University of Alabama in Huntsville

LOUIS

Research Institute

3-1-1964

Parabolic and Elliptic Waveguides Considered by Conformal
Mapping UARI Research Report No. 16

F. J. Tischer

H.Y. Yee

Follow this and additional works at: https://louis.uah.edu/research-reports

Recommended Citation

Tischer, F. J. and Yee, H.Y., "Parabolic and Elliptic Waveguides Considered by Conformal Mapping UARI
Research Report No. 16" (1964). Research Institute. 6.
https://louis.uah.edu/research-reports/6

This Report is brought to you for free and open access by LOUIS. It has been accepted for inclusion in Research
Institute by an authorized administrator of LOUIS.


https://louis.uah.edu/
https://louis.uah.edu/research-reports
https://louis.uah.edu/research-reports?utm_source=louis.uah.edu%2Fresearch-reports%2F6&utm_medium=PDF&utm_campaign=PDFCoverPages
https://louis.uah.edu/research-reports/6?utm_source=louis.uah.edu%2Fresearch-reports%2F6&utm_medium=PDF&utm_campaign=PDFCoverPages

N ASTER

UARI RESEARCH REPORT NO. 16

PARABOLIC AND ELLIPTIC WAVEGUIDES
CONSIDERED BY CONFORMAL MAPPING

by

F. J. Tischer
H. Y. Yee

This research work was supported by

the National Aeronautics and Space Administration

partially funded under NsG-38lI

UNIVERSITY OF ALABAMA RESEARCH INSTITUTE

Huntsville, Alabama

May 1964




PARABOLIC AND ELLIPTIC WAVEGUIDES
CONSIDERED BY CONFORMAL MAPPING

by

F. J. Tischerand H. Y. Yee

Summary: The cross-section of an arbitrarily-shaped waveguide is transformed
into a rectangle. The rectangular guide is filled with a nonuniform anisotropic
medium with such a distribution that the propagation properties are the same.
Feenberg's perturbation method and the Rayleigh=Ritz method can be used for
determining the propagation characteristics and the field distribution of the
rectangular guide. The propagation constants of parabolic and elliptic guides

are determined by both methods and compared with the exact values.




Introduction

The common rectangular and circular waveguides often do not have the
desired properties which can be obtained by other cross-sections. The ridged
waveguide is an example for such a guide. The compution of the properties and
characteristics of such nonconventional waveguides can be carried out by conformal
mapping as described by Tischer and Yee in preceding reports. e
If the cross-section of an arbitrarily shaped air filled woveguide can be

/

transformed by conformal mapping into a rectangle, the analysis of the arbitraril

shaped guide can be replaced by that of a rectangular guide filled witl

nonuniform and anisotropic medium. The propagation properties of the latter guide
can be computed by methods of solving partial differential equations of seconc
order with variable coefficients. Feenberg's perturbation method was described
previously.

In cases where the Feenberg pertubation method is slowly convergent or
not convergent at all, the F‘u,‘|t.;g}.—-,ﬁit; method may be used for determining the
characteristics of the guide.

In this report the parabolic and the elliptic guide are considered as examples
for ri:,n-(:(,!'./(hiiuln(:”,’ ;llu‘,ui waveguides, First, the ['/m_:i.z,“r guide with a vane
is analyzed and its characteristics computed by both Feenberg's and Rayleigh=Ritz
methods, The results are compared with the known exact solutions. Next, the
propagation constants for a number of vane modes of a semi-elliptical guide are

calculated.

Conformal Mapping

Two cross-sections of waveguides, one arbitrarily shaped and one rectangular,

are assumed. The two cross=sections form lines of constant coordinates in two complex

I F. J. Tischer, Proc. IEEE, Vol. 51, pp. 1050, July 1963,

. F. J. Tischer and H. Y. Yee, UARI Research Report No. 12, University of

Alabama Research Institute (1964),




planes as shown in Fig. |. Points along the cross-sections and baundaries are
interrelated by a complex function
R=p+jq=f(Z),

where R = p + jq is the plane with the air filled cross-section, and Z = x + jy is
the plane with non-uniformly filled cross-section.

