability Density at the Output of the Envelope Detector 
Signal and Noise 

P^ Probability of Detection 

Pr Probability of False Alarm for Conventional Detection 
fa ' 

P^ Probability of False Alarm for Adaptive Two-Steps Detection 

P^ ^(r*) Conditional Probability of False Alarm for Adaptive Two-Steps 
Detection knowing the Sampled Value r* 

P Probability of Miss 
m 

r(t) Output of the Envelope Detector to Normal Noise 

s(t) Noisy Signal at the Input of the Envelope Detector 

p Autocorrelation Coefficient Between Sampled Signal and Detected 
Signal 

2 a Variance of the Noise Before Detection 

A As a superscript means Hilbert Transform 

* As a superscript indicates the sampling time 

— Above a random variable means average 

/ r/r* means r knowing that r* exists; p(r/r*) conditional probability 
of r knowing r* 



Chapte r  I  

INTRODUCTION 

The  pu l se  r ada r  emi t s  a  se r i e s  o f  modula ted  na r row pu l ses  a t  the  r epe t i t ion  

f r equency  and  rece ives  a  mix tu re  o f  de layed  pu l ses  and  o f  no i se .  Every  t ime  a  

rada r  pu l se  h i t s  a  t a rge t ,  a  re f l ec ted  pu l se  i s  r e tu rned  to  the  rada r .  The  t ime  

in te rva l  be tween  the  t r ansmi t t ed  and  the  rece ived  pu l se  i s  a  measure  o f  t he  range  

o f  the  ob jec t .  The  r e f l ec ted  pu l ses  a re  con tamina ted  by  random no i se ,  th i s  p roduces  

f a l se  de tec t ions  and  misses .  The  s igna l  de tec t ion  fo r  a  sea rch  rada r  cons i s t s  p r imar i ly  

in  de te rmin ing  the  loca t ion  and  the  ex i s t ence  o f  a  t a rge t ,  t he  pu l se  shape  be ing  

secondary .  

The  de tec t ion  o f  pu l se  code  modula ted  s igna l s  in  the  p resence  o f  no i se  o r  

j amming  s igna l s  i s  ana lyzed  in  the  UARI  Repor t  No .  33  [  1  I  .  A  dec i s ion  c i r cu i t  

compares  the  no i sy  s igna l  t o  a  th resho ld  to  de te rmine  whe the r  o r  no t  a  pu l se  was  

sen t .  The  ave rage  p robab i l i ty  o f  e r ro r  i s  r educed  i f  an  adap t ive  th resho ld  i s  u sed  

ins t ead  o f  a  cons tan t  th resho ld .  The  no i sy  s igna l  a t  t ime  t^  jus t  be fo re  the  in te rva l  

o f  de tec t ion  and  the  no i sy  s igna l  dur ing  the  in te rva l  o f  de tec t ion  a re  more  o r  l e s s  

co r re l a t ed ;  the re fo re ,  us ing  co r re l a t ion  t echn iques ,  i t  i s  poss ib le  to  p red ic t  t he  

no i se  anywhere  be tween  t*  and  t^  .  The  no i sy  s igna l  can  be  co r rec ted  by  sub-

s t r ac t ing  the  p red ic ted  no i se  ( and  a l so  the  res idua l  vo l t age  due  to  the  p rev ious  

pu l ses ) .  In  the  th resho ld  de tec t ion ,  i t  i s  exac t ly  equ iva len t  to  (1 )  compare  the  

co r rec ted  s igna l  t o  a  cons tan t  th resho ld  o r  (2 )  compare  the  s igna l  t o  a  co r rec ted  

th resho ld ;  bo th  t echn iques  a re  used .  Cons ide r  the  th resho ld  de tec t ion  o r  r ec tan ­

gu la r  pu l ses  in  p resence  o f  normal  no i se ,  t he  use  o f  an  adap t ive  th resho ld  has  the  
1  2  

e f fec t  o f  an  inc rease  in  the  S igna l - to -Noise  ra t io  by  (  * )  where  p*  i s  
1 -  p* Z  

t he  au tocor re la t ion  coe f f i c i en t  be tween  the  sampled  s igna l  and  the  de fec ted  

s igna l .  More  genera l ly ,  t he  l a rges t  i s  p* ,  the  more  the  p robab i l i t i e s  o f  e r ro r  

a re  reduced  by  us ing  an  adap t ive  th resho ld .  The  ave rage  p robab i l i ty  o f  e r ro r  



i s  expressed  in  in t eg ra l  fo rm and  min imized  d i rec t ly ;  t he  max imum S igna l - to -Noise  

r a t io  does  no t  necessa r i ly  co r respond  to  the  min imum average  p robab i l i ty  o f  e r ro r .  

In  t e l emet ry ,  the  unknown s igna l  i s  l oca ted  in  a  known in te rva l  o f  t ime  

so  tha t  sampl ing  can  be  used  to  de te rmine  the  no i se  be fo re  de tec t ion  and  the  

th resho ld  va r i ed  accord ing ly .  Th i s  t echn ique  i s  no t  app l i cab le  in  r ada r  de tec t ion  

because  the  s igna l  can  appear  eve rywhere  and  any  sample  would  be  a  mix tu re  o f  

s igna l  and  no i se .  In  o rde r  t o  t r ans fo rm the  p rob lem of  r ada r  de tec t ion  in to  a  

p rob lem o f  t e l emet ry ,  a  new two-s tep  de tec t ion  t echn ique  i s  p roposed .  The  f i r s t  

s t ep  i s  a  conven t iona l  r ada r  de tec t ion  bu t  wi th  a  ve ry  low th resho ld  l eve l  so  tha t  

t he  p robab i l i ty  o f  miss  i s  neg l ig ib le ;  o f  course  the  p robab i l i ty  o f  f a l se  a l a rm i s  

ve ry  h igh .  The  f i r s t  de tec t ion  e l imina tes  the  po in t s  where  the re  i s  pos i t ive ly  no  

echo ,  l eav ing  a  d i sc re te  number  o f  unknown po in t s  which  a re  e i the r  no i se  o r  echo .  

Th i s  i s  now a  prob lem of  t e l emet ry  because  the  loca t ion  o f  the  unknown s igna l  i s  

known and  an  adap t ive  t echn ique  i s  app l i cab le  .  Whi le  the  computa t ion  o f  the  

ave rage  p robab i l i ty  o f  e r ro r  a f t e r  a  two-s tep  de tec t ion  i s  complex ,  a  cons ide rab le  

improvement  can  be  expec ted .  

In  Chap te r  I I ,  t he  ana lys i s  o f  a  conven t iona l  th resho ld  de tec t ion  i s  r ev iewed .  

Chap te r  I I I  exp la ins  the  p r inc ip le  and  shows  a  b lock  d iag ram of  a  two-s teps  th resho ld  

de tec t ion .  The  p robab i l i ty  o f  f a l se  a l a rm fo r  a  two-s teps  de tec t ion ,  P^ ,  is  ob ta ined  

a s  a  doub le  in teg ra l  in  Chap te r  IV .  Chap te r  V  i s  t he  se r i e s  expans ion  o f  in  

power  o f  p^ .  In  Chap te r  VI ,  P^ /  " s  computed  wi th  a  d ig i t a l  compute r  fo r  typ ica l  

va lues  o f  p^  and  D^ . .  Chap te r  VI I  i s  t he  conc lus ion .  



Chap te r  I I  

CONVENTIONAL SEA RCH  RADAR D ETECTI O N  

11  —  1  B lock  D ia g ram  o f  a  Conven t i ona l  P u l s e  Rada r .  

The  b l o ck  d i ag ram o f  a  s t anda rd  p u l s e  r ad a r  i s  s how n  i n  F ig .  I I - 1  .  The  

func t i on  o f  t h e  emi t t e r  i s  t o  t r an smi t  sh o r t  modu la t ed  pu l s e s ;  t h e  func t i on  o f  t he  

r e ce iv e r  i s  t o  de t ec t  t he  pu l s e s  r e f l e c t ed  o n  t h e  t a rge t s ;  t h e  t im e  i n t e rva l  be tween  

a  t r ansmi t t ed  a nd  a  r e f l e c t ed  pu l s e  i s  a  me a s u re  o f  t he  r ange .  

The  emi t t e r  cons i s t s  o f  a  t ime r ,  a  modu la to r ,  a  t r an smi t t e r ,  an  an t i -

t r an smi t - r ece ive  sw i t ch  (ATR ) .  The  r ada r  r e ce ive r  shown  i s  o f  t h e  supe rhe t e rodyne  

t ype .  I t  cons i s t s  o f  a  RF  amp l i f i e r ,  a  mixe r ,  a  l oca l  o sc i l l a t o r ,  a  na r row ba nd  IF  

amp l i f i e r ,  an  enve lope  d e t ec t o r ,  a  t h r e sho ld  de t ec to r ,  and  an  i nd i ca to r .  The  

t r an smi t - r ece ive  sw i t ch  (TR)  and  t he  an t e nna  a r e  common  t o  bo th  e m i t t e r  and  

r ece ive r .  The  modu la to r ,  t h e  t r a n s mi t t e r ,  t h e  ATR,  t he  TR and  t h e  a n t e nna  a r e  

h igh  pow e r  dev i ce s .  The  t i m e r  i s  a  low  power  de v i c e  w i th  j u s t  enough  power  t o  

con t r o l  t h e  modu la to r .  The  e l emen t s  o f  t h e  r ece ive r  a r e  l ow  power  dev i ce s  s i nce  

t h e  ene r gy  o f  t he  r e f l e c t ed  pu l s e s  i s  s eve r e  o rde r  o f  ma gn i tude  sma l l e r  t han  t he  

ene r gy  o f  t he  t r a n smi t t e d  pu l s e s .  

The  t im e r ,  wh ich  i s  a l so  ca l l ed  t he  t r i gge r  gene ra to r /  o r  t he  synch ron i ze r ,  

g e ne ra t e s  a  s e r i e s  o f  na r row  pu l s e s  ( t r i gge r  pu l s e s )  a t  t he  p u l s e  r epe t i t i on  f r equency .  

