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SUMMARY 

The  s tudy  of  e lec t romagnet ic  wave  sca t te r ing  and  propaga t ion  charac te r i s t ics  

in  inhomogeneous  media  has  recent ly  a t t rac ted  increased  a t ten t ion  in  bas ic  and  

appl ied  sc ience ,  par t icu la r ly  where  appl ied  to  p lasma shea ths .  

In  th i s  paper  a  so lu t ion  to  severa l  c lasses  o f  p lasma problems has  been  

found by  apply ing  a  technique  s imi la r  to  tha t  used  in  nonre la t iv i s t ic  quantum 

mechanics  when  s tudying  par t ic le  sca t te r ing  by  par t ia l  waves .  In  bo th  types  of  

p roblems i t  i s  des i red  to  f ind  ou t  how a  vary ing  index  of  re f rac t ion  a f fec t s  the  

propaga t ion  of  inc ident  waves .  The  so lu t ions  a re  represen ted  as  sums o r  in tegra l s  

o f  Four ie r  components  which  represen t  the  par t ia l  waves .  When the  inhomogeneous  

medium is  removed,  the  par t ia l  waves  a re  known for  many cases  of  in te res t ;  when  

the  spa t ia l ly -vary ing  medium is  re in t roduced ,  each  of  these  par t ia l  waves  wi l l  

change .  I t  i s  convenien t  to  def ine  the  par t ia l  wave  phase  sh i f t s  as  the  na tura l  

logar i thm of  the  ra t io  of  the  new to  the  o ld  par t ia l  waves .  These  phase  sh i f t s  wi l l  

in  genera l  be  complex  numbers .  

The  genera l  mathemat ics  o f  th i s  approach  i s  s imi la r  for  bo th  the  quantum and  

e lec t romagnet ic  problems.  A sca la r  equa t ion  i s  under  cons idera t ion  in  bo th  

approaches  s ince  the  e lec t romagnet ic  vec tor  wave  equa t ion  has  been  reduced  to  a  

sca la r  equa t ion  by  res t r ic t ing  the  form of  the  conduct ing  sur face  and  the  k ind  of  

an tenna  a l lowed.  The  pr inc ipa l  d i f fe rences  be tween  the  two types  of  problems 

a re  conta ined  in  the  boundary  condi t ions  imposed  in  each  case .  In  addi t ion  to  

these  d i f fe rences ,  i t  mus t  be  remembered  tha t  in  the  quantum problem the  inc ident  

wave  i s  genera ted  outs ide  the  vary ing  reg ion .  In  the  e lec t romagnet ic  problem,  one  

cons iders  res t r ic t ion  f rom an  an tenna  on  a  miss i le  sur face ,  the  sca t te r ing  proper t ies  

o f  the  shea th ,  and  the  e f fec t  o f  the  shea th  on  recept ion  f rom an  ex te rna l  source .  

By us ing  the  approach  descr ibed  above ,  an  ana ly t ic  so lu t ion  to  severa l  

p roblems of  in te res t  i s  ob ta ined  in  the  form of  an  inf in i te  se r ies  where  success ive  

te rms  a re  def ined  by  an  in tegra l  recurs ion  re la t ion .  I t  should  be  ment ioned  tha t  

no  res t r ic t ions  a re  necessary  wi th  regard  to  near -  and  fa r - f ie lds  and  wi th  regard  

to  the  th ickness  of  the  medium layer .  
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CHAPTER I 

INTRODUCTION 

The solution of the wave equation with a continually-varying wave 

number has until recently been of primary interest in the field of quantum 

mechanics, as applied to the Schroedinger equation with a varying potential. 

Current interest in the wave equation has arisen also in the propagation of 

electromagnetic waves in plasma media on conducting surfaces where the 

plasma permittivity can be treated as a continuous (complex) function. A 

common approach to this problem has been to approximate the continuous 

variation by a constant average of and to obtain a solution by applying 

the usual electromagnetic boundary conditions between regions with different 

average values. However, this approximation may cause the solution to differ 

markedly from the physically correct solution. 
2 

A more recent approach has been to formulate a power series solution 
3 

or a WKB-like solution for the fields. The power series approach requires 

the use of large computers, and the value of an analytic solution is lost. The 

WKB solution is not valid for a plasma thickness of the same order of magnitude 

' The analysis with homogeneous sheaths in References 10, 12, 14-16, in the 
Annotated Bibliography may be compared with the analysis using inhomogen-
eous sheaths in References 1, 2, 5, 11, 20, 22, 23. The difference is also 
pointed out explicitly in Chapter VI of this paper. 

r\ 

The power series technique has been applied in References 2, 11, 22, and 
29 in the Annotated Bibliography. 

^ The WKB approach is utilized in References 11 and 23 in the Annotated 

Bibliography. 
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as the wavelength of the source, and this is the situation that prevails in 

many reentry problems. 

In this paper, a different technique for handling the problem has 

been derived for several coordinate symmetries. In the radiation problems 

considered a constant-phase strip antenna is present on the conducting surface, 

while in the scattering and transmission problems a polarized wave is incident 

from infinity. By appropriate utilization of these restrictions, the vector 

wave equation can be reduced to a linear, second order partial differential 

equation that is separable. The boundary conditions on the electromagnetic 

fields at the conducting surface are then applied to this equation in such a 

way that one integration may be performed. A linear, first order differential 

equation is obtained and this can be integrated directly without further 

restriction. 