The original air-filled waveguide is bounded by a perfect conductor. The

8 g

rectangular equivalent guide which has perfectly conducting walls is filled by a
non-uniform anisotropic medium as shown in reference 2. The properties of the

medium are described by a tensor permittivity and permeability as follows:

1y 0 ', 1 0 0
€ = ¢ 0 1 0 | B=§ 0 | 0
o 2 | o . N
0 0 R Oy 1 0 0 h™(x,y)
!
The wave equation for the rectangular guide is given by
o R ,
W 4+ k'h x,y) ¥ =0 (1)
jwi . . . .
for time varying fields (e!™"), where A is the two~dimensional Laplacian operator.

The propagation constant k is given by

2 2 2
k k -k ~,
o L
2 2
K w H ¢ '
0 ) o
2 n 2
‘rf (~—) .
z A

The quantity k_ is the longitudinal propagation constant and Ag is the guide wave-~

length. The scale factor h of the conformal mapping is given by

h (x,y) = ‘ f (z) ' "




R-plane

Fig. | - Cross-sections of waveguides in corresponding amplex planes.
] . g P
Arbitrary shape in the R-plane. (b) The corresponding rectangular

4 ¥ :
ross-section in the —pl ne.,




The function %~ stands for the hypothetical components of the electrical and

magnetic field intensities. For TE wave modes % =H_, for TM wave modes

bl
“

Yr=E_. The scalare function £~ is subject to the boundary conditions:
L

¥/(0,y) W (a,y) ¥ (x,0) = ¥ (x,b) =0 (2a)

for TM modes. The corresponding conditions for TE modes are

g /.2 \ 0 Vs (" f ) \Z J ) ( )l
e A U g Y maee Lt 0)m o= Ybi.b 2b)
B 1, 1),}) - // (a,y) (i/: X, Jy X,D) v . (£D)

The next step consists in finding solutions of the wave equation [Eq. (1) | taking

into account the boundary conditions | Eqs. (2)

The Feenberg Perturbation Method

Except for four well known cases, Eq. (1) is nonseparable and no exact
solutions for arbitrary boundaries are known. Therefore, approximate techniques
must be used. Two methods of solving the wave equation by which the cut off
frequencies, the propagation constants, and the fields distributions can be computed

oo : 2,3 : .
are described. They are Feenberg's perturbation method ~’~ and Rayleigh-Ritz

method.
Feenberg's method requires an expansion of the scalar function ¥ in terms
of a complete set of orthonormal functions 1« , i.e, set
W I A 4 (3)
' q 9 ]

where ¢ satisfies the boundary conditions as ¥ does,

3 P. M. Morse and H. Feshbach, Methods of Theoretical Physics, (McGraw-Hill
Book Company, Inc., New York, [951) pp. 1010.




o (1 ifr=q,
q 0 ifr = q.

The summation is carried out over all possible values of q, the integration is

taken over the cross-section of the guide in the Z plane. Since Ay is continuous

over the region, substituting Eq. {

2
\,. 0'» i ‘1 - l " ] A V‘,
q rq q rq q
1
where 9
\ P
Ag 3 )y
g ]
o |
R s &
B | J n as ,
g S [ ]

: ‘ : | : .
and L is a constant. For a two dimensional problem, the subscript q denote:

9

general indices

3) into Eq. (1) and some manipulation yielc

{c

=]

, the

If p indicates a specific pair of m, n for TE or TM mode, Eq. (4) can be solved

2
for k by Feenberg's iterative approximate method as follows:
p
First order:
|
gy 2
[ ) i .
r\ F) F)P
Second order:
o, L L e AP y (2
e L L B 2 B B I L >
p P PP 1P P9 9P q . )
e B4R o
(K )

