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ABSTRACT

Lo g . . .
This report studies the two-steps detection of search radar pulses in the
presence OF H{_";;C.t:, T.t’lt_' fwo ;,'\i’,‘j'.'):‘f;")l",/ | ation and existence Fat irget,

are obtained simultaneously in a conventional radar receiver, but successively
in a two-steps radar receiver. The location of all the significont pulses, i.¢
targets and large noise, is obtained first by a low level continuous threshold
detection. The first threshold detector unlatches a second threshold detector
{once for each significant pulse) which decides whether the significant pulse
is a target pulse or a noise pulse.

Once the location of the pulses in known, the problem of radar becomes

a problem of telemetry and the adapiive decision technique developed th
A D n ~ f r . .

UARI Report No. 33 [ 1] for the detection of pulse code modulated signal

applicable. The noise just before the unknown signal, de

and the noise during the interval of detection are more or less correlated;

therefore, using correlation techniques, it is possible to predict the noise anywhere

during the interval of detection. The probability of error in the detect
considerably reduced in an adaptive ysme where the noisy signal i rrect
by substracting the predicted noise. The mathematics are more difficult th

adaptive two~threshold detection than for the adaptive PCM detection because

of the complexity of the joint probat ity density after envelope detectior
The pl‘ﬁl')(::?“fj/ ~f false alarm ¢ in adaptive two=-steps detection, | 2
is expressed by a double integral. P is expanded as a powe 'ries in g
i )
of ¢ where p s the autocorre lati tficient betwe et
signal; the series is valid only for small valuves of p. Finally, P. . mpute
with a digital computer for typical value of p and D . level of the

threshold detector). It is shown that > probability false alarm is smalle

an adaptive two-steps detection than for a conventi

for large values of p.




D Constant Threshold Level

F.(a0; b; z) Hypergeometric Fun

i) Modified Bessel Funct f rder
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INTRODUCTION

The pulse radar emits a seri t modulated narrow pulses at t petiti
requency and recejves a mixtur layed puls¢ ind of Noise I Fim

lar pulse hits a target, a reflects Ise is returned to the radar, T tin

val between the transmitted o - received pulse is a measur f the ra

of the object,
false detections and misses. The signal detection f ) seq yda ists pri
in determining the location and the tence of a target, the pulse ape beina

secondary.

The detection of pulse wdulated signals in the p F

jammi i
comg t i t ther 3 c
sent, i i g i thi !
instead of a constant threshold, TI 12 t time t* just
of detection and the noi ignal duri thi 1] f det
late a; therefore, using U ’
noise anywhere between y and n X
-‘-,?r(':csfi"-g the predicted noise {and a id voltage due t
pulses). In the threshold detecti ; t ] ¢
correc ignal to a constant thres r (2 }
threshold; both techniques are used, jer |
Nnot | ! mi 1
yigna | =t Noise rat - ¢ 3 1
ent bebwi t r gnal a $ Py s
signat, More gene iy, largest N  § Drot ¢ f -
re reduced by using an ade t hold I € Prox t f er




is expressed in integral form and minimized directly; the maximum Signal=to=Noise
ratio does not I'IPCQSSOI’”y correspond to the minimum average probability of error,

In telemetry, the unknown signal is located in a known interval of time
so that sampling can be used to determine the noise before detection and the
threshold varied accordingly. This technigque is not applicable in redar detection
because the signal can appear everywhere and any sample would be a mixture of
signal and noise. In order to transform the problem of radar detection intc
problem of telemetry, a new two-step detection technique is proposed. The first
step is a conventional radar detection but with a very low threshold level so that
the probability of miss is negligible; of course the probability of false alarm is
very high. The first detection eliminates the points where there is g
echo, leaving a discrete number of unknown points which are either noise or eche
This is now a problem of telemetry because the location of the unknown signal i
known and an adaptive technique is applicable ., While the computation of the
average probability of error after a two-step detection is complex, a considera
improvement can be expected.