These  t im ing  pu l s e s  t u rn  on  t he  modu la to r  w h ic h  pu l s e s  t he  t r an smi t t e r .  T h e  modu­

l a t e d  RF  pu l s e  gene ra t ed  by  t he  t r an smi t t e r  t r ave l s  a l ong  t he  t r an smi s s ion  l i ne  t o  t h e  

an t enna ,  whe re  i t  i s  r ad i a t ed  i n to  space .  The  TR sw i t ch  i s  a  f a s t  a c t i ng  sw i t ch  

wh ich  d i s connec t s  t he  r ece ive r  du r ing  t r an smi s s ion ;  i f  t h e  r ece ive r  we re  n o t  d i s con ­

n ec t ed ,  i t  m igh t  be  da ma ge d  by  t he  t r an smi t t e r  power .  Af t e r  t r an smi s s ion  o f  t he  

RF  modu la t ed  pu l s e ,  t h e  TR sw i t ch  r econnec t s  t h e  r ece ive r  t o  t he  an t enna .  A l l  t he  

power  r e f l e c t ed  b y  t he  t a rge t s  mu s t  en t e r  t he  r e ce ive r ;  t he  ATR s w i t ch ,  wh ich  i s  

c l o sed  du r ing  t he  t r an sm i s s i on  and  opened  du r ing  r e c e p t i on ,  avo id s  t ha t  a  po r t i on  

o f  t he  r e f l e c t ed  power  be  was t ed  i n  t he  t r an smi t t e r .  
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The  RF ampl i f i e r  shown a f  t he  f i r s t  s t age  o f  the  superhe te rodyne  migh t  

be  a  low-no i se  pa ramet r i c  ampl i f i e r ,  a  t r ave l ing-wave  tube  o r  a  mase r .  Many  

mic rowave  rada r  r ece ive r s  do  no t  have  an  RF ampl i f i e r  and  use  the  mixer  a s  

the  f i r s t  s t age .  S ince  i t  i s  eas i e r  t o  bu i ld  h igh-ga in  na r rowband  ampl i f i e r s  a t  

the  lower  f r equenc ies ,  t he  RF s igna l  i s  conver t ed  to  an  in te rmed ia te  f r equency  

( IF)  by  a  mixer  and  a  loca l  osc i l l a to r  (LO) .  The  loca l  osc i l l a to r  i s  commonly  

a  re f l ex  k lys t ron .  A  typ ica l  IF  ampl i f i e r  has  a  cen te r  f requency  o f  30  to  60  Mc  

and  a  bandwid th  Bjp  o f  1  o r  2  Mc .  The  enve lope  de tec to r  r e j ec t s  the  ca r r i e r  

f r equency  bu t  passes  t he  modula t ion  enve lope .  I t  cons i s t s  o f  a  de tec to r  and  a  

v ideo  ampl i f i e r .  E i the r  a  square - l aw o r  a  l inea r  de tec to r  may  be  assumed  s ince  

the  e f fec t  on  the  de tec t ion  p robab i l i ty  by  assuming  one  ins t ead  o f  the  o the r  i s  

sma l l .  The  v ideo  bandwid th  mus t  be  wide  enough  to  pass  t he  low f requency  

componen t s  genera ted  by  the  de tec to r ,  bu t  no t  so  wide  a s  to  pass  the  h igh-

f requency  componen t s  a t  o r  nea r  the  in te rmed ia te  f r equency .  There fo re ,  t he  

v ideo  bandwid th  B mus t  be  s l igh t ly  g rea te r  than  ha l f  o f  the  IF  ampl i f i e r  
V  B IF  

bandwid th ,  i . e .  B >  T  • The  th resho ld  de tec to r  i s  a  dec i s ion  c i r cu i t  wh ich  
v  *•  

compares  the  ou tpu t  o f  the  enve lope  de tec to r  r ( t )  t o  a  th resho ld  l eve l  D;  i f  

r ( t )  >  D the  dec i s ion  i s  " t a rge t , "  i f  r ( t )  <  D the  dec i s ion  i s  "no- t a rge t . "  

11-2  The  Prob lem o f  Noi se .  

The  f i r s t  p rob lem of  r ada r  i s  t o  de tec t  t a rge t s  aga ins t  a  background  o f  

no i se  and  unwanted  echoes .  The  no i se  genera ted  in  the  rece ive r  and  by  "b lack  

body"  r ad ia t ion  f rom the  env i ronment  i s  r e fe r red  to  a s  " the rmal  no i se . "  The  no i se  

co r respond ing  to  the  unwanted  echoes  i s  known a s  c lu t t e r .  Typ ica l  sources  o f  

the rmal  no i se  a re :  r f  r ad ia t ion  p icked  up  f rom the  a tmosphere  and  the  g round  by  

the  rece iv ing  an tenna ;  r e s i s t ive  loss  i n  wavegu ide  componen t s  connec t ing  the  

an tenna  and  the  rece ive r ;  " sho t  no i se"  in  the  ea r ly  s t ages  o f  ampl i f i ca t ion  in  the  

r ece ive r ;  no i se  in t roduced  by  c rys ta l  de tec to r s  o r  mixer s  p r io r  t o  in te rmed ia te  



frequency amplification. In this report, all the various noises are assumed 

normal. The RF amplifier, the mixer, and the IF amplifier are linear components. 

Since a normal probability density remains normal under linear transformation or 

under linear combination, the probability density at the input of the envelope 

detector is normal. 

11-3 The Envelope Detection. 

The threshold detector makes a decision about whether or not a target 

is present. The probability of error in the decision is a function of the threshold 

level and of the probability density at the input of the threshold detector. 

Therefore, it is necessary to find the probability density at the output c.; the 

envelope detector, knowing that the p ebability density at the input is normal. 

Following Dugundji [2| , the envelope of a function u(t) is the absolute 

value of its pre-envelope. The pre-envelope is a complex valued function 

u(t) + i u(t), whe re u(t) denotes the Hiibert transform of u(t), 

oi-i) 
— CD 

The proof is based upon the properties of u(t): u(t) has the same power spectrum 

as u(t) and is uncorrelated with u at the same time instant; the autocorrelation 

of the pre-envelope of u(t) is twice the pre-envelope of the autocorrelation of 

u(t). By using ihe pre-envelope technique, the envelope of the output of a linear 

filter is easily calculated; then, the Frst probabilities density for the envelope of 

the output of an arbitrary linear filter when the Input is an arbitrary signal plus 

normal noise. 

Assuming the noise negligible, the output of the IF amplifier would be zero 

in the absence of a target, and a modulated pulse in the presence of a target. The 

modulated pulse has a width equal to the radar pulse width and a carrier frequency 

equal to the If frequency. More generally, the output of the IF amplifier is a 



normal noise if no target is present and the sum of a normal noise and a sine wave 

if a target is present. 

The signal s(t) at the input of the envelope detector is the sum of a 

m e s s a g e  m ( t )  a n d  o f  a  n o i s e  n ( t ) ,  i . e .  

s(t) = m(t) + n(t) (11-2) 

where m(t) = 0 if no echo is received 

= A sin(wt - d>(t)) if an echo is received and n(t) 
2 

is a normal noise of mean zero and of variance a . Let r(t) denote the output 

of the envelope detector. The probability density of r is (3) . 
2 

- r 
—5 

P0(r> -j e 2" (II-3) 
a 

if no target is present, and 
2 a2 - r + A 

T~ 
pl (r) = -j e 2° 'c/"T^ ^"~4^ 

a a 

where 1^ is the Bessel function of zero order and purely imaginary agreement, 

if a target is present. Figure 11-2 shows the graphs of p^(r) and pt(r) for 

typical values of a and A. 

Consider two envelope values r^ and r^ separated by a time interval 

T, i.e. r(t) = r^ and r(t + T)=r2- The joint probability density of two suc­

c e s s i v e  e n v e l o p e  v a l u e s  o f  a  n o r m a l  p r o c e s s  i s  [ 4 ]  ,  

2 2 
r 1 + r 2 

- < - 4 — x )  

,  r l r 2  , P r l r 2  ,  2 / ( 1 -  p " )  
(r1, r2' T) ~T~ 7 'o XT A p0(rl' '2' •»,. v ... 

a (1 - p ) cr (1 - p ) 

01-5) 

where p is the autocorrelation coefficient of the normal noise before envelope 

detection for an interval T between two samples. 



Fig. II-2 t Probability density after envelope detection 
A signal amplitude - <r rms noise voltage - VT threshold level 
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n't) n(t + T) 
P 

n(t) 

'n P0(rl' r2' sukscr'Pf ® denotes that only the noise is present no 

target. The formula for the joint probability density of the envelope of a 

normal noise is used to evaluate the probability of error for adaptive detection 

(See Chap. 3). 

11-4 Threshold Detection and Probabilities of Error. 

The threshold detector compares the output of the envelope detector 

r(t) to a threshold level V^.. At time t, the decision is "no-target" if 

r(t) < Vy and "target" if r(t) > V^.. The presence of noise causes errors in 

the decisions. 

Assume first that no target is present, the threshold detector makes a 

correct decision if r(t) < V-j. and makes an uncorrect decision (false alarm; 

if r(t) > Vj. The probability density of r(t) is PQ(0 given by (11-3). The 

probability of false alarm, , is obtained by integration of PQO"), 

Pfa = {. P0W dr 

T 

~T —T 
= f -I e 2a dr = e (11-6) 

VT 

Assume next that a target is present, the threshold detector makes a 

correct decision (detection) if r(t) > Vj and makes an uncorrect decision (miss) 

if r(t)<V^.. The probability density of r(t) is p^ (r) given by (II-4). The 

probability of detection P^ is obtained by integration of p^ (r), 



p d  =  /  PiO")  d r  

V T 
-  r 2  + A 2  

= f \ e  ^ \0 ( 4 ) d P  0 1 - 7 )  
V^. a a 

The  p robab i l i ty  o f  miss ,  P^ ,  i s  t he  p robab i l  i t y  o f  los ing  a  s igna l .  P  i s  t he  

complement  o f  P^ .  
m 

V T 
p m = 1 " p d = /  P t  ( * " )  d r  0 1 - 8 )  

Equa t ion  ( I I  —7)  has  been  eva lua ted  by  W.  R .  Benne t  and  S .  O .  Rice  a r id  has  

been  p lo t t ed  by  Rice  [3 ]  .  Rice  has  a l so  de r ived  a  se r i e s  approx imat ion  fo r  
2  -3  

P^  va l id  when  RA/o  5?>  1 ,  A  |  r -A j and  t e rms  in  A  and  beyond  can  

be  neg lec ted  „  
(V? - A) 1 + (Vt-A)2 

2  5  
V -A  2  a  V -A  a  

P  .  =  i ( l  -  e r f  J  )  +  -  [  1 - —  f  «  1 -  . . . .  ]  ( | | - 9 )  
/C~2 , «- , A. 4A 8 A 

v  2  a  2  V 2 T T  (  — )  

a  

where  the  e r ro r  func t ion  i s  de f ined  a s  

9  -  2  
e r f  z  =  — / Z  e  u  du  

v  t t  0  

The  conven t iona l  th resho ld  de tec to r  can  be  rep resen ted  by  the  b lock  d iag ram of  

F ig .  11-3  which  shows  the  p robab i l i ty  o f  de tec t ion  and  o f  f a l se  a l a rm.  



pd 

True signal Decision 

Fig. II-3 Statistical diagram of a conventional threshold detector 
| 

XQ no target received, zQ no target detected 

Xj target received, Zj target detected 



Chapte r  I I I  

PRINCIPLE AND BLOCK DIAGRAM OF THE 

TWO-STEPS THRESHOLD DETECTION 

111-1  Compar i son  o f  Radar  and  Te lemet ry  De tec t ion .  