(6)




higher order approximations and the expressions for

can be found in reference 2. A suitable

A
q

are solutions of Eq. (5) and satisfy the pertinent boundary conditions for TE modes
is
(1) I3 . . /. \ v y
) Je e b cos (mmx/a) cos (nmy/b), (7a)
q Y mn s
where ¢€ 1, ifm,n =0, and ¢ 2 ifm,n# 0, The corresponding set
m,n m,n : i
of functions for TM modes is
(1) / e : =
y 4/ab sin (mmy/b). (7b)
]
2
The constant L ~ is given by
P ) 2 ?
L L (mm /a)” (rm /b) (8)
q mn
The approximate eigenfunction VY may be obtained from Eq. (3) in which the
p
expansion coefficients A n be ilculated by substituting the approximate value
of k ~ as shown in reference 2.
EJ
In some cases, the successive approximation of Eq. (6) is slowly convergent «
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The difficulties resulting from non-convergence can be avoided by the Ray

a3
G,9

- .
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It can be shown that

[ way dS
(2)

lballivt> - o e
[/ W Y ds ,

where the eigenvalue k is a stationary quantity. It is a minimum if the corresponding

Y” is a solution of Eq. (1) and subject to the boundary conditions

eigenfunction B

yrresponaing

as stated in Egs. (2).

¥ is approximated by ¥ , then the

If the eigenfunction

approximate eigenvalue

[ w oy dS
x e i IRl (10)
I h ¥ “dS

] o e
where \f satisfies the same boundary nditions as v
r4

i can be written as a finite series

[
X

A :
i (11

-

The function is given by f_ { “, vhere the subsc ";Pf indices
) 4

m,n. The single sum represents a finite double sum

then actually

,r: A F\!
L pi
q r n

N

—

with M, N being integers. Under this condition, g
Since the quantity A of Eq. (10) is stationary, the scalar function Y of

ght hand side becomes a

Eqg. (10) has to be adjusted such that the quotion on the ri

minimum. By definition |Eq. (11) |, the function (/ has to be adjusted by varying

icient A 's only.

the coeffic It follows

= = 0, for r equal to all possible values of q .
3




Substituting Eq. (11) into Eq. (I0) and taking the partial differential with respect

K

to A ‘f'fu‘ds
r

& L 8 - A JA =0 (12)
q C :

where the constant L is defined by Eq. (8). Note that Eq. (I12) is similar to E (4)

except the summation 1s summing over a finite number of terms instea

id of an infinite.
The consequence is that A remains an approximation. Since r can be taking on
any pair of indices in q, Eq. (12) is a system of T linear homogeneous equations,

where T is the total number of terms in Eq. (11). In order to have a nontrivial

solution for the A 's, the determinent formed from the coefficients within the
9

: o -
parentheses vanishes. Therefore,

]
| L
det. | L : - B ) 13)
qg | '
Eq. (13) is an algebric equation for f order T. Since the matrix form of the
determinant is real and symmetri¢ ? it alw 1ys can be s .~|".'v\: for T real ts of A | v
; a3 th
Newton's Method ™ or by an electroni« mputer. |f A, denotes the i t
1
alculated by a T x T determinant of the form as Eq. (13) in which all the lower order
elements are included, and all roots are distinct, i.e. ‘] s Aneesssessesd 'T,
2 3
. } , n
it can be shown that
(i) ) (i +2) (T) 2
| | | | |

: > W PR F ) N - -

Tor ,.:H 1, where K, IS The | pr 3;;‘:-»;%1 n nstant of the wave juide, Jince tt
function Y can be expressed in terms of the complete infinite set of orthonormal
functions | as shown in Eq. (3), it follows that

i

6

G. B. Thomas, Jr., Calculus and Analytic Geometry, (Addison-Wesley Publishing
’ ’ s Jr b, g

Company, Inc., 3rd ed. 1960) pp. 45I




! :
lim A} k.
i i

T- oo

. 2 A . : |
The accuracy of the eigenvalue ki obtained by this method can be estimated by
(T)

A, The expansion coefficients A can be
q

‘ " (T=1)
observing the convergence of A
[
obtained by substituting A, into Eq. (12) and solving for A in tems of A..
i q i

Parabolic Guide With Axial Vane

As an example of the application of the theory discussed previously, the
parabolic guide with axial vane is considered in this section. The cross-section of
this guide in the R-plane may be transformed into a rectangle in the Z-plane (see

Fig. 2) by means of the transformation function

R :'P a.