In Cl",()pfel ||, the Or){:l]bi‘; of o conventional threshold detection is re

Chapter |1l explains the principle and shows o block diagrom of a two=steps threshold

detection. The probability of false alorm for o two-steps detection, P, 47 btaine
as a double integral in Chapter IV, Chapter V is the series expansion of F}( ir

af
power of p . In Chapter VI, Pi‘t' is computed with o digital computer for typical

2 Moo :
values of p~ and DC' Chapter VI is the conclusion.




CONVENTIONAL SEARCH RADAR DETECTION

ck Diagram of a Conventional Pulse Rac

The block Oicgl‘ﬂrvv of a standard pulse radar is shown in Fig. 1=} 16
FL nction of the emitter is to transmit short modulated p J’_»*_";, the tunctior T he
receiver is to detect the pulses reflected on the targets; the time interval between
a transmitted and a reflected pulse is a measure of the range.

The emitter consists of a timer, a modulater, a transmitter, an anti-
transmit-receive switch {ATR). The radar receiver shown is of the supe: rody ne
type. It consists of a RF amplifier, @ mixer, o local tllator, a nan d | f
amplifier, an envelope defector, o threshold detector, icator, The
transmit=receijve switch (TR) and th ntenna are common to both emitte nad
receiver. The modulator, the transmitter, the ATR, ti IR and tl r ¢
}39}1 power devices., The timer is a low power device with just enough power f
COHTI'O' rh(.. 'TtO(ju".l"" X The elements of the re yiver or w power de 1 T
the energy of the reflected pulses is severo! order of magnitude smaller than the
energy of the transmitted pulses.

The timer, which is also called the trigger generator, or t p
generates a series of narrow pulses (frigger pulse tt pU petit frequen
These timing pu\-,r;-s turn on the modulator which pulses the tronsmitter, The mod

lated RF pulse generated by the fransmitter frave Is along the transmiss

antenna, where it is radiated into space TH I i fast ¢
which disconnects the receiver during transmission; if the receiver wer
nected, it might be domaged by the transmitter g A fte

RF modulated pulse, the TR switch reconne he receiver to the anter

ower reflected Dy the targets must enter the rece iver; the Al f
closed during the transmission and opened during reception, avoids that

of the reflected power be wasted in t! ransmi
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The RF amplifier shown at the first stage of the superheterodyne n ight
be a low=noise parametric amplifier, a traveling-wave tube or a maser. Many
microwave radar receivers do not have an RF implifier and use the mixer as
the first stage. Since it is easier to build higl -gain narrowband amplifiers at
the lower fl'téqu(‘r\ciei, the RF 5ig:'m5 i onverted to an intermediate h','qu- ncy
(IF) by a mixer and a local oscillator (LO). The local escillator is commonly
a reflex klystron. A typical IF amplifier has a center frequency of 30 to 60 M
and a bandwidth BIF of 1 or 2 Mc. The envelope detector rejects the carrier
Frequ‘enry but passes the modulation envelope. |t consists of a detector and o
v;dCG G'ﬂp“ﬁk.‘!’. Li!?)(‘l Q :‘quuu-—' I'W raQ | near getector may be assumed since
the effect on the detection probability by assuming one instead of the other

small. The video bandwidth must be wide enough to pass the low frequer

components generated by the detector, but not so wide as to pass the high-

frequency components at or near the intermediate frequency. Therefore, the
video bandwidth B  must be slightly greater than half of the IF amplifie
v e -
. oo : “LF :
bandwidth, i.e. B 5 The threshold detector is a decision circuit f
v !

compares the oufput of the envelope detect t t 1 threst i level D: if

r(t) > D the decision is target," if t the deci n i1s "no~target."”

[1=2 The Problem of Noise.

The first problem of radar is to detect targets against a background of

noise and unwanted echoes. The n e aenerated in t re ind | black

body" radiation from the enviror

€ ‘ ' ’
corresponding to the unwanted echoes is known as clutter, Typica urce f
thermal noise are: rf rodiation picked up from t ifmosphere o th

the receiving antenna; resistive loss waveguide mponent nnecting the
anftenna and the receiver; "shot noise" in the early stag t amplification in t

receiver: noise introduced by crystal detectors mixers prior to intermedi




frequency amplification. In this report,

nomal. The RF amplifier, the mixer

'
yince a normal probability density r
under linear combination, the probabilit

tor is normal.