The technique applied here is similar to that used in nonrelativistic 
4_ 

quantum mechanics when studying particle scattering by partial waves; in 

both problems we want to find out how a varying index of refraction affects 

the propagation of an incident wave. The solutions to both problems can be 

represented as a sum or integral of Fourier components, and to these compo

nents the name partial waves may be given. When the inhomogeneous 

region is removed the partial waves are completely known; when the varying 

region is replaced it is convenient to express the new set of Fourier components 

in terms of the old, and this is done by defining the partial wave phase shifts 

in terms of the ratio of the new to the old components. The general treat

ment of this approach is similar for both the quantum and electromagnetic 

problems. 

However, the problems are quite different when viewed from other 

aspects. Perfectly conducting boundaries will always exist in the electro

magnetic problem, so that both the regular and irregular solutions must be 

The quantum mechanical partial wave technique is discussed thoroughly 
in References 4 and 8 in the Annotated Bibliography. 



re ta ined .  In  the  quantum problem,  th i s  would  cor respond to  a l lowing  an  

inf in i te  po ten t ia l  to  ex is t .  S ince  the  method  of  so lu t ion  in  th i s  paper  depends  

on  the  presence  of  the  boundary ,  the  mathemat ica l  t echniques  employed  a re  

qu i te  d i f fe ren t  f rom those  of  the  quantum case .  There  i s  a l so  a  d i f fe rence  in  

the  bas ic  wave  equa t ions  to  be  so lved;  the  quantum problem involves  a  

sca la r  wave  equa t ion  in  th ree  d imens ions  whi le  in  the  e lec t romagnet ic  case  

a  vec tor  wave  equa t ion  must  be  so lved  and  both  two-  and  three-d imens iona l  

models  a re  cons idered .  In  addi t ion  to  these  d i f fe rences ,  i t  mus t  be  remem

bered  tha t  in  the  quantum problem the  inc ident  wave  i s  genera ted  outs ide  

the  vary ing  reg ion .  In  the  f i r s t  case ,  rad ia t ion  f rom an  an tenna  on  the  

miss i le  sur face  i s  cons idered ,  whi le  in  the  second  case  we  a re  concerned  

e i ther  wi th  the  sca t te r ing  proper t ies  o f  the  shea th  or  wi th  the  e f fec t  o f  the  

shea th  on  recept ion  f rom an  ex te rna l  source .  

The  so lu t ion  i s  fo rmula ted  in  th ree  s teps .  F i r s t ,  we  a re  g iven  a  

par t icu la r  problem we wish  to  so lve ,  descr ibed  by  a  d i f fe ren t ia l  equa t ion  and  

cer ta in  boundary  condi t ions .  This  p roblem wi l l  in  genera l  be  very  d i f f icu l t  

to  so lve ,  so  we  must  approach  i t  ind i rec t ly .  

In  the  second  s tep ,  we  genera te  an  en t i re ly  new,  workable  problem 

des igned  to  represen t  a  f i r s t -order  approximat ion  to  the  ac tua l  problem.  In  

o rder  to  genera te  th i s  approximate  problem,  we  f i r s t  def ine  an  average  va lue  

of  the  permi t t iv i ty  such  tha t  

Re  [average  va lue  of  e j  =  ^  maximum va lue  of  min imum va lue  of  
the  Re  c  across  +  Re '  across  the  
the  shea th  shea th  

Im [average  va lue  of  ' ]  =  ^  
maximum va lue  of  min imum va lue  of  
the  Im e  across  +  Im '  across  the  
the  shea th  shea th  

This  def in i t ion  i s  chosen  to  min imize  the  maximum d i f fe rence  be tween  the  

ac tua l  va lue  of  e  and  the  approximate  va lue  across  the  shea th .  The  new 

workable  problem i s  genera ted  by  rep lac ing  the  reg ion  of  vary ing  e  in  the  

ac tua l  problem by  a  reg ion  wi th  a  cons tan t ,  average  va lue  of  e .  The  
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approximate  f ie lds  can  then  be  found by  apply ing  the  known e lec t romagnet ic  

boundary  condi t ions  to  the  known so lu t ions .  

In  the  th i rd  par t  o f  the  so lu t ion ,  the  f ie lds  for  the  ac tua l  problem are  

descr ibed  in  te rms  of  those  for  the  approximate ,  so lvable  problem.  The  

d i f fe rence  be tween  these  so lu t ions  i s  expressed  as  an  ( inf in i te )  se t  o f  

d i f fe rences  be tween  the  Four ie r  components  o f  the  f ie lds  themselves .  To  

these  Four ie r  components  the  name par t ia l  waves  has  been  des igna ted .  The  

d i f fe rences  be tween  the  ac tua l  and  approximate  par t ia l  waves  i s  then  expressed  

by  the  ( in f in i te )  se t  of  par t ia l  wave  phase  sh i f t s .  This  nomencla ture  i s  in  

anology  wi th  tha t  used  in  quantum-mechanica l  sca t te r ing  problems.  

Us ing  the  mathemat ica l  approach  d iscussed  above ,  an  ana ly t ic  

so lu t ion  i s  ob ta ined  in  the  form of  an  inf in i te  se r ies  where  success ive  te rms  

a re  def ined  by  an  in tegra l  recurs ion  re la t ion .  For  many cases  o f  in te res t  th i s  

se r ies  wi l l  converge  rap id ly .  