The scale factor may be obtained by taking the magnitude of the first differentiation

of R with respect to Z as follows:

Y
h2 = 4 62 4 yA)/o2

It is possible to translate the y-axis in such a manner that it is collinear with the

boundary of the rectangle in the Z-plane as shown in Fig. | (b). However, for
simplicity, instead of doing this, it can be shown that for a scale factor which is

symmetric with respect to the y-axis, the eigenfunction can be expanded as follows:

Odd TM modes:

7/ L A / 2/ab sin (mmx/a) sin (my/b),
/ m,n m,n ’
Even TE modes:
W = & A < e ap COs (mux/qa) cos fnn‘/ tz‘),
) m,n m,n¥ m n

where the boundaries of the rectangle are givenby y = 0, y=b, x= -a, and x = a.
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Under this assumption, all integration is still taken over the cross-section of the {
rectangular guide, and
2 . 2 A 2
(mn/a)” + (nn/b)

mn

For the discussed case, a = b, The even TM or the odd TE modes are not considered
since no exact solutions are available for comparison.

Consider the oddTM mode first, the quantity B in both Eqs. (6) and (I3) is

given by

B ©/3) - [@2/pD) + @/q2) 1/x°
PaPq

-2 -2 -2
l@=s) =-(q+s) | s#p

per

r

B B (-1)
QPSP Paps

Several approximate eigenvalues of ka calculated by the Feenberg and Rayleigh-Ritz
method for the odd TM, | mode are tabulated in Table 1 and Table 11, where the 5
‘e

subscript 1,1 indicates only one variation in both x and y direction.

Table 1 - Propagation constants computed by Feenberg's meth
and the exact value

e e e P e
™, | ka)® | | (ka) D | (%) L  Braet’ |

1 ’ | |

{ bl cioad, ——— e —}.

|

|  (odd) | 2.955 T 2 : 2,788 L 2.78 ;

! 1 w3 oLy peoe’ Ll b o NI |

Table 11 = Propagation constants computed by Rayleigh-Ritz method and

the exact value

_—_—_—‘ ”'—__—.ﬁ?'—‘_ —.m-' ————— *'—-——‘%a . v—'l!m-""] s o o
™ a 1| ' ¥ A a . Exact

]/ ] 1 +
(odd) 2.955 2.843 2.795 | 2.7 7g09n|  2.780895| 2.78 i

i | |
SRRl LI BRI, SRR ,,‘_ 250 Sl SOV AN ¥ | e _‘_ Bt ISl ;I
*  The exact values is given by J (ka) = 0 for odd TM modes, J ,,, (ka) = 0
/4 mm 3/4
for even TE nodes. The roots were found in E. Johnke and F. Emde, Tables of

mm

. WY .. kit
Functions (Dover Publication, 4 edition, 1945)




For the odd .-‘\,".\ | mode, the Feenberg's method gives rapidly convergent
!
alue. Using only the three lowest order terms

in Eq. (12), the error of Rayleigh=Ritz method is approximately 0.5%. The values

answer comparable to the exact

722
[ (20)

aand ¥ A a 7094 computor and show

were calculated by a

2.780 is correct to four digits.