The ."l'll.f;?‘i-'l‘.)'\j dete

.’?-rob\',lt'v;ﬂrf OF @rror 11

is present, The

level and of the probabi density a
it is necessary to find t

_.:'.’f'r‘ cior, ‘- no ‘.;";f;

Following Dugundii 2], 1
value its pre-envelope, TI

ult 1 ult), where ult) denotes t i1t

{

i1s based up

aos ul(t) and is un

{ the pre-enve

u(t). By using the pre-envelope t

the output of an art

» Kl v riineart tormatior
er ", 1 4 7‘; i put rt 04
10 JIDOUT W r or t !

I ) tunction th Aol
put of the e ] getect
il Iy gensity ar the Tput

lit ¢ $ + the out

I om yf ult)
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normal noise if no target is present and the sum of @ norma

if a target is present,

The signal s({t) af the input of the envelo;

P . "
ra noise nir),

message mit) and o

s(t) = m(t) + nft) |-
where mit) U ifr ecr s received
A sinfwt - oft)) ifan echo is received and (t
f variance 1" . Let r{t) denote the itput

is a normal noise of mean zero and ¢

of the envelope detector. The probability density of 1 131,
~’A
ol
. i
p Al = .
if no target is present, and
f / : rA
p] iIr) g, ( — |
where |. is the Bessel function of ze yrder and pt
U
if a target is present, Figure [1=2 shows t jrapns of p,(r mna p,(r) t
typical values of o and A.
consiger two envelope values : 3K . £ 1 by @

T i.e rit) [
y 1€, 1
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In ;).‘,H], 1'2, T) the subscript 0 denotes that only the noise
target. The formula for the joint probability density of

normal noise is used to evc

e C [ bl ! rit gapt
(See Chap. 3).
lI-4  Threshold Detection and Probabilities of Erros
The threshold detector compares the output of the envelope dets

r(t) to a threshold level V_. At tis t, the decision is "no~ta

ty

rit} V.. and "target" i
I S
the decisions.

Assume first that no target 0, 1

) !
correct decision if r(t) . and mak In un ect deci fa
if ll,f“i '-.-", . The prol f {¢ t ! I
]
{'e2 ;
probability of false alarm, P, , t

Assume next that a target 1s present, the ! t
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7 15 ) V' -_i;\-"lv:.; Ri

Equation (I|-

been plotted by Rice |3]. Rice has also derived a series approximat f
2
P, valid when RA/o 1, A ' | and terms in A
d
be neglected
&Y, . =A) | . =A
| |
Sy BT =
.y - - ¥
. .»1 -~ . L v
F ~ (1 = erf ———u) —— — |
G —_— z y
[D = P . '
L O 4 LW (= 7
where the error function is defined
erf z —_

he conventional threshold dete . ef ted ! iiag

e ¢ Aot ’ et i 4 1larr

Fig. 11-3 which shows the probability jete ) €
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True signal Decision

Fig. 1I<3 Statistical diagram of a conventional threshold detector

Xy no target received, z, no target detected

x4 target received, 24 target detected
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Chapter |||

PRINCIPLE AND BLOCK DIAGRAM OF THE
TWO-STEPS THRESHOLD DETECTION

I11-1  Comparison of Radar and Telemetry Detection.

In search radar, both the location and the existence of a signal (target)
are unknown; in PCM telemetry, the location of the signal (pulse) is known and
only its existence is not known.

It is useful to compare radar and telemetry detection. Consider the
synchronous defection of a pulse code modulated signal in presence of noise
The signal is binary coded, "One" being represented by a pulse and " Zer
by no-pulse. [n synchronous telemetry the signal detection is the decision
between the binary digits "One" and "Zero," i.e. pulse or no-pulse, at prede-
termined intervals of time. |n search radar, both the location and the existence
of a target, i.e. a pulse, must be determined. The differences between synchro-

nous pcm detection and rodar detection are tabulated in Fig. 111-]

II1=2 Principle of Two-Step Detection.

The two informations, location and existence of a target, are obtained
simultaneously in a conventional radar receiver, but successively in o two-steps
radar receiver. The purpose of the two-steps detection is to transform the problem
of radar into a problem of telemetry so that an adaptive detection technique car
be used. The adaptive technique is based on correlation between the noise before
the unknown signal and the noise during the unknown signal; it requires the know-
ledge of the location of the unknown signal.