Three  two-d imens iona l  models  have  been  ana lyzed .  The  f i r s t  two a re  

a  conduct ing  cy l inder  o r  wedge  c lad  in  an  inhomogeneous  medium e i ther  in  

the  presence  of  an  e lec t r ic  o r  magnet ic  s t r ip  source  or  an  inc ident  po la r ized  

wave  f rom inf in i ty .  The  th i rd  i s  a  conduct ing  p lane  c lad  in  a  l inear ly- inhomo-

geneous  medium wi th  per iod ic  e lec t r ic  or  magnet ic  s t r ip  sources  or  an  

appropr ia te  inc ident  wave .  The  two three-d imens iona l  models  cons idered  a re  

a  conduct ing  sphere  or  cone  in  a  vary ing  medium in  the  presence  of  a  

c i rcumferen t ia l  s t r ip  an tenna  or  an  inc ident  po la r ized  wave  f rom inf in i ty .  

E l l ip t ica l  and  parabol ic  coord ina te  sys tems  cannot  be  u t i l i zed  s ince  the  

met r ica l  coef f ic ien ts^  in  these  cases  a re  func t ions  of  more  than  one  coord ina te  

var iab le  and  the  equa t ions  a re  not  separab le .  

The  i t e ra t ive  method  of  so lu t ion  i s  der ived  in  genera l  form in  

Chapter  I I ,  and  the  mathemat ica l  s imi la r i t i es  and  d i f fe rences  be tween  the  

J .  A.  S t ra t ton ,  E lec t romagnet ic  Theory ,  McGraw-Hi l l  Book Company,  Inc . ,  
1941 ,  Chapter  I .  
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quantum and  e lec t romagnet ic  problems a re  expl ic i t ly  demons t ra ted .  Once  

the  genera l  method  of  so lu t ion  has  been  deve loped ,  i t  i s  necessary  to  show 

tha t  the  resu l t s  a re  appl icab le  to  the  p lasma problem.  

The  problems wi th  p lanar ,  cy l indr ica l ,  and  spher ica l  conduct ing  

sur faces  a re  cons idered  in  Chapters  I I I  and  IV.  In  the  former  the  vec tor  

wave  equa t ions  a re  reduced  to  l inear  second  order  d i f fe ren t ia l  equa t ions  

for  each  case ,  and  in  the  la t te r  i t  i s  shown tha t  the  genera l  method  can  be  

appl ied  to  ob ta in  a  so lu t ion .  The  wedge  and  cone  problems have  been  p laced  

separa te ly  in  Chapter  V s ince  they  a re  found to  be  only  par t ia l ly  so lvable .  

Once  the  appl icab i l i ty  of  the  method  has  been  es tab l i shed ,  i t  i s  

des i rab le  to  work  ou t  an  example  to  i l lus t ra te  the  usefu lness  and  accuracy  

of  the  resu l t s .  This  i s  done  for  a  s imple  problem in  Chapter  VI ,  where  the  

l imi ta t ions  on  the  WKB and  s tep  func t ion  so lu t ions  a re  presen ted .  

The  appendices  a re  in tended  to  provide  the  mathemat ica l  and  

phys ica l  re fe rences  tha t  a re  necessary  in  order  to  u t i l i ze  the  resu l t s  o f  th i s  

work .  



CHAPTER II  

METHOD OF SOLUTION 

A.  Genera l  Development  

In  order  to  s tudy  e lec t romagnet ic  wave  propaga t ion  in  inhomogeneous  

media ,  one  must  ob ta in  so lu t ions  d i f fe ren t ia l  equa t ions  of  the  form 

r  j  

€ f»  + X,  O ,  f ,  +X L C«,f ,  f rLf lX 1  = 0  (2-1)  
d  f 1 "  cJT 

where  f '  i s  the  n^  Four ie r  component^of  an  e lec t r ic  f ie ld  E o r  magnet ic  

f ie ld  H,  £  i s  one  of  the  coord ina te  var iab les  in  the  problem of  in te res t ,  

and  (  | )  is  the  re la t ive  permi t t iv i ty  in  the  reg ion  over  which  equa t ion  

(2-1)  mus t  ho ld :  

^  P  I 1  3 •  (2-2)  

When e  ( | )  i s  se t  equa l  to  a  cons tan t  va lue  the  medium is  homogeneous ,  

and  in  many cases  of  in te res t  the  so lu t ions  F^  a re  known:  

4  X , [ « , « , « . + X z t - v » , f a T F » I = 0 .  ( 2 - 3 )  
d  f 1  T 

I f  t  i s  chosen  to  be  average  va lue  of  e ^  ( | )  over  the  range  g .  <  g  <  g  e '  

^  I t  wi l l  be  assumed for  s impl ic i ty  tha t  n  t akes  on  on ly  d i sc re te  va lues .  I f  a  
summat ion  i s  involved ,  the  rad ia t ion  fa r  f ie lds  may be  found  by  s imply  le t t ing  
£_>oo .  If  an  in tegra l  i s  involved ,  however ,  the  in tegra t ion  must  f i r s t  be  
per formed before  le t t ing  p-?co  s ince  l im y  " j t  J "  [  F  •  



then  i s  an  approximat ion  to  the  f ie ld  f ' ^ .  Al though many impor tan t  

fea tures  of  the  ac tua l  problem may not  appear  in  the  approximate  one ,  i t  

represen ts  a  usefu l  s ta r t ing  po in t .  The  fo l lowing  ana lys i s  u t i l i zes  the  

approximate  f ie ld  F  '  to  ob ta in  a  so lu t ion  for  the  ac tua l  f ie ld  F 1  .  
n  n 