Considering the case of even TE modes, the quantity B is given by

B B

;/l YOO ‘x;} 0w

The first three order of approximations for the propagation

mode calculated by the Feenberg method are tabulated with

Table 1l1l1. The slow convergence results from the fact that th

A ~

longitudinal magnetic field

guide is located at the same p wher » permittivity and pe
is zero. For the same

von-uniformly filled rectangular guide

N Mod 3 T[zlz, TE‘:;, 3

Using the 7094 compute

constants of the !.ic;in:l order eve

f . y
this method are not convergent o
e far d e he Ravleich-Ritz method
x 36 secular deferminant of the Rayleigh=Kitz methodq,

mode is 3.4913. This is an excellent solution

.‘.,Jl even T[l

I




with the exact value,
Table 111 = Propagation constants computed by Feenberg's
method and the exact value

3 T
%) Exucf/

T, ka)\) | (ka)\? (ka)

(even) 2.536 3.685 3.185 3.49
l .l

' =

Sz.-nni-EHip'ric Waveguide

As another example of the Feenberg's method, the semi-elliptic waveguide
will be investigated as follows:

The conformal transformation is

R=acosZ
and transforms the cross-section of a semi~-elliptic waveguide in the R-plane into
a rectangle in the Z-plane as shown in Fig. 3. The boundaries of the rectangle

are at 0, b, x=0, and x = n. The scale factor h is given by
Y Y g Y

2

, 2 2
h a (cosh™ y = cos x).
The quantity B is given by

TM:

B (1/4) (8 -5
Pap3 & p+r,2 ]p—‘ﬂ,z)'

C

Rusialil B

- (=1) 7 b[sinh 20) { | 2+ @92 2217 - 1k

= sinh 2b/4b,
2000

= (sinh 2b/4b) - (1/4) &
popo

P




R-pl«lnu

/ 2
/‘///.v////,L/‘_ ¢ ///

n

Fig. 3 - Corresponding Cross-sections. (a) Semi-ellipti
(b) Rectangular guide
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B =1{ (1/4b) + b 14b2 ¢ (qu)zl ]{ sinh 2
PAPq

]
Boarg= = 7

ptr,2 ' 8|p—r|,2)'

2 2 2,-1,

= ('—I)q'I b sinh 2b 114b"4 (q-s)znzi-\ b |4b2 +(g=s) "]l 1,9#s

parq

B B
Paeq  oqpq

C - I A
B B 1% /Z b sinh 2b/(4b° + g°n2),
PaPO POPq
The propagation constants of TMl | TM2I and TEIO modes are computed by the
Feenberg method up to the 3rd order approximation. They are tabulated in Table 1V,
ind compared with the exact values.

Table IV - Propagation constants computed by Feenberg's
Method with exact values

1) (3) |

2 ¢
(l-;u)( ) (ka) EXJct(

———— e e

1 d.]82 3.073 3.082

(La)(

4,104 3.885

|.234 1.204

Note that the convergence is very good for these three cases, but no convergence
s obtained for the TE” mode. This can be explained by the same reason as in the

previous example.

: Calculated from curves given by L. J. Chu, J. Appl. Phys. vol 9, pp. 583,
September 1938




Discussion

The cross-section of an arbitrarily-shaped waveguide is transformed into
a rectangle. The equivalent rectangular guide is then filled with a nonuniform,
anisotropic medium. The Feenberg perturbation method and the Rayleigh-Ritz
method can be used for determining the propagation characteristics and the field
! components distribution. The latter method is preferable in cases where the
convergence of the former method is not satisfactory. For higher-order modes,
the Feenberg's method is simpler if the convergence is satisfactory. The computed
examples show that good approximation can be achieved with small number of
terms,

It should be mentioned that the arbitrary cross-section also can be trans-

formed into a circle. The basic equations remain the same except the expansion

of the eigenfunction ¥ in terms of cylindrical functions. The expansion is

.. ™
™
|

(

L X r)cosme ,
mn mn- m mn

where TM: J (v )=0; TE: J ' (X _r ) =0, and r_is the radius of
A .

r (
n "‘mn (o] m mn o )

the cylinderical conducting wall.

The authors wish to thank Miss Patricia Lucas and Mr. Rolf Duerr for their

assistance in computing some of the data.
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