In  sea rch  r ada r ,  bo th  the  loca t ion  and  the  ex i s t ence  o f  a  s igna l  ( t a rge t )  

a r e  unknown;  in  PCM te lemet ry ,  the  loca t ion  o f  t he  s igna l  (pu l se )  i s  known and  

on ly  i t s  ex i s t ence  i s  no t  known.  

I t  i s  use fu l  t o  compare  r ada r  and  t e l emet ry  de tec t ion .  Cons ide r  t he  

synchronous  de tec t ion  o f  a  pu l se  code  modula ted  s igna l  i n  p resence  o f  no i se .  

The  s igna l  i s  b ina ry  coded ,  "One"  be ing  rep resen ted  by  a  pu l se  and  "Zero"  

by  no-pu l se .  In  synchronous  t e l emet ry  the  s igna l  de tec t ion  i s  t he  dec i s ion  

be tween  the  b ina ry  d ig i t s  "One"  and  "Zero , "  i . e .  pu l se  o r  no-pu l se ,  a t  p rede ­

te rmined  in te rva l s  o f  t ime .  In  sea rch  rada r ,  bo th  the  loca t ion  and  the  ex i s t ence  

o f  a  t a rge t ,  i . e .  a  pu l se ,  mus t  be  de te rmined .  The  d i f f e rences  be tween  synchro­

n o u s  p e r n  d e t e c t i o n  a n d  r a d a r  d e t e c t i o n  a r e  t a b u l a t e d  i n  F i g .  I l l - l .  

111  - 2  Pr inc ip le  o f  Two-S tep  De tec t ion .  

The  two  in fo rmat ions ,  l oca t ion  and  ex i s t ence  o f  a  t a rge t ,  a re  ob ta ined  

s imul t aneous ly  in  a  conven t iona l  r ada r  r ece ive r ,  bu t  success ive ly  in  a  two-s teps  

r ada r  r ece ive r .  The  purpose  o f  the  two-s teps  de tec t ion  i s  t o  t r ans fo rm the  p rob lem 

o f  r ada r  in to  a  p rob lem of  t e l emet ry  so  tha t  an  adap t ive  de tec t ion  t echn ique  can  

be  used .  The  adap t ive  t echn ique  i s  based  on  co r re la t ion  be tween  the  no i se  be fo re  

the  unknown s igna l  and  the  no i se  dur ing  the  unknown s igna l ;  i t  r equ i res  t he  know­

ledge  o f  the  loca t ion  o f  the  unknown s igna l .  

In  t he  two-s teps  de tec t ion ,  the  f i r s t  de tec t ion  i s  a  con t inuous  low l eve l  

th resho ld  de tec t ion  which  de te rmines  the  loca t ion  o f  the  t a rge t s .  S ince  the  

th resho ld  l eve l  o f  the  f i r s t  de tec t ion  i s  ve ry  low,  p rac t i ca l ly  a l l  t he  t a rge t s  a re  



1 3  

Synchronous  PCM Detec t ion  

(1 )  A  pr io r i  p robab i l i ty  o f  a  pu l se  i s  
known;  qu i t e  o f t en  P (0 )^P(1) .  

(2 )  A l l  pu l ses  have  the  same  ampl i ­
tude .  

(3 )  A  d ig i t  i s  t r ansmi t t ed  eve ry  T  s ec . ;  
the  in te rva l  be tween  pu l ses  i s  mT 
where  m i s  an  in tege r .  

(4 )  Al l  t he  in fo rmat ion  i s  con ta ined  in  
the  smal l  t ime  in te rva l s  de f ined  by  
mT <  t  <  mT +  A where  A  «  T.  
S ince  the  th resho ld  de tec to r  knows  
a  pr io r i  where  the  d ig i t s  a re  and  
needs  on ly  to  f ind  wha t  was  sen t  
(pu l se  o r  no-pu l se ) ,  i t  i s  l a t ched  
excep t  dur ing  the  in fo rmat ion  
in te rva l s .  One  dec i s ion  i s  made  
eve ry  T  s ec .  

(5 )  Two consecu t ive  d ig i t s  a re  indepen­
den t  ( excep t  when  redundancy  i s  
des i r ed . )  

S tandard  Sea rch  Radar  De tec t ion  

A  pr io r i  p robab i l i ty  o f  a  t a rge t  unknown.  

The  ampl i tude  o f  t he  re f l ec ted  pu l ses  depends  
upon  the  t a rge t  ( s i ze ,  d i s t ance ,  e t c . )  

Noth ing  i s  known on  the  space  in te rva l  
be tween  t a rge t s ,  i . e .  on  the  t ime  in te rva l  
be tween  re f l ec ted  pu l ses .  

The  d i s t ance  be tween  t a rge t s  be ing  com­
p le te ly  unknown,  the  re f l ec ted  pu l ses  may  
be  anywhere .  S ince  the  th resho ld  de tec to r  
mus t  f ind  bo th ,  where  s igna l  a re  rece ived  
and  wha t  they  a re  ( t a rge t  o r  no i se ) ,  i t  i s  
un la t ched  a l l  the  t ime .  Dec i s ions  a re  
made  con t inuous ly ;  t he  number  o f  dec i s ions  
pe r  sec .  i s  ( 1 / T )  where  T  i s  t he  rada r  
pu l se  wid th .  

The  an tenna  sends  seve ra l  pu l ses  on  the  
same  t a rge t .  There fo re ,  s eve ra l  echoes  
a re  rece ived  fo r  one  t a rge t  and  the  p ro ­
bab i l i ty  o f  de tec t ion  i s  i nc reased  by  
in teg ra t ion  be fo re  o r  a f t e r  enve lope  
de tec t ion .  

F ig .  I l l - l  Tab le  fo r  Compar i son  o f  Te lemet ry  and  Radar .  



de tec ted  bu t  many  pu l ses  o f  no i se  a re  mis taken  fo r  a  t a rge t ;  i . e .  the  p robab i l i ty  

o f  miss  i s  neg l ig ib le  and  the  p robab i l i ty  o f  f a l se  a l a rm i s  ve ry  h igh .  The  f i r s t  

de tec t ion  reduces  the  ambigu i ty  abou t  the  loca t ion  o f  the  t a rge t s  f rom a  non  

denumerab le  con t inuous  se t  ( any  range  i s  poss ib le  a  p r io r i )  t o  a  denumerab le  

d i sc re te  se t  ( a  t a rge t  can  be  on ly  a t  one  o f  the  loca t ions  de te rmined  by  the  f i r s t  

de tec t ion . )  

The  f i r s t  t h resho ld  de tec to r  t r ans fo rms  the  p rob lem of  r ada r  de tec t ion  in to  

a  p rob lem of  t e l emet ry  de tec t ion .  Deno te  a s  "unknown pu l ses"  the  pu l ses  

de te rmined  a s  poss ib le  t a rge t s  by  the  f i r s t  t h resho ld  de tec to r .  The  second  th resho ld  

de tec to r  makes  the  dec i s ion  "no- t a rge t "  o r  " t a rge t "  among  the  unknown pu l ses .  

The  second  th resho ld  de tec t ion  i s  e s sen t i a l ly  the  same  a s  a  t e l emet ry  de tec t ion  

excep t  fo r  two  un impor tan t  d i f f e rences :  (1 )  t he  unknown pu l ses  a re  equa l ly  

spaced  in  synchronous  t e l emet ry  de tec t ion  bu t  no t  in  the  two-s tep  rada r  de tec t ion  

and  (2 )  t he  dec i s ion  i s  "ze ro"  o r  "one"  in  t e l emet ry  bu t  " t a rge t "  o r  "no- t a rge t "  

in  the  two-s tep  rada r  de tec t ion .  The  t echn ique  o f  adap t ive  th resho ld  de tec t ion  

i s  app l i cab le .  The  second  th resho ld  de tec to r  i s  l a t ched  excep t  fo r  an  ins tan t  

dur ing  the  in te rva l  o f  the  unknown pu l se ;  the  no i se  jus t  be fo re  the  unknown pu l se  

i s  de te rmined  by  sampl ing  and  the  no i se  ins ide  the  unknown in te rva l  can  be  

p red ic ted  us ing  co r re l a t ion  t echn iques .  The  p red ic ted  no i se  i s  t he  mos t  p robab le  

va lue  o f  t he  no i se ,  i f  i t  i s  subs t rac ted  f rom the  unknown pu l se  the  p robab i l i ty  o f  

e r r o r  i n  t h e  d e t e c t i o n  i s  r e d u c e d  ( S e e  [  1  j  . )  

In  the  synchronous  de tec t ion  o f  pu l se  code  modula ted  s igna l s  wi th  adap t ive  

dec i s ion  c i r cu i t s  [  I  )  ,  p rec i se  t iming  i s  p rov ided  by  a  p i lo t  c lock  which  d iv ides  the  

pseudo  pe r iod  T  in to  t en ths  and  se rves  a s  a  t ime  re fe rence .  In  t he  two-s teps  

th resho ld  de tec t ion ,  the  f i r s t  de tec to r  se rves  a s  a  c lock  fo r  t he  sample r -ho lde r  and  

the  second  de tec to r ,  a s  exp la ined  in  Pa r .  111  —4.  