In  the  sca t te r ing  problems,  a  per fec t ly -conduct ing  sur face  i s  assumed 

to  ex is t  a t  the  inner  boundary  £  =  | and  in  the  rad ia t ion  problems,  a  

spec i f ied  s t r ip  an tenna  on  an  o therwise  per fec t ly -conduct ing  sur face  i s  

assumed to  ex is t  a t  th i s  boundary .  We wi l l  assume tha t  the  same boundary  

condi t ions  apply  to  both  the  ac tua l  and  approximate  so lu t ions^ ,  and  one  of  

the  fo l lowing  cases  wi l l  a lways  hold :  
/ "  I  

0  ( sca t te r ing  problem)  

=  J  "  * (2-4)  

known func t ion  ( rad ia t ion  problem)  

ca*  i  F / IO* F /UO = 

Case  II  
dF . 1  

J !  
= K; ̂  I 

0 (sca t te r ing  problem)  

(2-5)  

known func t ion  ( rad ia t ion  problem)  

I n  a l l  t h e  r a d i a t i o n  p r o b l e m s  t o  b e  t r e a t e d ,  f r e e  s p a c e  e x i s t s  e v e r y 

where  ou ts ide  Region  I :  

€ r L i )  = 1  "for  a l l  ^  J L ] ,  (2-6)  

Only  outgoing  waves  wi l l  ex is t  in  Region  I I ,  so  tha t  the  n^  Four ie r  

component  of  the  exac t  f ie ld  wi l l  be  equa l  to  a  complex  number  mul t ip l ied  

t i m e s  t h e  n  c o m p o n e n t  o f  t h e  a p p r o x i m a t e  f i e l d .  T h i s  n u m b e r  w i l l  b e  

wr i t t en :  

c -S„  
(<5*  complex)  .  (2-7)  

This  approximat ion  has  a l so  been  noted  in  Reference  29  in  the  Annota ted  
Bib l iography .  
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The Fourier components of the field will be called the partial waves, and 6^ 

the n partial wave phase shift. 

In scattering problems, one or more sources will exist outside Region I 

and these sources will be assumed distant enought from ^ so that reflections 

off of them may be neglected. 

(2~8) 
(except for sources) I Region II ] 

Both incoming and outgoing waves will now exist in Region II. The components 

of the incoming waves will be the same in both the exact and approximate 

problems, while the outgoing wave components will differ by a multiplied 

complex constant, as before. This constant will be of the form (2-7), where 

6^ is again the n^ partial wave phase shift. 

The boundary conditions joining Regions I and II will depend on the 

continuity of the tangential E and H fields: 

-  i / -  \  X-TZ 
V (feV F. W 

jf 

K 1 i u ' ) =  

(2-9) 

For future reference, we note that for the radiation problems, if k = 1< , 
e e 

(2-10) 

Also for future reference, we note that in the scattering problems, if 

k = k , 
e e 

p* JF„ 

Ji h 

F*1- r/ 

Ke. 
(2-11) 
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where 

F ̂  -t-0A I = incoming wave 
h n 

p IT _ t 4- Q p O = outgoing wave 
1 v\ n n 

The first step toward obtaining a solution is to put equations (2-1) 

and (2-3) into the standard forms 

^ 4- TUM, -  .  .  - - > = 0  ( 2 - 1 3 )  

1 - 0 . 
* 

Q 
This can be accomplished by choosing 

rt 
__ J./ C*\, "t; fiv-WODJ-fc 

= Fw e 

(2-14) 

(2-15) 

I„ fa % = Xi fa 6, W -i X * L IS") 1 

t 4,^1 <2"l6> 

-r+'tf x^v^e^At 

F* £ ,2-,7) 

' - l  V , " 1 !  

-4&x» *>> y 
I„n»,1,«s"3= O-^X, Cn,t,«-j-3 (2-is) 

where a is an arbitrary constant that must be the same in both cases so 

that y = y when F = F and e (f) = e . For simplicity, define 
' n n n n r 51 a 

I U, M?)> j> (2-19) 

o 
See Annotated Bibliography, Reference 27. 
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I D\ *) *3 1 = (j>0 

and the equations to be solved become 

•£; = 

45; . 

(2-20) 

(2-21) 

(2-22) 

(2-23) 

Now multiply (2-21) by yn from the left, (2-22) by y^ from the left and 

substract the resulting equations: 

=  ̂A  ̂
Integrating between arbitrary limits A and B, 

(%<*!« - % £ J ? • (2-24) 

A 

Substituting from (2-15) and (2-17) ® 

__ Fnx45X -1 F„V (X, - x, P»/ W? 

6 T _ (2-25) 

A 

_ ;o 

where 
ui +• x,Cm' ̂  
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B. Derivation of the Recursion Integral 

B. 1 Scattering 

For the scattering case, choose 

A= 

6= f' Cavbi-tra/uj) 
' (2-26) 

X| En, fc; Xi^ W Cfl^e ^2-S)OM/^ 

A[ Eh/fey X| Chy bo~tE 

and from (2-4) and (2-5) the left-hand side of (2-25) will always vanish at 

*i: 

[ B.XCX (X,Di,*, Xl&,1,erW3)] J 
d? p r (2-27) 

( i t f / F h  1  ^ •  

Since only f' and dF ' / , are unknown functions, this is a linear first 
' n n ' d^ 

order differential equation in F^. 

^ " fi(x,CM,« - X, U,«*>])-£^ j 

ft ' (2-28) 

- (\h-<t)E,zFhzC}l?iU%' = o. 

ft bfi) Jf. 

— I 9 (for | ̂ ^ when F^ represents an E field) 

F (|) can only be zero at £.. If it were zero at any other value £ = | , 
a perfectly-conducting surface could be placed at | without altering the"1 

fields. In this case, no waves would propagate into or out of the region 
|. < | < | , and this possibly can be avoided by requiring e (|) to be 
finite everywhere. 