In the two~steps detection, the first detection is a continuous low level

threshold detection which determines the location of the targets. Since the

threshold level of the first detection is very low, practically all the targets are
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PCM

Detection

Standard Sear

A priori probability of a pulse is

P(1}.

known; quif{* often P(0)
All pulses have the same ampli-

tude .

A digit is transmitted every T sec.;

the interval between pulses is mT

where m is an .I'ﬁ"Q!" .

All the information is contained in

the small time inter

mT <3
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detected but many pulses of noise are mistaken for o target; i.e. the probability

of miss is negligible and the probability of false alarm is ver

v high. The first
detection reduces the ambiguity about the location of the targets from a non
denumerable continuous set (any range is possible a priori) to o denumerable

discrete set (a target can be only at one of the locations determined by the first

detection.)

The first threshold detector transforms the problem of radar detection int:
a problem of telemetry detection. Denote as "unknown pulses" the pulses
determined as possible fargets by the first threshold detector. The s nd threshold
detector makes the decision’ no~target” or "target" among the unknown pulses.
The second threshold detection is essentially the same as o telemetry detection
except for two unimportant differences: (i} the unknown pulses are equally
spaced in synchronous telemetry detection but not in the two=ste p radar detection
and (2) the decision is "zero" or "one" in telemetry but "target no-target

in the two-step radar detection. The technique of adaptive threshold detectior

is applicable. The second threshold detector is latched except for an instant
during the interval of the unknown pulse; the noise just before the unknown pulse
is determined by sampling and the noise inside the unknown interval can ¢
predicted using correlation techniques. The predicted noise is the most probable
value of fhe ﬂOiSO, if it is substracted from the unknowr pulse the probaot il'v’,

error in the detection is reduced (See | 1) .)

In the synchronous detection of pulse code modulated signals with adaptive
. . . . I T . . . SRR S i S N b ’ 1%, ol
deCJSIOH circuits | | , precise himing 1$ provided y Q[ K W Y divide
pseudo pf}rfod T into tenths and serves as a time reference n the two-step
threshold detection, the first detector serves as a clock for the sampler-holder and
the second detector, as explained in Par. 1l1-4.
[11=3 Components of the Two=Steps Detector Block Diograr

The block diagram of the two-steps detector is shown in Fig. 111-2. It

consists of two threshold detectors (TD1 and TD2), two delay es (D1 and




Joy eleduod 1 141 ¢ Jeproy Jerduwes

e =

4 ‘. ~
H S ¢ seuty

LfeTon
..Qr..(

Jojoejep dejs-om3 euj Jo weadwip }OOTH

N.u‘,.
3edae] 2. P
Ert ) 2al I s
q03ae3 oy | ! ‘Naw - (:)
[eudis pejoelao) =
2q f|l—!llt
[od3uU0d yojeTuq ,
IS
_ “
2 a
| |
e ]
103183 JO
SUOT}#00T eTqEssod | —
..w)#l* ——— ——————— e ——
ey | ¢ O wm
| | ¥ 1,

——

—_— .

-7
Cha

‘10

2=IIT *373

—




one sampler-holder, SH. The components of the

Fig. 111-3.

CK giagrarm ire

The threshold detecter TD1 is an electroni omparator. The inputs

are Ri and |, and the cutput is C

1 C

|f R | C
1=1)
If R | E

When a random signal is applied to T

f 1
s U1, the cutput consists of re« tanaular random

pulses. The threshold detector TD2 is similar to the threshold
for a gate control. More precisely
| f R 1, and G ;

(111-2)
otherwise,

The schematic diagram of o sompler-holde

) ; e
SOmp‘ﬁ'l"‘hO'dL‘Y‘ nas three ?«,;l"‘!n"‘-:lli_ the | L I ot L ind the

1 y
outpuft OSH' The sampler-holder bet ) pling device t wat
is closed and as a memory device when the gate e eneral, an expo-

nential decay is convenient,

—

CSH Sv . W I 1] -

f C By jecay sxponentially.,
' “SH - ' H

The operation of the delay-lines D1 ond I D ¢ salf explanatory: if

y. L " +
input of the delay=line is a function of time f(t), the outpul { repl
of the input, i.e. f{t - 7). The delay f t equal to H dar
pulse width.
II1-4 Block Diagram of the Two-5 etect