I I I -3  Componen t s  o f  the  Two-S teps  De tec to r  B lock  Diagram.  

The  b lock  d iag ram of  the  two-s teps  de tec to r  i s  shown in  F ig .  111  —2 -  I t  

cons i s t s  o f  two  th resho ld  de tec to r s  (TD1 and  TD2) ,  two  de lay - l ines  (D)  and  D2) ,  





one  sample r -ho lde r ,  SH.  The  componen t s  o f  t he  b lock  d iag ram a re  shown in  

F ig .  111-3 .  

The  th resho ld  de tec to r  TD1 i s  an  e lec t ron ic  compara to r .  The  inpu t s  

a re  and  1^  and  the  ou tpu t  i s  C^  .  

I f  R ,  >  I ,  ,  C  =  5v  
1 - 1  ( l l l - l )  

I f  R ] < I ,  ,  c 1  =  o y  

When a  random s igna l  i s  app l i ed  to  TD1,  the  ou tpu t  cons i s t s  o f  r ec tangu la r  r andom 

pu l ses .  The  th resho ld  de tec to r  TD2 i s  s imi la r  t o  the  th resho ld  de tec to r  TD1 excep t  

fo r  a  ga te  con t ro l .  More  p rec i se ly ,  

I f  R  >  |  and  G  =  5v ,  C  =  5v  
1 - 1  2  2  ( 1 1 1 - 2 )  

o the rwise ,  =  0  

The  schemat ic  d iag ram of  a  sample r -ho lde r  i s  shown in  F ig .  111  —3.  The  

sample r -ho lde r  has  th ree  t e rmina l s :  t he  inpu t  l< -^  ,  the  ga te  and  the  

ou tpu t  O c u .  The  sample r -ho lde r  behaves  a s  a  sampl ing  dev ice  when  the  ga te  
5H 

i s  c losed  and  a s  a  memory  dev ice  when  the  ga te  i s  open .  In  genera l ,  an  expo­

nen t i a l  decay  i s  conven ien t .  

I f  C s h >5v  ,  O S H =l S H  ( I I I  —3)  

I f  C s h <5v  ,  O s h  decays  exponen t i a l ly .  

The  opera t ion  o f  t he  de lay - l ines  D1  and  D2  i s  s e l f  exp lana to ry ;  i f  t he  

inpu t  o f  t he  de lay - l ine  i s  a  func t ion  o f  t ime  f ( t ) ,  t he  ou tpu t  i s  a  de layed  rep l i ca  

o f  the  inpu t ,  i . e .  f ( t - - r ) .  The  de lay  T  i s  approx imate ly  equa l  t o  the  rada r  

pu l se  wid th .  

111  —4 B lock  Diagram of  the  Two-S teps  De tec to r .  

The  componen t s  o f  t he  b lock  d iag ram (F ig .  I l l -3 )  have  been  desc r ibed  in  

Pa r .  111-3 ,  t he  opera t ion  o f  t he  b lock  d iag ram i s  exp la ined  nex t .  Le t  r ( t )  deno te  
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Fig. III-3 : Components of the two-atep detector 



t h e  ou tpu t  o f  t he  enve lope  de t ec to r  when  a  t a rge t  may  be  p r e sen t  and  l e t  

r  ( t )  d eno t e  t he  ou tpu t  o f  t he  enve lope  de t ec to r  when  on ly  t h e  no i s e  i s  
n  

p r e s en t .  The  enve lope  de t ec t ed  s i gna l  r ( t )  i s  d i v ided  i n to  two  pa ra l l e l  

pa t h s .  The  f i r s t  t h r e sh o l d  de t e c to r  TD1  i s  t h e  uppe r  pa th  o f  t he  d i ag ram 

and  ha s  two  func t i ons :  ( 1 )  i t  d e t e rmines  a l l  t h e  i n t e rva l s  whe re  r ( t )  i s  

l a rge r  t han  V .^ ,  i . e .  a lmos t  a l l  t h e  p o s s ib l e  l oca t i ons  o f  t a rge t s  and  (2 )  

i t  s e rve s  a s  a  c lock  and  con t ro l s  t he  s amp l ing  t i me  (ga t e  o f  SH)  and  t he  

dec i s i on  t ime  (ga t e  o f  TD2) .  The  s eco nd  pa th  cons i s t s  o f  a  de l ay  l i ne  D l ,  

a  n o i s e  co r r ec t i n g  c i r c u i t  ( SH  and  DA > a nd  a  dec i s i on  c i r cu i t  TD 2  ( s econd  

t h r e sho ld  de t ec to r ) .  T he  enve lope  r ( t )  i s  d e l ayed  by  T ,  whe re  T i s  t h e  

r ada r  pu l s e  w id th  i n  t he  de l ay  l i n e  TD I ;  i . e .  t h e  ou tpu t  o f  TD1 i s  r ( t  -  T).  

Assume  t ha t  r ( t )  was  sma l l e r  t han  V . ^  i n  t he  i n t e rva l  o f  t i me  

t ,  -  At  <  t  <  t .  and  becomes  e qua l  o r  l a rge r  t ha n  VA. .  a t  t i me  t  t ^ .  The  
k  k  

ou tpu t  0 1  o f  t he  t h r e sho ld  de t e c to r  TD1  i s  z e r o  i n  t h e  i n t e rva l  t k  -  At  <  t  <  t ^  

and  i s  V ,  a t  t ime  t ,  wh i ch  means  (1 )  t he r e  i s  no  t a rge t  i n  t he  i n t e rva l  
1  k  

( t k ~ A t ) t o t k  a n d  (2)  t h e r e  m a y  b e  a  t a r g e t  a t  t i m e  S i n c e  T i s s m a l l  

( t ,  -  At  <  t ,  -  T <  t ,  ) ,  i t  f o l l ow s  f rom  (1)  t h a t  r ( t ,  -  T )  i s  a  s amp led  va lue  
k  k  k  K  

o f  t h e  en v e lope  o f  t he  n o i s e .  T he  va lue s  o f  t h e  enve lope  a t  s amp l ing  t im e  

t ,  -T and  a t  de t ec t i on  t ime  t .  a r e  co r r e l a t ed .  The re fo r e ,  f r om t he  s amp led  

va lue  r (T K  -  T ) ,  a  v a lu e  fo r  r (T K )  c an  be  p r ed i c t ed ,  wh ich  i s  deno t ed  by  

r ' ( t k ) .  The  adap t ive  c i r cu i t  computes  r ' ( t k )  and  subs t rac t s  i t  f rom r ( t k ) .  T h e  

co r r ec t i on  r ' ^ )  i s  d e t e rm in ed  i n  P a r .  111 -5 .  The  co r r ec t ed  enve lope  v a lu e ,  

r ( t  )  -  r ' ( t  ) ,  i s  d e t ec t ed  a t  t ime  t k  i n  t r an s l a t ed  t ime ,  i . e .  a t  t i me  t k  +  T 
K K 

i n  r e a l  t ime ,  b y  t he  t h r e sh o l d  de t e c to r  TD2 .  

I I I -5  The  P r i nc i p l e  o f  t he  Adap t i ve  C i r cu i t .  

The  t h r e s h o ld  l eve l  o f  t he  f i r s t  t h r e sho ld  de t ec to r ,  TD1 ,  i s  s e t  ve r y  

l ow  so  t ha t  t h e  p robab i l i t y  o f  m i s se s  i s  n eg l i g ib l e .  I t  f o l l ows ,  t ha t  t he  p r obab i l i t y  

o f  f a l s e  a l a rm  i s  ve ry  h igh .  The  ma in  pu rpose  o f  t h e  s eco n d  t h r e sho ld  de t ec to r  

TD 2  i s  t o  r educe  t h i s  p robab i l i t y  o f  f a l s e  a l a r m .  



A fa l se  a l a rm in  the  two-s teps  th resho ld  de tec t ion  i s  t he  jo in t  even t :  

f a l se  a l a rm fo r  f i r s t  t h resho ld ,  f a l se  a l a rm fo r  second  th resho ld .  However ,  

s ince  the  f i r s t  t h resho ld  l eve l  i s  ve ry  low,  one  can  cons ide r  the  jo in t  f a l se  

a l a rm as  the  fa l se  a l a rm of  the  second  th resho ld  de tec to r .  

The  p robab i l i ty  o f  f a l se  a l a rm i s  ob ta ined  by  in teg ra t ion  o f  t he  p robab i l i ty  

dens i ty  o f  the  enve lope  o f  the  no i se .  Le t  r ( t ^  -  T )  =  r*  and  =  r  deno te  the  

va lues  o f  t he  enve lope  a t  the  t ime  o f  sampl ing  and  de tec t ion ,  r e spec t ive ly .  In  

the  adap t ive  scheme  r*  i s  known;  the re fo re ,  t he  cond i t iona l  p robab i l i ty  dens i ty  

p ( r |  r* ) ,  mus t  be  used  fo r  r .  The  expec ted  va lue  o f  r  knowing  r*  i s  

r  |  r*  =  /  rp( r | r* )d r  
0  

whi le  the  expec ted  va lue  o f  r  no t  knowing  r*  i s  

CO 

r  = /  r  p ( r )  d r  
0  

The  no i se  can  be  cor rec ted  by  subs t rac t ing  i t s  expec ted  va lue .  Two 

adap t ive  t echn iques  a re  app l i cab le :  (1 )  "adap t ive  s igna l  co r rec t ion"  where  

the  s igna l  i s  co r rec ted  by  subs t rac t ing  the  expec ted  va lue  o f  t he  no i se  and  

(2 )  " adap t ive  th resho ld  de tec t ion"  where  the  th resho ld  i s  co r rec ted  by  add ing  

up  the  expec ted  va lue  o f  the  no i se .  S ince  the  th resho ld  de tec to r  dec i s ion  i s  

based  upon  the  compar i son  o f  s igna l  and  th resho ld ,  t he  two  adap t ive  t echn iques  

a re  exac t ly  equ iva len t .  The  s tudy  i s  made  fo r  "adap t ive  s igna l  co r rec t ion"  

fo l lowing  F ig .  111  - 2 .  