The solution to any  equation in the form 

^ -f + /JoO-0 

12 

(2-29) 

is 

- fcoodx r d|I 

^" e J(^(x)e Q/x _ c (2-30) 

so that (2-24) may be directly integrated: 

.1  

i,1- r„xp(?) f_iiL f+q 

[<*mm*) 4 ' <2-3,) 

where 

P(0 = e 
+ l/z-lt (x,r^4r, tal — 

e - S f r i * * -  e V .  
(2-32) 

The boundary condition at has already been applied, so now we must use 

the known boundary conditions at | . To evaluate C, we first find from (2-27) 

that 

_ [(F j(k~M " 

Fk1- F„x f-* 
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and from (2-11), 

, ' (2-34) 

B(1e) i. WHs" 
where 

3(f<> ^eF/fe)P2^e)Q(^)/^ - ij dO^j 
0 *  ^ / | e *  ( 2 _ 3 5 )  

Substituting (2-34) into (2-31), we obtain 

for the scattering problem. 

B.2 Radiation 

For the radiation problem, let 

B= 1c 

Xi %l} hT\- X i S*t  ;FrU0"^ (2-37) 
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From equation (2-10), the left-hand side of (2-25) will vanish at p . 
6 

% 

Integrating as before in steps (2-28) to (2-31), 

,1 ... *• 

F'-F/Ptt) ; -fefe) ̂  F̂ m"+ci <2-39) 
v 

The boundary conditions at gg have already been applied, so the boundary 

conditions at t. must now be utilized. To evaluate C, we note from (2-4) 
5i 

and (2-5) that one of the following cases will always hold: 

Cose I F„HlO = F„l tV> W<<»* • (2-4) 

Case II I sr ICi iLF" I. = Kneels •fv.vsjfrtos, (2-5) 
d.% U; J.* 'l-

Combining these results with (2-37) and (2-39), we obtain 

Pl%d 
-I r s l Z -

1 ^ i 
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Substituting into (2-39), 

Cos. I F^F^PK) 1_ -

M 

Cose II fv> J 

r-I. 

+ "I 

(&-0 tfFfG&W t 
1 

(2-43) 

C. The Iterative Solution 

The complete solutions to (2-1) are 

tf- F.1 P(*) 

, i 
i _ r d?1 

P&) Jf̂ P(iW0J 
?; 

Dl?e) J|. 
(2-36) 

(scattering) 

rI-FxP(<l ' — r î f»-r- w ̂  Jf®ww; 
<&-0 F&aivW 

r 
(2-42) 

(radiation, Case I) 
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^ v - 4 $ w <  « >  
?e. 

+ . (2-43) 

(radiation, Case II) 

Now write F In terms of an infinite series, and substitute into the 
n 

appropriate equation. 

= fill U+At, "* + • • • ") 

P&e) 

F"I= ?"rJ§£l+A"'+A" 

(2-44) 

(scattering) 

(2-45) 

(radiation, Case I) 

F„r = F.1 1ft M i H K + Ata+ ...) 

PHi) (2-46) 

(radiation, Case II) 

with the resulting equations 

j , '  

f f; 

-h Bit.) ft rM 1'+\ + K+• • .•) &" 
'f; " " " ~ ' (2-47» 

(scattering) 
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£ 1e 

\ +^4... = -j r 

f; rW> ?' 

(2-48) 

(radiation, Case I) 

W'" =-f -4^r-
'ft f«9 V 

4-

(2-49) 

(radiation, Case II) 

where P(f)  = (2-50) 

These equations can be satisfied by choosing 

'I 
Ah - I I + -L 

r&) Jn ' B(S> * 

* +S=)̂ -W 

(2-51) 

(scatter! ng) 



Ah. — -
* i i r dt '  

Pfe1)!/ 
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C<k-<t>) " 

A n . -

f; "*'J? 

(2-52) 

(radiation, Case I) 

V 

A*.-

, S j  .  rU 
. f(v) 

|(4W>!^"+ —i-^rrf «H)rteW 

r^isl 
, <"W) 

1' ,;f 

f nil iR,*) \-
^ =«y5; 

,cW+. 

' (rtf) jrt , ,r 
r? •« k 

(2-53) 

(radiation, Case II) 

The infinite series in each case is essentially a power series in - <p ) and 

the series will converge rapidly if (<pq - <p) is small. It is for this case that 

the solution will be most useful. 

The phase shifts are given directly by the evaluation of the at g^. 

If we keep only first order terms, 

(2-54) 

(scatteri ng) 





CHAPTER II I  

DERIVATION OF THE BASIC DIFFERENTIAL EQUATIONS 

In  th i s  chapter  the  bas ic  propaga t ion  equa t ions  a re  der ived  for  p roblems 

wi th  spec i f ic  rec tangular^cyl indr ica l  and  spher ica l  symmetr ies .  The  der iva t ion  

begins  wi th  Maxwel l s  equa t ions  in  vec tor  form and  leads  in  each  case  to  a  

l inear ,  second  order  d i f fe ren t ia l  equa t ion .  The  der iva t ions  a re  car r ied  ou t  

in  de ta i l  so  tha t  the  Chapter  wi l l  be  usefu l  for  genera l  re fe rence .  The  

rec tangular  case  i s  cons idered  f i r s t ,  and  the  appropr ia te  model  compat ib le  

wi th  the  symmetry  res t r ic t ions  i s  shown in  F igure  1 .  Then  the  cy l indr ica l  case  

i s  cons idered  for  two d i f fe ren t  symmetr ies ,  i l lus t ra ted  in  F igures  2  and  3 .  