The components of the block diagram (Fig. 111-3) have been des ed in
Par. |”-3, the Qpcvrcr;;!* ~f the block diagram is explained next. } 4 s
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Fig. III-3 : Components of the two-step detector




the output of the envelope detector when a target may be present and let
rn(” denote the outpuft of the envel pe detector when f)r‘.ly the noise i
present. The envelope detected signal r(t) is divided into two paralle
paths. The first threshold detector TD1 is the upper path of the diagran
and has two functions: (1) it determines all the intervals where r(t) i

larger than V i.e. almost all the possible locations of targets and (2)

I
it serves as a clock and controls the sampling time (gate of SH) and the

decision time (gate of TD2). The second path consists of a delay line DI,
a noise correcting circuit (SH and DA) and a decision circuit TD2 (second

threshold detector). The envelope r(t) is delayed by 1, where v is the

radar pulse width in the delay line TD1; i.e. the output of TD1 is r(t =7)

Assume that r(t) was smaller than :‘;’Ti in the interval of time
fk - At <t< 'rk and becomes equal or larger than o it time ¢ t . The
output 01 of the threshold detector TD1 is zero int t t t< < t

and is V.l at time f, which means (1) there is no target in the interval
| 4

- Atlto t and (2) there may be ¢ target at time b . vince T is small

\’ k
“k - At < fl< -7 tk)' it follows from (1) that e(t, -7 is a sampled value
of the envelope of the noise. The calues of the envelope at sampling time

fk -1 and at detection ftime i‘_. are correlated. Therefore, tronm sampled
value r{fl( - 1), a value for u’rL| an be predicted, which is denoted by

'l“k)’ The adaptive circuit computes ""L ind substracts it 1 '
correction r'{tk] is determined in Par. IlI=3. The ected envelope value,
r(tk: - r'(fk), is detected at time t, in translated time, tt ! T
in real time, by the threshold detector TD2.
[11-5 The Principle of the Adaptive Circuit,

The threshold level of the first threshold detecior, v et ve

} ! - o122, ~f micems s nealigible. |t foll that the o sbilit
low so that the probumhiy of misses 15 neglig ’

f the s { thre |d detector

of false alarm is very high. The main purpose

TD2 is to reduce this probability of folse slarm.




O

A false alarm in the two-steps threshold detection is the joint event:

false alarm for first threshold, false alarm for second threshold. However,

since the first threshold level is very low, one can consider the joint false

alarm as the false alam of the second threshold detector
The probability of false alarm is obtained by integration of the probability
density of the envelope of the noise. Let rft, =t)=r* and rlt,)=r denote the
K k
values of the envelope at the time of saumpling and detection, respectively. In
|

the adaptive scheme r* is known; therefore, the conditional probability density

p(r| ), must be used for r. The expected value of r k nowing 1

while the expected value of r not knowing r* is
r= f rp(r)dr
0

The noise can be corrected by substracting its expected value, Tw
adaptive fechniques are applicable: (1) "adaptive signal correction” whe
the signal is corrected by substracting the expected f the noise and
(2) "adaptive threshold detection" where the threshold is corrected by adding
up the expected value of the noise. Since the threshold detector decision i:

based upon the comparison of signal and threshold, the two adaptive technique

are exactly equivalent. The study is made for "adaptive signal correcti
following Fig. I11-2.
The threshold level accounts implicitly for r in th tiona
detection. Therefore, the correction for the "adaptive signal ti is
only r' (r‘r"" -';‘\), where r' is '.{rl«‘ of Par. 111-4,
In conclusion, the signal is corrected before the second threshold detection,

the corrected signal is:




i t to correct the second

t is equivalen

and the second~threshold levei is D _ qui
<
threshold instead of the signal, i.e. the envelope r is detected with the

adaptive threshold DA:

rl (111-7)

DA DC rir® =1

where r and r|r* are given by (4-9) and {4-20), respectively.