The  th resho ld  l eve l  accoun t s  impl i c i t ly  fo r  r  i n  t he  conven t iona l  

de tec t ion .  There fo re ,  t he  co r rec t ion  fo r  t he  "adap t ive  s igna l  co r rec t ion"  i s  

on ly  r 1  = ( r  |  r*  -  r ) ,  where  r 1  i s  r ' ( t ^ )  o f  Pa r .  I I I -4 .  

In  conc lus ion ,  t he  s igna l  i s  co r rec ted  be fo re  the  second  th resho ld  de tec t ion ,  

the  co r rec ted  s igna l  i s :  



and  the  second- th resho ld  l eve i  i s  D^ .  I t  i s  equ iva len t  to  co r rec t  t he  second  

th resho ld  ins t ead  o f  t he  s igna l ,  i . e .  the  enve lope  r  i s  de tec ted  wi th  the  

adap t ive  th resho ld  D^ :  

D A  = D c  +  7r -7 (111-7)  

where  r  and  r | r*  a re  g iven  by  (4 -9 )  and  (4 -20) ,  r e spec t ive ly .  



C h ap te r  IV  

PRO BA BIL IT Y  O F  FA L SE  ALARM FOR 

A  TWO-STEPS  RADAR DETECTION 

IV-1  P r obab i l i t y  o f  Fa l s e  A l a rm  fo r  Two-S t eps  De t ec t i on .  

C ons ide r  t he  two- s t eps  de t ec t i o n  o f  t h e  enve lope  o f  a  r ad a r  s i gna l  a t  

t ime  t ^  shown  in  F ig .  1 1 1  - 2 .  Le t ,  a s  be fo r e ,  r ( t k )  =  r  and  r ( t ^  -  T )  =  r * .  

In  o rde r  t ha t  r ( t ^ )  =  r  p r oduc e s  a  f a l s e  a l a rm  in  t he  two- s t eps  de t ec t i on ,  i t  

mus t  be  de t ec t e d  by  t he  two  th r e sho ld  de t e c to r s  TD I  and  TD2 .  T he re fo r e ,  

t h e  cond i t i ona l  p robab i l i t y  o f  f a l s e  a l a rm  fo r  a  g iven  r * ,  P ,  ( r * ) ,  i s  t h e  
_  ra t  

j o i n t  p r oba b i l i t y  o f  t he  e ve n t  r  >  V T )  and  r  - ( r  |  r*  -  r )  >  /  knowing  r* :  

P f a t ( r * )^  P ( r  >  V T 1 ,  ( r  >  V T 2  +  r | r * - r ) | r * )  

S ince  t h e  f i r s t  t h r e s h o ld  l eve l  ha s  been  s e l ec t ed  ve ry  l ow ,  w i th  a  good  a pp r ox ­

ima t ion  

P f a t ( r *>*  p ( ( r>  V T 2  +  H^ -7 ) | r * )  ( I V- 1 )  

The  c ond i t i ona l  p robab i l i t y  o f  f a l s e  a l a rm  P f a f ( r * ) ,  i s  a  func t i on  o f  r * .  

The  av e r ag e  p robab i l i t y  o f  f a l s e  a l a rm  P^  i s  ob t a i ned  by  a ve ra g i ng  P f a ) . ( r * )  

w i th  r e spec t  t o  r*  .  

CO 

P f a t  =/  p( r * )  P f a ( r * )d r*  ( IV— 2)  

Le t  PQ( p  |  r*)  be  t he  cond i t i ona l  p roba b i l i t y  dens i t y  o f  t h e  enve lope  o f  t he  

no i s e  a t  t ime  t ^  ,  knowing  t he  s amp led  va lue  a t  t ime  -  T ;  t h e  subsc r i p t  

0  deno t e s  t he  absence  o f  a  t a rg e t .  The  p ro b ab i l i t y  o f  f a l s e  a l a rm  can  be  

wr i t t en  i n  i n t eg ra l  f o r m ,  

P f a t  ( < •* ) = /  _  P 0 ( r l r * ) d r  ( | V ~ 3 )  

V J 2  +  r  | r *  -  r  

'  P ^  i s  t he  p robab i l i t y  o f  f a l s e  a l a rm  fo r  ad ap t i v e  two- s t eps  de t e c t i ons .  
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Pfat ~ S S - Pn0"/ r*)drdr* 
0 VT2 + r|r* -r 0 

Substitution of r and r* for and r2 in (11-5) yields 

2 2 
r + r* 
77, T 

P0(r, r*; t) - —l„ 1 I e 2" " P ' (IV-4) 
4n 2\ 2/i 2. a (1 - p ) a (1 - p ) 

From which the conditional probability p„(r | r*) can be obtained, 

P0(r ' r*;T) 

P0(r*) 

2 
From (11-3) r* 

P 0 ( r | r * ) =  —  ( I V — 5 )  

/ *\ r* 2c 
P0(r ) = -y e (IV-6) 

After combination of (IV-4), (IV —5) and (IV-6), 

(r^-pV) 

P0<rlr*>= —5—"—57 e 2°"0"P ')  'o'irx1 (IV"7) 

a (1 - p ) a (1 - p ) 

The expected value of r, r, and the expected value of r knowing r , 

rI r*, are evaluated in the next paragraph. 

IV-2 Expected Value of the Envelope Voltage. 

The expected value of the envelope of the noise at time tk when no 

previous knowledge of the noise is available is r(t^) = r , and 



R = / R P0 ( r )  d r  ( IV-8 )  

Af t e r  s ubs t i t u t i on  o f  ( IV-6 )  and  i n t eg ra t i on ,  

r  =  n  
5  °  ( IV—9 )  

Th e  ex p ec t ed  va lue  o f  t he  enve lope  o f  t h e  no i s e  a t  t i me  t ^  knowi ng  

t h e  s am pled  va lue  r*  =  r ( t ^  -  T)  o f  t h e  enve lope  o f  t he  no i s e  a t  t ime  t ^  -  T  i s  

CO 

r | r * =  /  r  p  ( r  |  r * )  d r  ( I V - 1 0 )  
0  u  

A f te r  subs t i t u t i on  o f  ( IV-7 )  i n  ( IV-10 )  

2 2 2 
-  r  ~  P  r  

' 2 o V p 2 )  < l v - n )  O a ( l - p )  o ( l - p )  

Ch an g e  t he  va r i ab l e s  r  a nd  r*  o f  ( IV  — 1  1 )  i n to  y  and  y* ,  w he re  

y  =  r  ,  r*  

A 2  /  2  a  v  1  — p  u  v  I  -  p  

y *  =  ^ ( IV-12 )  

i t  f o l l ows ,  

2 2 2 
-  y  - p  y  

r  |  r*  =  a  v /T -p 2  /  y 2 e  2  e  2  l Q (pyy*)  dy  ( IV -1 3 )  

S ince  t h i s  i n t eg r a l  c a nno t  be  eva lua t ed  i n  c l o sed  f o r m ,  t h e  B es s e l ' s  f unc t i on  

i s  e xpa nde d  a s  a  power ' s  s e r i e s :  
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( IV -13)  becomes 

2  * 2  2 
" P Y  , 2 n  _  - L  

717-  c v /T7e  I  4^Je ' ^^Ddy  (.V-15)  
n=  0  2  (n ! )  0  

Note  tha t  2  
_ y_ 

7  2  2 (n  +  1)  j  ,  o c  « ,v  /  
/ e y dy= 1 .  3 .  5  . . .  (2n+ l )  /IT ( IV -16)  
0  v  - j  

Subs t i tu t ion  o f  ( IV -16)  i n  ( IV -15)  y ie lds ,  

2  * 2  

7 e  ~ 5 ~ ~  Z  3 -5  •  (2n  - 1 )  ^ ^n  ( | V _ ) ? )  

n=0 2  (n i r  

The summat ion  can  be  rear ranged  in  the  fo rm 

2  v* 2  ( p y ) 
|  3. 5 .  .  .  . (2n+  1)  J_  v  2 '  

n= 0  2°  n !  n  !  

2 2 
A fP Y*  \ n  

= I -±-?~ (IV-18) 
n=0  ( l )n  n !  

where  (  )n  i s  the  s tandard  no ta t ion  fo r  the  fac to r ia l  func t ion .  The  summat ion  

( IV—17)  i s  eas i l y  recogn ized  as  an  hypergeomet r i c  func t ion  [5 ]  

2 .2  
/3  \  ( p y*  \ n  99 

m  T n ^ 5  9  ~ 

n=  0  (1  )n  n !  

=  i ; ^ - )  f l v - 1 9 )  

Combina t ion  o f  ( IV - l7 ) ,  ( IV -18) ,  ( IV -19)and  ( IV -12)  y ie lds ,  

2  *2  
P r  

r | r * = / ?  a v ^ 7  e  ^ O ^ T T p h  T  )  ( I V - 2 0 )  
1  1 , 2  2 a  ( 1  -  p  )  



By [5] 

25 

-z 
e 1F1(a; c; z) = ^(c-a; c; - z) (IV—21) 

Substitution of (IV-21) in (IV-20) yields, 

/ , fT , 2 *2 
r  I  r *  =  a / l - p V  2  )  

2 2 
2a (1 - pZ) 

The expected value of r knowing r* is a function of r*, but the average 

value of r | r* for alI possible r* must clearly be equal to r. This can be 

checked readily. 

r | r* = / p(r*) r | r* dr* = 
0 

. 2  

(IV—22) 

a v' 1 - 2 / T 
0 a 

T . 2 +2 

lF1(-? ;  1;  ^)dr* ( 'V"23) 

T / i * r* 2a' „ , 1 

2o'(l - p') 

r After the change of variable t = —~ and expansion of the hypergeometric 
2 a 

function, 

SflWi- p ' v ' i  /  x  r ? ' " ' K  ? > ( f 4 > V  
0  K  =  0  K !  1 - p  

(IV-24) 

Since / e_t tK dt = K !, (IV-24) becomes 

0 

1 1 3 
r | r * =  a v l - p  /  2  I  ' ^ K ~ 2 ^  

K= 0 

(—-£-ir) 
3, 1 -o 

K 

K! 



1  - p  

=  a /1 -7^ /^T (1 +_E_) 1 / 2  ( IV-25 )  
1  - p  

/TT~ — 
= v 2 = r 

IV-3  P robab i l i t y  o f  Fa l s e  A l a rm  fo r  Co n s t an t  o r  Adap t i ve  Th re sho ld  De t ec t i on .  