In  the  las t  sec t ion ,  the  spher ica l  case  i s  deve loped  and  the  model  for  

th i s  p roblem i s  shown in  F igure  4 .  

Maxwel l ' s  cur l  equa t ions  for  propaga t ion  in  a  medium wi th  a  cons tan t  

permeabi l i ty  p  and  a  genera l ,  an iso t rop ic ,  inhomogeneous  permi t t iv i ty  can  

be  wr i t ten  

ko  VVH (x v v^-fc )  -  6-O.Y^jL €  

k„v>*E •= 

where  E and  H a re  func t ions  o f  pos i t ion  and  t ime,  e  and  a  a re  func t ions  of  

pos i t ion ,  and  the  fac tor  k  has  been  in torduced  to  make  the  coord ina tes  
o  

d imens ionless .  Al l  d i s tances  wi l l  be  measured  in  te rms  of  k j=  ̂ -  UJTJ JJ£ 0  .  

Assuming  harmonic  t ime  dependence ,  the  cur l  equa t ions  become 

Vx W Lf- ,  Yi .Y 3 )  •=  j [ iw +Q~LX, E 3^  

= (3-1) 



2 1  

(3-2)  

where  e '  has  been  def ined  to  be  complex .  Hereaf te r  the  pr ime wi l l  be  

dropped .  We wi l l  now der ive  the  vec tor  wave  equa t ions ,  s ta r t ing  wi th  

these  two 

we obta in  

these  two re la t ions .  Mul t ip ly ing  both  s ides  o f  (3-1)  by  e  ^ f rom the  le f t ,  

K 0 €" '  VxH -  iwE .  

Taking  the  cur l  o f  bo th  s ides  and  subs t i tu t ing  (3-2) ,  

€^7  X ^  «*> X H (3-3)  

which  i s  the  vec tor  equa t ion  for  H .  Taking  the  cur l  o f  bo th  s ides  of  (3 -2) ,  

and  subs t i tu t ing  (3-1) ,  

K b l V*VX f  -  6 uG x  E,  (3-4)  

the  vec tor  equa t ion  for  E .  Ut i l i z ing  the  fo l lowing  vec tor  iden t i t i es^  

S *<f>A -  4>VXA X ft  

y .  = <f)V'A A 

where  $  is  any  sca la r  func t ion  and  A an  arb i t ra ry  vec tor ,  we  can  comple te  

the  der iva t ion  of  the  wave  equa t ions .  Now note  the  two Maxwel l  d ivergence  

equa t ions  

B -° ,3-5) 

V ' D  =  f  •  ( 3 - 6 )  

10 
J .  Rei tz  and  F .  Mi l ford ,  Foundat ions  of  Elec t romagnet ic  Theory ,  Addison-

Ves ley ,  (1960) ,  p  18 .  

See  for  ins tance  Richmond,  IEEE Transac t ions  on  Antennas  and  Propaga t ion ,  
May 1962) ,  pp  300-305  (Appendix) .  



Assume that the medium to be studied is electrically neutral, i .e., that 

P = Then (3-5) and (3-6), combined with the above vector relations, 

can be expressed in the form 

V. H H = pV.H e O (3-7) 

V- ee - t V-E • g =o /  v- g =_£W-E # 

Now expand equations (3-3) and (3-4) for E and H to the form 

y + ev? YV*.H - 6/6o H = O 

VxVxg - ̂40 E = O. 

1 r\ 

Introducing a new operator 7,V H by the definition 

V W X H  =  W W  - V . V H  

the curl curl operators can be eliminated 

W ' H - V . V H  4 -  t - v e '  j c V x H -  = 0  

W ' F  -  v . v e  -  e T  o .  

Substituting from (3-7) and (3-8) 

V .  V f T -  6 < 7 « '  - V  ^ 6 c H = 0  

V - v e  f  v ( f V - e ) + V t ^ o .  

(3-8) 

(3-9a) 

(3-10a) 

(3—9b) 

(3-10b) 

In rectangular coordinates only, we have 

V« VH =• V2H . v. vi = V l£ , 

The vector wave equations (3-9) and (3-10), combined with the appropriate 

boundary conditions, will completely define the solutions to a given problem 

in which inhomogeneous media are present. In the cases treated below, 

J. Stratton, Electromagnetic Theory, McGraw-Hill, (1941), p 49. 
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specific solutions to the wave equations will be derived in rectangular, 

cylindrical and spherical coordinate systems. In later applications, con

ducting boundaries with rectangular, cylindrical and spherical symmetries 

respectively will be considered. In each symmetry case, e will be chosen 

to be isotropic, and the inhomogeneity represented by the variation in e and 

the sources will be chosen so that either E or H will have only one nonzero 

component. In the problems in which only one E component exists, the 

fields will be described as E-polarized in the direction of the component. In 

problems in which only one H component exists, the fields will be described 

as H-polarized in the direction of the component. The solutions can be 

characterized as follows: 

H-polarized in the "g direction 

Consistent with an infinite, constant-phase magnetic line 

source along an arbitrary coordinate direction f , E is 

pure transverse (E £ = 0). For all the symmetries con

sidered below, H | will be the only nonzero component 

of H. 

E-polarized in the ^ direction 

Consistent with an infinite, constant-phase electric line 

source along an arbitrary coordinate direction ^ , H is 

pure transverse (H | = 0). For all the symmetries considered 

below, E | will be the only nonzero component of E. 