PROBABILITY OF FALSE ALARM |

A TWO-STEPS RADAR DETECTION

IV-1 Probability of False Alarm for Two-Steps Detection

Consider the two-steps detection of the envelope of a rada 1 o
time f| shown in Flg =2, Let, as before, r(t and t, =
L | k
In order that r{fk‘v = r produces a false alarm in the two-steps detection, it
must be detected by the two threshold detectors TD1 and TD2. Theref
the conditional probability of false alarm for o given *, P_ (i
af
joint probability of the event r >V_. and r =(r|r* =) > V_, , knowin
| | 4
(*Y=Plr>V_., (r rn tT|r* =r)
rat | | 4
Since the first threshold level has bees ect d apr -
imation
- (r*Y o Pt { U B
Pfr:“" L : |
The conditional probability of false alarm P, (i
The average probability of false alarm P is obtai g P .
with respect to r*
Prat = J () Py &
Let p,(r | r*) be the conditional probability densit the « t the
0
noise at tfime rk . knowing the sampled value t b, - the sut pt
0 denotes the absence of a target. The probability e
written in integral form,
P {r ’ (IV=3)
r/f-()f ‘, e ;
i b
P is the probability of false 3 t two-steps detect

fat
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Substitution of r and * for " and r, in {lI-5) yields
“
2 2
' =4
ks Ermas
* L PR L £
o ) 1 7y (1 - p) p
Po(r, ™*; 1) I P | € i V=4
4, 2 ) 2
o {l -p) g (1 =-p)
From which the conditional probability p.{ | r*) can be obtained,
pr\'- a T)
pofrlr } = ——— V=
Pl
U
2
From (11-3) T
ey
. St
1) 40 | 4
LA s i
Q
After combination of (1V-4), (IV=53) and (IV-6}
2 2 7
I o o ol | J
meeY R
4 ot
r 20 -p ) pri 7
S e e i g
o (1=-p) - {
TL“C expecfed "/(Jll.‘e OF e ¥ erd the expecte ] ¢
r|r*, are evaluated in the next paragrapf
V=2 Expected Value of the Envelope V oltage
noise at time 1t when no

The expected value of the envelope of the

previous knowledge of the noise is avo




" i A
J rpylr) d :
0
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After substitution of (1V-6) and integration,
= /1
I = ] g
The expected value of the enve lope of t noise at time ¢ K 'S
the sampled value r* = "“L - 1) of the envelope of the noise at time t
0 B s J rc‘,,n r*) dr V=
After substitution of (IV=7) in (IV-10
e [\ - y
r | r* = / __' N— ¢ 4 = | - " -
J , 0" %
0 ag (] = p ) I8
~1 ) . i ’ { |
Change the variables r and * of (IV=11) intc S
: ‘
N S J
s Y
o | -/- "
o ! P
it follows,
- adl &
o 0 ~ 5 g,
5 /s 2 Z Z ‘
rir*=oVl-p [ y e -
0N
Since this integral cannot be evaluated in closed f iaa i
is expanded as a power's serie
lloyy*)= o ¥
QN e




{1¥~=13) becomes

Substitution of (IV=16) in (IV-15) yields,

2 .2

o . s

% ,/'. ? / éﬁ <
rl = g1~ P ST e
b n=0

The summation can be rearranged in the form

TR Y P 4 ot}
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~
n=0 2
a
" L 7 -
PR= RN LY n
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X ?"n £
2 p— — —
n=0 {1)n n!

where ( )n is the standard notation for the

(IV=17) is easily recognized as an hypergeomet

,3‘ B ¥ an
o ) B
T S S 0 7

Combination of (IV-17), (IV-18), (IV=19

2
pr
i ———
_ //" o, Z  26i(1=g
rfr* v Z ovi=-p e

ial functio
T,

tu

| i A8

1




v ~
25 G / 2 / = | . =p 1
rif= o vVi=-p"Vv 2 (Frireg l—— V=22)
L :7 /)
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The expected value of r knowing r* isa function of *, but the

value of rlr* for all possible r* must clearly be equal to r. Thi

checked readily.
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2, gl L y
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After the change of variable t= — @ nd expansi !
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— /!"w ¢ . o x > == - .
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Since [ e t dt=KI, (IV-24)¢t
0
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% =
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IV-3 Probability of False Alarm for Constant or Adaptive Thre

In the case of constant threshold detection, there is no nee

’

before detection. However, the average probability of false ala

or without sampling, if the sample is not used t rrect the t}
It is, therefore, possible to generalize (IV-3} the conditional g
alarm of an envelope r, knowing t edet:

VT ; constant or adaptive is,

= f n {rir*) ds

et R
fat (3]

The average probability of false alarm for o threshold V.,

as before

For constant threshold detection /1 isa nstant; V.

two-steps detection V. is obtained by combinatior

T




If VT

is irrelevant. |In other words, the probability of false alarm for @ constant threshold

is a constant threshold, whether the signal is sampled or not before detecti

- |

level VT is either given by (IV-27) as the average of the conditional probability of
false alam for all possible samples or by (11-6) where sampling is not performed. The
identity of (IV=27) and (l1-6) for constant threshold is proved next.
Start with (IV-27), ( 9 . 2.
i il
& e : e A :
[+ g 1 & 20 "]-p ) . PpT! \ dr dr? \/_ A
P{:O'l'—'f'/‘ ﬁ ‘Ol-?-———{;:.v 1 (V=27
0V, o (1-p") a (1=p")
T \ P
Make the change of variables,
2 ')
r ‘
e =, and e, V=3
2(1=p )o 2(1=p)
2, & & -y _= Y
P ={1-0) [ e e |.(2pvuv ) dud -
p)J . 0
fat o0 B
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where T A »
2(;11, N £ \
Expand the modified Bessel function in series and substifute in {IV= 31
5 ? —_— = - K K
= \ : 2K U Vv
BBevovi= 2. =1 ¢ ——— V=
K=0 2 (Kl) K=0 K1k
P - o 2k
P =(l-pD [ fo e I g —— dud '
Gf O B }, = D Kl K1

Change the order of integration in (1V=-34) and use

n
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It follows
e0 - 7k k
7 2 ~ Ka '.~
P&-ﬂ-:\]-p ) J e i L Bl e it 1V =3¢
B K=0 Kl

The summation is the series development of an exponential,

o 2K K 2
2_ E—— & - l"p s V-
K=0 Kl

e

Substitution of (1V=37) in (IV-36) yields,
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— - e a (V-
Pfof {1 =n )j ® u

-

71 Ly n
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Substitution of (1V=32) in (IV=39), yields

=
:’L
o
TR
~n A
P g = -
fat

{1¥=40) which is derived from (1V~-27) is identical

In conclusion:

Prob. of fal. alerm for

two-steps non-adapt. detection

Prob. of fal. alarm foi

two-steps adaptive detection
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SERIES EXPANSION OF THE PROBABILITY OF
FALSE ALARM FOR TWO-STEPS DETECTION

V=1 Technique of Series Expansion.

The probability of false alarm, Pk ¢+ 15 expressed by - r .
1 4
and
¢l o f(——x, | 2 I.~‘
o b 5 fote =4,
rir \/?- ov1i-p .li-lf ?,I,:?ﬁ.‘__.,
0 ()
Therefore,
arefore 2 2
& © = T B
. y J : ror* ) ’,»‘("p j O [ prr
fat ~ 4 J 24 I
o Do (1] < I L) (1 =p }
where Do =V y rlr -

(V=1) cannot be evaluated in closed form. In thi
a power series of p which converges ropidly for

Perform the change of variables,
2 =8

TG e ‘
20 20

(V=1) becomes,

P ; /. | ;= ' 2V txy
5 Bl 2y
P T | .
ot 5 bz ! I

The integrant of the double integral (V -4

product of Laguerre Polynomials [6],




=
wtxy)=(1-t) e | .

o <] J -

£ LixJL O
n n"
n=0 '

where Ln(u) is the Laguerre polynomial of zero order, The inside

{V=4) can be integrated using two well known integrals [7

D"~

L X L D7

& ) 5 ‘
[ e L (x)dx=e L (=) =1 >
¥ m . B ne=- ;
2 ,
D

for n=1, 2, ’

Furthermore, by [8]

2 2 Y,

B IS -1 ,D

3 -1 ay=1" (5
n: 2 n=1 r y

2
w1 o=
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{

R T T 63 2

L]

let e

and substitute (V=6) and (V-8) in (V-4); it |
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™M

\.
-
3
1

fat g

The generalized Laguerre polynomials

m

superscript may be omitted wher
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. -1,D

(V=9) cannot be integrated because Z (=5-) isa complex function of D
n

which is itself a co?plcx function of y and t. The technique used here is

to develop Zn (—2—) in powers of t, arrange (V=9) in order of increasing

powers of t and integrate with respect to y.