I n  t he  c a se  o f  co n s t an t  t h r e sho ld  de t ec t i on ,  t he r e  i s  no  need  fo r  s amp l ing  

be fo r e  de t ec t i on .  Howeve r ,  t h e  a ve r age  p robab i l i t y  o f  f a l s e  a l a rm  i s  t h e  s a me ,  w i th  

o r  w i thou t  s amp l ing ,  i f  t h e  s amp le  i s  no t  u sed  t o  co r r ec t  t h e  t h r e sho ld  o r  t he  s i gna l .  

I t  i s ,  t h e r e fo r e ,  pos s ib l e  t o  gene ra l i z e  ( IV-3 )  t h e  cond i t i ona l  p robab i l i t y  o f  f a l s e  

a l a rm  o f  a n  enve lope  r ,  knowing  t he  p r ede t ec t i on  s a mp l e  r * ,  w i th  a  th r e sho ld  l eve l  

,  cons t an t  o r  adap t i ve  i s ,  
CO 

P fa t ( r * ) =  f  P 0 ( r | r * ) d r  ( , V _ 2 6 )  

V T 

T he  av e r ag e  p robab i l i t y  o f  f a l s e  a l a rm  fo r  a  th r e sho ld  V^ . ,  cons t an t  o r  adap t i ve ,  i s  

a s  be fo r e  

P fa t  =  £ P 0 ( r*)P f a ( r * ) d r * 

= f  f  P 0 ( ' /  r *)  d r  d r * 
o v T  

( IV-27 )  

Fo r  co n s t an t  t h r e sho ld  de t ec t i on  V T  i s  a  cons t an t ;  V T  -  D c ;  fo r  adap t i ve  

two- s t eps  de t ec t i on  V y  i s  ob t a ined  by  c om bina t i on  o f  ( I I I - 7 ) ,  ( IV-9 ) ,  and  ( IV -2 0 ) :  

(IV-28) 



If VT is a constant threshold, whether the signal is sampled or not before detection 

is irrelevant. In other words, the probability of false alarm for a constant threshold 

level Vy is either given by (IV-27) as the average of the conditional probability of 

false alarm for all possible samples or by (11-6) where sampling is not performed. The 

identity of (IV-27) and (11-6) for constant threshold is proved next. 

Start with (IV-27), ^ 2 
(r ~ r* ) 

* u r { ~ s  V r V  2 ° 2 ° " p 2 )  ' o ( ^ > d r d r *  ( I V " 2 9 )  
0 V^ a (1-p ) a (1-p ) 

Make the change of variables, 

2 r*2 

U = —r 2 0 and v= 5—Y ('V—30) 
2(1-p)c 2(1-p )a 

CO CO 

p = (1-p2) / / e U e |.(2pX'Uv ) du dv (IV-31) 
fat 0 B 

,2 

where B = —^ OV-32) 

2a2(l - p2) 

Expand the modified Bessel function in series and substitute in (IV-31), 

co , 00 „ K K 
.—, _ 2 p v u v _T 2K u v (IV-33) 

ln(2p\/uv )= I -jf 5 I P —7, U ' 
0  K =  0  2  ( K ! )  K =  0  K !  K !  

P f  = ( l - p 2 ) / / e - U e - V I  P 2 K ^  d u  d v  ( I V — 3 4 )  
^ OB K= 0 K! K! 

Change the order of integration in (IV—34) and use 

}  e - U v K d v = K !  O V - 3 5 )  

0 



It follows 
2K K 

p fat=o-p2) / e~u * £—— du (>v-36) 
B K = 0 K! 

The summation is the series development of an exponential, 

2K K 2 
I £ = ep U (IV-37) 
K= 0 K! 

Substitution of (IV-37) in (IV-36) yields, 

P f a t =  O - P 2 ) /  e - < , - P 2 ) "  d u  ( I V - 3 8 )  

2 
=  e " ( 1  " P  ) B  ( I V - 3 9 )  

Substitution of (IV-32) in (IV-39), yields 

.2 

Pfat = 

VT 
T 

2 O (|V-40) 

(IV-40) which is derived from (IV-27) is identical to (11-6), as anticipated. 

In conclusion: 

Prob. offal, alarm for = Prob. offal, alarm for 

two-steps non-adopt. detection conventional ct. threshold 

Prob. of fa I. alarm for 

two-steps adaptive detection 
< 

Prob. of fa I. alarm for 

conventional ct. threshold 
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Chapter V 

SERIES EXPANSION OF THE PROBABILITY OF 

FALSE ALARM FOR TWO-STEPS DETECTION 

V-l Technique of Series Expansion. 

The probability of false alarm, P^Qj./ is expressed by (IV-3) where r = /j" CT 

and 

2 2 
d r 

2®'(1 -p') 
r|r* = /£ a/l-p^F^-l;!; 7  r  2 )  .  

Therefore, 2 2 

r - r* 

- ; ;  -fi-j - < 0 <  -  j f r - ) *  * *  ( v - »  
o Dcr (1 - p ) a (I -p ) a 

where Da =V_2 + r|r* - r . (V-2) 

(V-l) cannot be evaluated in closed form. In this chapter, Pfat is evaluated as 

a power series of p which converges rapidly for p< .75. 

(V-3) 

Perform the change of variables, 

2 *2 7 
>• r t - r, 

x ; y - 2 ' P 
2a 2 a 

(V-l) becomes, 

The integrant of the double integral (V-4) can be transfomied into a 

product of Laguerre Polynomials [6] , 



(x + y)t 

w(txy) = (1 -t)~ 'e l0(^T 

(V-5) 

= I LbW LnM t" , 
n=0 

where Ln(u)"^is the Laguerre polynomial of zero order. The inside integral of 

(V-4) can be integrated using two well known integrals [ 7] : 

D2 

" -x ~~T f e L (x) dx = e for n = 0 

D2 " 

- ° 2  2  2  

/ e Ln(x) dx = e [Ln(-y) - Ln_1(-^-)l 

D2 

T 
for n = 1, 2, 3 . .. , 

Furthermore, by [8] 

D 2 , ^2 
.2  

'"n (~T>= ^n 

and substitute (V-6) and (V-8) in (V-4); it follows 

1  /  ̂ L „ W Zn" ' < 4 > t n ^  
n=0 0 

(V-6) 

let e"T l"1 (°r) = z"' (° ) (V-8) 

^ The generalized Laguerre polynomials are denoted by (x), but the 

superscript may be omitted when a = 0, '-e- '"n^ = '"n'X^' 



2 
(V-9) cannot be integrated because (_2_) 's a complex function of D 

which is itself a complex function of y and t. The technique used here is 
-1 D2 

to develop Z (-"2"") 'n Powers arrange (V-9) in order of increasing 

powers of t and integrate with respect to y. 

The function Z has been defined to make the derivations easy, note 

that 

A ZG (u)= - Za V) (V-10) 
du m m 

d -7CC / D ^ _ -y- 1 / D \ q dD 
dT m 2~ m (T} ° dt 

(V-11) 

let CK=[-4 Z-^V (V-12) 
dtK " 2 

Note that c" is a function of y. T h e n  by Taylor's expansion, 
IN. 

(v",3) 

rK K 

_ J _J2 (V—14) 

K = 0 K ! 

Substitution of (V—14) in (V-9) yields, 

p  1 1  — —  f  e ~ ^  L n ( y )  c j ^ ( y )  d y  < v - W )  
fat n = 0 K = 0 K ! 0 

The polynomials C*(y) are expressed as a Iinear combination of 

Laguerre polynomials; then" the integration can be performed using the 

orthogonal properties of Laguerre polynomials. 
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V-2 Evaluation of the Integrals in the Series. 

From (V-2) and (V-3), 

VT2 D = —— + (V—16) 

Using Equation (3), p. 202 of Rainville [5] , (V-16) becomes, 

V. 
D = T2 

- (-1/2) L (y) I ( i tn _ i) 
n = 0 n! 

. (-l/2)nLn(y) 

v 2 . . a n= 1 n! 

(V-17) 

from which the values of D and of its derivatives, 
dKD 

d t 
K 

can be obtained. 

dKD 
For short notation, let d„ be the value of —TT-

K  , .  I s  
at t =0, i.e. 

d, = dS 
d t 

K d,K 

; then, 

t= 0 
V 

d_ = T2 
0 a 

d1 = /l ("1/2)1 Ll(y) 

d2 = J\ (-l/2)2 L2(y) (V—18) 

dK = /T(- l /2)K LK(y) 
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The first coefficients are now computed 

C ° = Z  1  ( ^ j _ )  
n n 

t  = 0  
(V—19) 

from (V-8), (V-12) and (V-18), it follows, 

c° = 
n  

0 .2 
2 i _1 / 0 x (V-20) 

Using (V-l 1) with a= - 1 and (V-1P), 

JL j2 

r 1  2  , 0 / 0 .  ,  ,  C = - e L ( — ) d. d, 
n n 2 

(V-21) 

By differentiation of (V-l 1), 

4  Z - \ £ ) =  z ' ( 4  D2(i°)2 

dt2 n 2 n 2 dt 

- z ° ( 4 ( D  4 +  < - > 2 > -
n 2 dt dt 

(V-22) 

Let t=0 in (V-22), 

d2 

<V"23' 

2 
dj can be expressed linearly in terms of Laguerre polynomials, using 



From (V-18) and (V-24), it follows 

(V-15) becomes 
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( ^ ( y ) )  = 2 L 2 ( y ) - 2 L 1 ( y )  +  L 0 ( y ) .  (V-24) 

d l = | ( 2  L 2 ( y ) - 2 L l ( y ) + L 0 ( y ) )  (V-25) 

Let 

• * - / e - " L n M  C n K ( y )  d y  ,  (V—26) 

CO CO 

Pfa = 1 1 

t K + n  , K  

n = 0 n= 0 K! 
(V-27) 

Let 

H2 

"2 a, 0 . a 
e M ) = zn ; 

n 2 n 

(V-28) 

the orthogonality of Laguerre polynomials can be used to compute the 1^ : 

l ° =  /  r y  L n ( y )  z " 1  d y  

,0 -1 
"o = z0 

(V-29) 

= 0 for n ^ 0 

l i = / e - y L „ f y ) ( - z ° )  d 0 / ^ ( "  j ' S M d y  < V - 3 0 >  
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11 -I 
T 0 

I = 0 for n ^ 1 

(V—31) 

Using (V-18), (V-23) and (V-25) 

_2 , 1 ,2 0, ,2 0 
C = (z d„ - z ) d, - z dn d 

n n 0 n' 1 n 0 z 

=  K ( 2 L 2 M - 2 h W  +  L o M )  

(V-32) 

+ zn d0 /T ? L2(y) 

= An L2{y) + An Ll(y) AnL0(y) 

where 
2 . 1 ,2 0. TT 0 D0 AT" 
n = n 0 ~ Zn "4 n T / 7 

An = "(Zn d0 " Zn}  5 

(V-33) 

A0 , 1 ,2 0. rr 
n = n 0 " n T 

r\ 

I is obtained as before using orthogonality: 

,2 - A0 - I 1 D2 z°) - (V_34> 

'() 0 ~ * 0 0 CT 8 



I 2  a 1  /  1  0,  ir 
1  =  A 1  = " ( z l d 0 " z l ) 7  ( V - 3 5 )  

.2 _ .2 , 1 ,2 0, TT 0 d0 AT 
2 " 2 (z2 0 " z2}  T 2 T / T (V_36) 

|3 = 0 for n 0 or 1 or 2. 
n 

i/ 
More generally, 1^ = 0 for n>K (V-37) 

V-3 Series Approximation for P^. 