A. Rectangular Coordinates 

The first case to be considered is the solution of (3-9) and 

(3-10) in a rectangular coordinate system, these solutions later to be applied 

to problems with a planar conducting boundary. (Figure 1). 

A . l  H - p o l a r i z e d  i n  t h e  z  d i r e c t i o n  

For this solution, choose the arbitrary direction ^ to be along 

the z axis * A 
f = * 
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so that E has no z component 

E= - X Ey -+-y 

and H has only a z component. 

if- ^ ^zCK,^). 

From symmetry considerations, these conditions can be satisfied if 

£= 6Cx), 

and since the solutions represent a two-dimensional model and are independent 

of z, 

fL (any function ) = 0 
"Sz. 

We will now solve equation (3-9) 

S7?H - XVxH t"e4oW •=- O 

subject to these assumptions. 

From the general form of the curl 
13 

? X A = - i. L 3 
^ 

(3-11) 

where A is any vector with components (A^ A^ A^), (q^ q^ ^3) are the 

three coordinates chosen with unit vectors (a^^ 03)/ and (h ^ h^) are 

J. Stratton, op. cit., Chapter 1. 
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the metrical coefficients. For the problem now under consideration, take 

•= (a.Qvfts) = (* <5 £) 

1. (3"12) 

The curl of H becomes 

V x H  =  

A 
* 

A 

3 
3X 

0 0 

A 
Z. 

0 

Hi. 

and since ' La function of x only, 

= H 3Ji- 2w«-
3^ J Z>X 

(3-13) 

1 = ±<u 
r* 

(3-14) 

The general form for the cross product is 
x A. A 

4x 

Ax (5 

A 
a, 

At kz. 

13 

5 

A3 

(3-15) 
B, Uj 

where A and B are arbitrary vectors and (a^ a^) the unit vectors in the 

appropriate coordinate system. Let A= B= VX H , so that 

A 

tV4- lXVXH = 

A 
X 

A 
Z. 

-Idf 

yu. 

o 

-dH* 

av 
0 

ed*. a/. 
(3-16) 

and the differential equation for is 

_ 1 df- "aWx. .4/ n _ 0 
axv Zl)*- ecjx. T>X 

(3-17) 



The only other nonzero fields, and E , can be directly derived from H . 

From (3-1), 

=  I w t  i f  

we find that 

Ev = ^ :iko_ 3VW. (3-18) 
tu> £• "b ij J ,-uj f. 3V. ) 

so that all the fields can be found once (3-17) is solved and H is determined. 
14 If e = eQ £q equation (3-17) reduces to the well-known form 

2>X ( ' 

2 
(where the factor k has been absorbed into the variables x and y). This 

o  ' '  

equation can easily be solved by separation of variables, and through the 

choices of symmetry made in the previous derivation, (3-17) is also solvable 

by the separation of variables method. Let 

- LCy) MCy") <3-19> 

where L and M are arbitrary functions of one coordinate each. Substituting 

into (3-17), 

M ^ r  +  L 4 ^ M  _  J _ C L £ - m c 1 L .  ,  £ _  ,  ^  _ _  n  

and 

T-XTl (3-21) 
a  d n  d x  w  )  M ~ e  

since the whole y dependence has been separated out. The only unknown 

function is L (x): 

_ . Z ^ U  —  1  d j r c J U  x  / /  —  u A  L u  -  0  
d.yx 6-dx: dx +Cfer * ' w (3-22) 

R. Harrington, Time-Harmonic Electromagnetic Fields, McGraw-Hill, 
(1961), p 143. 
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where  we  have  def ined  £  =  £  e  ( x )  .  The  par t ia l  d i f fe ren t ia l  equa t ion  
o  r  

(3 -17)  has  now been  separa ted  in to  two independent  ord inary  d i f fe ren t ia l  

equa t ions .  One  of  these  equa t ions  i s  immedia te ly  so lvable ,  bu t  the  one  for  

L can  be  so lved  d i rec t ly  on ly  for  a  few,  spec ia l  choices  of  £  (x ) .  
u  

The  genera l  so lu t ion  for  H i s  ob ta ined  by  forming  a  l inear  combina t ion  

of  the  so lu t ions  ob ta ined  by  le t t ing  u  take  on  a l l  poss ib le  va lues .  This  

p rocedure  i s  exac t ly  ana logous  to  the  so lu t ion  of  par t ia l  d i f fe ren t ia l  

equa t ions  by  Four ie r  t ransform techniques .  

In  the  comple te ly  unres t r ic ted  case ,  u  can  take  on  a  cont inuous ,  in f in i te  

range  of  va lues ,  and  can  be  wr i t ten  

f dae1"* [a1, ijw + a* U «1 
-CO 

(3-23)  

where  J and  l "  are  any  two l inear ly  independent  so lu t ions  of  (3-22)  and  
u  u  

a '  and  a"  are  a rb i t ra ry  func t ions  of  the  t ransform var iab les  to  be  de te rmined  
u  u  

f rom boundary  condi t ions .  