The function Z has been defined to make the derivations easy, note

that
d 2R Eoy ~ ‘(
(TJ 113 lu} - ‘_T] i
2 2
d Lol Lo+l ,D dD
EF_ z’n{ i ) _[_'n !7) DH?
K 2
¢ - =0 5
let e 2 )]
n K n 2

n - L L . '
Note that CK is a function of y. Then by Taylor's expansi

| |
2 Z >

-1,D OIS R R
e Gy el F10 Y3 Yo" T
AL §
< n (W
K=0 K!

Substitution of (V-14) in (V=9) yields,

. o r}\' n ~ &
p =3z I — Se LUNC

fat "0 k=0 K!

K, T
The polynomials Cn(y] are expressed as

Laguerre polynomials; then, the integration can be per

orthogonal properties of Laguerre polynomials.




V-2 Evaluation of the Integrals in the Serjes.

From (V-2) and (V-3),

V. o
il = (V=% F (i 1;
& 3 L -1

D: .\j_?. /;;,_ ¥ :_] 1‘}ﬁ Ln"',‘ n
a .74 2 i
n=0 !
e
v 2 - |
o n= 1|
, I
from which the values of D and of its derivatives, -'-;‘-'
‘) f ]
For short notation, let dK be the valve of —— ot
dt
4 ,
d — d—.D l 7 fhe?‘\,
K K
dt l
=0 Y,
d T2
0= g
= /‘-;— i %
di= o 7 e LV
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The first coefficients CK are now computed

Cgm Z;i fgg-f |
F=0

from (V=8), (V-12) and (V-18), it follows,
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CO e " L—" r_.:i_
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Using (V=11) with a=—1 and (V-18),
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Let +=0 in (v_22)’

2 -
dl can be expressed linearly in terms of Laguerre p
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From (V-18) and (V-24), it follows
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n 0 n L

{¥-15) becomes
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2
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the orthogonality of Laguerre polynomials can be

V=g e’ L)z, dy
0
2
e V2
g0
IO g for n#0
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More generally, Iﬂ =0 for n > K

V-3  Series Approximation for P‘.(,

The pl‘Obdb”ify of false alarm is e Xpressed by th
If p is nof too large, t=p~ is even smaller and the
For example, if p < .75, the series (V-14)

first three terms:

Substitution of (V~-38) and (V-37) in {(V-27)

for the probability of false alam:
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It follows,

L () = L (b) =1
b) =14

1
0
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After substitution of (V=44) in (V=40) and fact

follows
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alomm is reduced by an adaptive threshold,
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some technique can be applied using the ider
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Mare work is required to determin:
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Chapter Vi

AL COMPUTER EVALUATION OF THE PROBABILITY OfF
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ty of false alc o two=steps threshold detection cannot

ited in closed form. In Chapte
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' b al <
¢ fat
p and .»’T using a digital computer,
I ige probability of false alarm P of o two—steps detection is
' !

}: P, is a function of p (the autocorrelation coetficient of
tat

p - . ( L W4
envelope detect tor a fime fransiation ;:qw.)[ fto the rador
} } | 1} )
) V- ‘ ) ar - | t
) £t
y
LA — ' (Vi-1)
X e p—
. da 'y \ \
e 1-t { -t
\ ("i
A
- ! |
U =
npt rer rogra lu |=2) 1} 1
3 le t
s transformed int ‘

P







netric funcrion is computed in terms of the modified
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and 1.(z) and of the Hypergeometric functior
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'he probability of false alarm for an adaptive two-steps detection P,
ot

y the double integral (V-3) which cannot be evaluated in closed form.
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xpressed by a power series of ¢ valid for small value of in (V-45);
1iso computed with a digital computer for typical values of and DC'
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wn that the probability of false alam is smaller for a two-steps dete

nventional detection, especially when is not too small.

Further work would be necessary to complete this study: (1) the assumption

being due to the second threshold alone is only an approximation, (2) the

ty of detection of a two-steps detection has not been determined, and

up

corresponding to the block diagram should be built and tested.
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