The probability of false alarm is expressed by the infinite series (V-27). 
2 

If p is not too large, t = p is even smaller and the series converges rapidly. 

For example, if p < .75, the series (V-14) can be approximated by its 

first three terms: 

2 3 CK tK 

I -n (V-38) 
n 1 K = 0 K ! 

Substitution of (V-38) and (V-37) in (V-27) yields an approximation 

for the probability of false alarm: 

P A i y Ik ^ 
fat  K=0 n=0 K! " 

Since I? = |° = 0 and |1 = li = 0, (V-39) reduces to 
I z U z 

Pfat wl0 + ' l f2 + l0 t2 + ' l V +,2 T\ ,2 
0 1 2 2 2 3 2 4 (v-40) 
'q + <'! +,0> f  + ,1 f  + ^T 
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V 
Let a = 

T 2  
t 

and  b -  then  (V-18) ,  (V-28) ,  (V-29) ,  (V-31) ,  

(V-34) ,  (V-35)  and  (V-36)  t ake  a  s imple r  fo rm:  

d o  =  a  

a  I  a /L \  z  =  e  L (b )  
n  n  

0  -b  
0  = e  

1  -b  / t t~  0 . . .  
i  =  e  /  o" a  L. (b )  

0  = e " b ¥  [  2  b  L > )  -  L ° ( b ) 1  

2  = e " b  *  [L°(b )  -  2b  l ]  (b ) ]  

(V-41)  

I  =  e" b  {  *  (2b  L^(b)  -  L°(b ) )  +  J \  L°(b)  J }  

The  fo rmulas  fo r  t he  Laguer re  po lynomia l s  o f  (V-41)  a re :  

L 0  (* )  =  1  

L 1 )  (x )  =  1  +  K -  x  (V-42)  

1  2  
L^x)^ !  K)  (2  +  K)  -  (2+K)X ?  x  

a  i s  t he  va lue  o f  the  second  th resho ld  l eve l  expressed  in  a  un i t s .  
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It follows, 

l-JOO = L°(b) =1 

L°(b) = 1 - b 

L j < » - 2 - b  ( V — 4 3 )  

1 L,2 
4(b) - 3 - 3b + JL 

0 b2 
4(b) = 1 - 2b + °2-

Substitution of (V-43) in (V-41) yields: 

' i  =  -Q - b >  

' o  =  e " b l  ( 2 b - D  

(V-44) 

| 2  =  e " b  *  ( 1  - 5 b +  2  b 2 )  

> 2  =  e _ b  { - J H  +  8 b  - 6 b 2 +  b 3  

p  +  / ¥  i o - 2 b + T } )  

- b 
After substitution of (V-44) in (V-40) and factorization of e , it 

follows 



Note  tha t  the  e r ro r  fo r  a  cons tan t  th resho ld  V .^  would  be  S ince  

the  po lynomia l  i n  t  i s  l e s s  t han  1 ,  (V-45)  shows  tha t  the  p robab i l i ty  o f  f a l se  

a la rm i s  r educed  by  an  adap t ive  th resho ld .  

I f  a  i s  l a rge ,  more  t e rms  a re  requ i red  in  the  approx imat ion .  The  

same  t echn ique  can  be  app l i ed  us ing  the  iden t i t i e s  

L 1 (y )L 2 (y )  =  3  L 3 (y )  -  4  L 2 (y )  +  2L ] (y )  

(L ]  (y )  ) 3  = 6  L 3 (y ;  -  12  L 2 (y )  +  9  L^y)  -  2  L Q (y )  

More  work  i s  r equ i red  to  de te rmine  the  convergence  o f  t he  se r i e s .  



Chapte r  VI  

DIGITAL COMPUTER EVALUATION OF THE PROBABILITY OF 

FALSE ALARM FOR A TWO-STEPS DETECTION.  

VI  — 1  The  Techn ique  o f  Computa t ion .  

The  p robab i l i ty  o f  f a l se  a l a rm fo r  a  two-s teps  th resho ld  de tec t ion  canno t  

be  '  va lua ted  in  c losed  fo rm.  In  Chap te r  V ,  a  se r i e s  expans ion  o f  P^  va l id  

• • .ben  p  and  V.^  a re  no t  too  l a rge  was  ob ta ined .  S ince  the  se r i e s  expans ion  

fo r  P^  does  no t  converge  ve ry  r ap id ly ,  i t  i s  use fu l  t o  compute  P^  for  typ ica l  

va lue  o f  p  and  V .^  us ing  a  d ig i t a l  compute r .  

The  ave rage  p robab i l i ty  o f  f a l se  a l a rm P^  of  a  two-s teps  de tec t ion  i s  

"xpressed  by  (V- l ) ;  P^  is  a  func t ion  o f  p  ( the  au tocor re la t ion  coe f f i c i en t  o f  

t he  no i se  be fo re  enve lope  de tec t ion  fo r  a  t ime  t r ans la t ion  equa l  t o  the  rada r  

pu l se  wid th )  and  o f  V .^  ( the  second  th resho ld  l eve l ) .  Af te r  t he  change  o f  

va r i ab les  (V-3) ,  P f a J .  i s  g iven  by  (V-4) .  Formulas  (V-3)  and  (V-4)  a re  repea ted  

fo r  easy  r e fe rence :  

2 _*2 
r  _  

x - —s ; y ^ • 
2 a 2  2  a  

t=  p 2  (Vl - l )  

rx + y \ 
"  1 1  - t  . 2 \4xy .  ,  ,  

P fd t = Q 2 T^T 8  o ' "TCf  )  y  ( V I " 2 )  

'T 

where  D  =  \  ( V T 2  +  "0  < V 1 " 3 )  

The  purpose  o f  the  compute r  p rogram i s  t o  eva lua te  (VI -2 )  fo r  t yp ica l  va lues  

f  d  V j 2  of  p  and  .  
a  

(VI -2 )  mus t  be  t r ans fo rmed  in to  an  express ion  su i t ab le  fo r  d ig i t a l  

computa t ion .  The  upper  l imi t s  o f  t he  doub le  in teg ra l  can  be  r ep laced  by  a  



f in i t e  va lue  because  the  in teg rand  dec reases  ve ry  rap id ly  fo r  x  and  y .  

There fo re ,  i t  i s  a  ve ry  good  approx imat ion  to  r ep lace  the  upper  l imi t s  by  

e igh t  in  (VI -2 ) :  

- (4^ )  
P f a t~  /  /  T^t  6  1  d x  <**> 

T  

The  doub le  in teg ra l  (VI  -4 )  can  be  t r ans fo rmed  in to  a  doub le  sum:  

i  A  x  ^  i  A  y  
j=  8 /Ay  i  =  8 /Ax  ,  - (—^ ) Ovf i jAxAy.  

P f a t  A x  A y  2  1~  6  0 (  W ^ ( V I " 5 ^  
i  =  0  .  D 

'  ~  z  Ax  

The  cho ice  o f  the  inc rement s  Ax  and  Ay  i s  a  compromise  be tween  accuracy  

and  compute r  t ime ;  Ax  and  Ay  a re  se lec ted  equa l  t o  0 .02 .  (VI -5 )  becomes  

0 .02(1  +  j )  
_ 4  400  400  r ^ t  .0 .04 \ / fTT .  

P =  4  10  I  I  l 0 ( -  !  _ t  )  (VI -6 )  
i=  0  i  =  i  .  
1  min  

.  D 2  

where  i  .  =  Trunc .  I  
m m  2(0.02)  

= Trunc .  [25  D 2 ] " 1 "  ( V l _ 7 )  

Af te r  combina t ion  o f  (Vl - l ) ,  ( IV-22)  and  (VI -3 ) :  

(VI -8 )  

where  y  =  j  0 .02  

2  
~  Trunc .  m e a n s  t runca t ion ;  Trunc .  [ 2 5  D  ]  i s  t he  in tege r  ob ta ined  b y  round ing  

up  25  D 2 .  



The  hypergeomet r i c  func t ion  i s  computed  in  t e rms  o f  the  modi f i ed  

s s e l ' s  func t ions  o f  o rde r  ze ro  and  one ,  us ing  [  9 ]  

z  

) F 1 ( -y ; l ;2 )  =  e  2  I  (1  +  z )  l Q ( | )  +  z  (VI -9 )  

For  z  l e s s  t han  t en ;  the  modi f i ed  Besse l  func t ions  IQ ( Z )  and  | ^ (z )  

imputed  a s  power  se r i e s ;  l e s s  t han  16  te rms  a re  necessa ry  fo r  a  ve ry  good  

approx imat ion :  

n<16  2n  
|  ( Z )=  I  *  (VI -10)  

0  n  =  0  2  (n  ! )  

n  <16  2n  +1  

' i W -  1  T i r n — 2  ( V 1 " 1 1 )  
1  n  =  0  2  1  (n  IT  (n  +1)  

For  z  l a rge r  than  t en ,  the  modi f i ed  Besse l  func t ions  l Q ( z )  and  

I .  a re  computed  by  us ing  a s sympto t i c  approx imat ions  [  10 )  .  

z  
e  1  9  4-

75  

8 z  
2 

128z  1024z 3  

3  15  105  
3  

1024z  8 z  

CN N 
CO 
CN 

105  
3  

1024z  

(VI -12)  

£ _ n  _ J L  -  _ ± L _ - ( V I - 1 3 )  

V z  

VI -2  The  Computer Program. 

The  compute r  p rogram cons i s t s  o f  two  pa r t s :  (1 )  t abu la t ion  o f  the  

-od i f i ed  Besse l  func t ions  l Q ( z )  and  l , ( z )  a n d  of  the  Hypergeomet r i c  func t ion  

f  < _  1  >  , f  _ z )  f o r  d i s c r e t e  va lues  o f  z  and  (2 )  computa t ion  o f  the  doub le  

amot ion  (VI -6 )  fo r  t yp ica l  va lues  o f  t=  p 2  and  D c .  The  computa t ion  o f  

•  e  in teg rand  and  o f  the  lower  l imi t  o f  the  inne r  summat ion  necess i t a t e s  the  



evaluation of |Q(-Q4 ) and of ]  F ]  (-I; 1; - respectively; 

this is done by interpolation between the nearest values of lQ(z) and 

,F,(- J-; 1; -z) computed in Par. VI-1 . 

VI-2 a. Tabulation of Iq(z) and |F^ (- j-r  1; -z). 

The modified Bessel functions Iq(z) and l^(z) are computed for 

discrete values of z. For 0< z <_ 10, Iq(z) and l^(z) are computed 

!fh an increment equal to 0.005(i .e. z = 0.005 where k^ = 0, 

... 2000), using the series expansion (VI-10) and (VI —11). For 0< z< 20, 

Iq(z) and l^(z) are computed with an increment equal to 0.005 (i.e. z = k^ 

. 005 where k^ 2001, 2002 ... 4001) using the assymptotic expansions 

(V|-12)and (VI — 13). For 20 < z < 80, lg(z) is computed with an increment 

equal to 0.01 (i.e. z-  k^ 0.01 where k^ = 2001, 2002 ... 8000), using 

fie assymptotic expansion (VI-12) and (VI-13). For 0< z< 20, the hypergeo-

• - trie function ^ F^ (- 1; -z) is computed with an increment equal to 0.01, 

using (VI-9) and the tables for Iq( j) ar|d 

'I —2 b The Computation of the Double Sum. 

The probability of false alarm for a two-steps detection, P^, is computed 
2 

for typical values of t - p and D^.: 

t = 0.8, 0.6, 0.4, 0.2, 0.01 

Dc = 2, 3, 4, 5 

2 
Given t, Dc and a value of j, imin is evaluated by truncation of 25 D . 

• •eping j fixed the first summation is performed by varying i from i^ to 

400, for each j one value for the first summation, S., is obtained. The proba-



b i l i ty  o f  f a l se  a l a rm fo r  two-s teps  de tec t ion  P f a f  i s  t hen  ob ta ined  by  summat ion  

a l l  t h e  S .  w h e n  j  v a r i e s  f r o m  0  t o  4 0 0 .  F o r  e a c h  v a l u e  o f  t ,  f o u r  v a l u e s  

c "  a r e  ob ta ined ,  one  fo r  each  va lue  o f  The  inc rement  used  in  the  

t abu la t ion  o f  l Q ( z )  i s  0 .005  fo r  0<  z<  20  and  0 .01  fo r  20  <  z<  80 ;  

the re fo re ,  t he re  a re  two  fo rmulas  o f  in t e rpo la t ions  one  va l id  fo r  0<  z<  20  

and  one  va l id  fo r  20  <  z  <  80 .  For  example ,  i f  z  -  7 .813 ,  the  in te rpo la t ion  

' O R  I Q( z )  i s  be tween  1^(7 .810)  and  1^(7 .815)  which  a re  t abu la ted  a t  the  loca t ions  

1  =  1463  and  1464 ,  r e spec t ive ly .  Le t  

I  Q (7 .810)  =  B(1463)  

l Q (7 .815)  =  B(1464)  

then  

l 0 (7 .810)  =  B(1463)  +  7 - S 1 3 q " 5 7 - S 1 °  (B( l464)  -  B(1463) )  (VI -14)  

/ I -3  Compar i son  Be tween  Two-S teps  De tec t ion  and  Conven t iona l  Thresho ld  

De tec t ion .  

The  p robab i l i ty  o f  f a l se  a l a rm,  P f a ,  in  the  cons tan t  th resho ld  de tec t ion  

o f  l eve l  D r  o f  t h e  enve lope  o f  a  normal  no i se  o f  va r i ance  a  i s  
V-. 

Dc 
2a 2  

P f a  =  6  

as  ob ta ined  in  (11-6 ) .  

The  p robab i l i ty  o f  f a l se  a l a rm,  P f a f ,  in  the  adap t ive  two-s teps  de tec t ion  

o f  the  enve lope  o f  a  normal  no i se  o f  va r i ance  a  i s  g iven  by  the  compute r  p rogram 

of  Pa r .  VI -2  fo r  typ ica l  va lue  o f  D c  and  of  the  au tocor re la t ion  coe f f i c i en t  p .  

S ince  P  and  P  a re  ve ry  smal l ,  i t  i s  p rac t i ca l  t o  compare  - log  P  
f a t  f °  f a t  

t o  - log  P f a ,  r a the r  than  P f a f  t o  P f a .  



Dc 2 f igure /I — 1 shows -log versus ^ for various values of p , 
Dc 2  ° 

and -log P, versus . 
f° 2c 2 

2 D c  For a given value of p , -log P^ increases when —^ increases. 
Dc 2° 

• - a given value of , -log P^ decreases when p decreases and tends to 

-log P,(i  when p tends to zero. 

This means that the probability of false alarm for the adaptive two-steps 

t.- lion is smaller than for the conventional threshold detection. The advantage 
2 

; t itrr when p is larger, i.e. when the autocorrelation coefficient between 

n sample and the detected signal is large. When p tends to zero, the noise 

•  •  l ime of detection cannot be predicted and the adaptive two-steps detection 

is not useful. 



I 

46 

l#< P, t • fat 

12 

1 2  ̂/2<f" 

r, vr 1 Comparison between probability of false alarm for conventional 
and two-step detection 

o rf,t " f ?• = .6, (2) Ff.t "• />"- -4- «) ff.t at /" -01 



Chapte r  VI I  

CONCLUSION AND FUTURE WORK 

The  adap t ive  two-s teps  de tec t ion  o f  sea rch  rada r  pu l ses  in  the  p resence  o f  

•<  ho - ,  been  ana lyzed .  The  two  in fo rmat ions ,  l oca t ion  and  ex i s t ence  o f  a  t a rge t  

. b ra ined  success ive ly  in  a  two-s teps  r ada r  r ece ive r .  The  loca t ion  o f  a l l  t he  

in t  pu l ses ,  i . e .  t a rge t s  and  l a rge  no i se ,  i s  ob ta ined  f i r s t  by  a  low leve l  

•  you ,  th resho ld  de tec t ion .  The  f i r s t  t h resho ld  de tec to r  un la tches  a  second  

Id  de tec to r  (once  fo r  each  s ign i f i can t  pu l se )  wh ich  dec ides  whe the r  the  

• !  an t  pu l se  i s  a  t a rge t  pu l se  o r  a  no i se  pu l se .  In  o the r  words ,  t he  f i r s t  t h resho ld  

• t o r  de te rmines  the  poss ib le  loca t ions  o f  t he  t a rge t  whi l e  the  second  th resho ld  

i r t r  to .  de te rmines  the  ex i s t ence  o f  the  t a rge t s .  

The  two-s teps  de tec t ion  makes  poss ib le  the  use  o f  an  adap t ive  dec i s ion  

t echn ique  s imi la r  t o  tha t  used  in  t e l emet ry .  The  no i se  jus t  be fo re  the  unknown 

; -va l  and  the  no i se  dur ing  the  in te rva l  o f  de tec t ion  a re  co r re la t ed ;  the re fo re ,  

3  co r re l a t ion  t echn iques ,  i t  i s  poss ib le  t o  p red ic t  t he  no i se  anywhere  dur ing  

f !  -  in te rva l  o f  de tec t ion .  The  p robab i l i ty  o f  e r ro r  in  the  de tec t ion  i s  cons ide rab ly  

„  ; j c e d  in  an  adap t ive  scheme  where  the  no i sy  s igna l  i s  co r rec ted  by  subs t rac t ing  

the  p red ic ted  no i se .  

The  b lock  d iag ram of  a  two-s teps  th resho ld  de tec t ion  i s  shown in  F ig .  111-2 .  

T  e  b lock  d iag ram uses  conven t iona l  componen t s  and  can  be  bu i l t  eas i ly .  

Mos t  o f  the  ana lys i s  conce rns  the  eva lua t ion  o f  the  p robab i l i ty  o f  f a l se  

o l a rm,  P  The  expec ted  va lue  o f  the  enve lope  o f  the  no i se  a t  t ime  t  knowing  

the  sampled  va lue  a t  t ime  t*  i s  deno ted  by  r | r*  and  expressed^  ( IV-22) .  I t  i s  

equ iva len t  t o  compare  the  co r rec ted  enve lope  r  -  r '  =  r+7  -  r | r*  t oo  cons tan t  

I t r r ed ro ld  D c  or  to  compare  the  enve lope  r  t o  on  adop t ive  th resho ld  

W ' l ' * ' 7 -



The probability of false alarm for an adaptive two-steps detection P^. ^ 

u given by the double integral (V-3) which cannot be evaluated in closed form. 
2 2 

pf.,, '' exPresjed by a power series of p valid for small value of p in (V-45); 
2 

'. °'so computed with a digital computer for typical values of p and D^. 

If is shown that the probability of false alarm is smaller for a two-steps detection 

'• jn for a conventional detection, especially when p is not too small. 

Further work would be necessary to complete this study: (1) the assumption 

• P. f being due to the second threshold alone is only an approximation, (2) the 

probability of detection of a two-steps detection has not been determined, and 

: set up corresponding to the block diagram should be built and tested. 
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