In  the  subsequent  deve lopment ,  however ,  the  fo l lowing  res t r ic t ions  of  

per iod ic i ty  i s  made  on  H^:  ^  ̂  

H-j .CV/ t / )  -  W-3.  (  X +"  t );  ̂

and  s ince  any  such  per iod ic  func t ion  can  be  represen ted  in  the  form 

+oo 

Z j  w -  (3-25)  
eo  Ko c  

we must  res t r ic t  u  to  the  d i sc re te  va lues  

(3-26)  
k 0 t  *  

1 5  W. Kaplan ,  Opera t iona l  Methods  for  L inear  Sys tems ,  Addison-Wesley ,  

(1962) ,  p  186 ,  256:  



29 

so  tha t  (3-23)  becomes  

CO L* M +  q*  L"  <*> J .  (3-27)  

h——CD 

A.2  E-polar ized  in  the  z  Direc t ion  

Now tha t  the  method  of  so lu t ion  has  been  der ived  for  rec tangular  

coord ina tes  wi th  f ie lds  H-polar ized  in  the  z  d i rec t ion ,  we  now apply  s imi la r  
A 

t echniques  to  f ie lds  E-polar ized  in  the  z  d i rec t ion .  Again  we  choose  our  
A  •  i  A  

vec tor  |  in the  z  d i rec t ion ,  
*•  A  
1  '  

We spec i fy  tha t  on ly  an  E^  f ie ld  ex is t s  

E  «  " Z .  

and  only  H and  H f ie lds  ex is t ,  
x  y  

H -  X HyCX/y")  -+-

These  symmetr ies  a re  obta ined  by  tak ing  

and  resu l t  in  the  two-d imens iona l  na ture  

(any  func t ion)  =  0 .  

These  res t r ic t ions  wi l l  now be  appl ied  to  (3— 10) :  

f = o. 

Since  «  i s  a  func t ion  of  x  on ly ,  

v e  -  K  ̂  -  0 
d  X )  (3-28)  

and  the  d i f fe ren t ia l  equa t ion  for  E^  i s  

£ 1 1 ? -  4 +  € /<- Bz.' 0. 
3 (3-29)  
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To obtain the other nonzero fields from E^, note that from (3-2) 

K0Vx E = -CcuH U 

we obtain 

M — — Bbz m = 5 
^ IWJ TUJ^J "3X. 

giving all fields in terms of E as desired. If e -5- e / (3-29) reduces 
Z 16 r a 

to the usual form noted before. 

ili?- -I- -h fs = o. 
"d X.7" (3-31) 

However, (3-29) will also separate immediately without this assumption. 

We choose a, p to be two arbitrary functions of one coordinate each 

/U^~) (3-32) 

and by direct substitution into (3-22), 

1 cL^ +-£ = _ 1 =U2- (3=e 
o*. dy1 /a i. t, 1 ' ft 

+ (£r -ux)<<u. - 0 
4 X" 

± i u i j  

(3-33) 

so that the only integration not directly performable is the one for a (x). 

The most general form for E^ is obtained by summing over u = n Xq /^ 

+CP . ̂  

e- ^^ Ib^^tx) -v-bJJ"if)], (3-34) 

a' and a" are the linearly independent solutions to (3-24) and b' and 
n n 

^ R. Harrington, op. cit., p 143. 
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b ^  a re  a rb i t ra ry  func t ions  of  the  t ransform var iab les ,  to  be  de te rmined  by  

the  boundary  condi t ions .  

B.  Cyl indr ica l  Coord ina tes  

We now choose  a  new se t  o f  coord ina tes  in  which  to  so lve  (3-9)  and  

(3-10) .  The  choice  of  cy l indr ica l  coord ina tes  i s  made  for  appl ica t ion  to  

problems wi th  the  appropr ia te  symmetry .  (F igures  2  and  3) .  

B.  1 .  H-polar ized  in  the  z  Direc t ion  

For  the  f i r s t  so lu t ion ,  cons ider  equa t ion  (3-9b)  

- e ? e l x ? * i T  + - £  H  = - 0 .  
6-0 (3-9b) 

A 
This  t ime ,  we  aga in  choose  our  |  vector  to  l i e  a long  the  z  ax is  

and  a l low only  the  E f ie lds  

g = £ e E© (ft °) 

and the  s ing le  H f ie ld  

H  =  - z .  ( f ,  e )  
to  ex is t .  Such  a  symmetry  i s  ob ta ined  by  le t t ing  

e- ece) 
and  requi res  tha t  

(any  func t ion)  =  0 .  

From the  def in i t ion  of  the  cur l  (3 -11)  wi th  the  new ident i f ica t ions  

GMiiO - (e - 6 ' 2 - )  (stiiJiO "  Ce * 
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the curl of H for the present cose is 

A  

P  

A  
f 9  

2 1  

2& 

O  0  

A zr 

O 

Hi 

f aj> (3-35) 

and since e is a function of p only, 

A 

f 
= -p *r±£ e d p  • (3-36) 

As done before, we apply (3-15) to obtain the cross product 

A  

f 
K  e 

frWWxH - -As!* e d p  

1 SHz. _ 

f 30 

0 

A 
•z. 

O 

c) Wz. ejL2- o 

_ * ldf 
e- cif 2>j> ' 

(3-37) 

17 
From Stratton, we have 

A 

f 
2  

df 

1  cHk 
P  d &  

A  

©  

A  
•z 

r 
0 

0 

(3-38) 

17 J. Stratton, op. cit., p 50. 
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H = f 4- ̂  ] = _V-VM (3-39) 

so that, substituting into (3-9b), the differential equation for becomes 

11. n 3JU. ̂  £ n = © (3-40) 
? T > r  * a? 57 * 

To obtain the other nonzero fields, we see from (3-1) 

koVxiT r= 

that 

E© = ~J<±. "SHf- g - _ko_ 
Cio-e Dp r toufi-p 7>e 

(3-41) 

All fields are known when is known. If for comparison with standard 

texts we again take to be time harmonic with no z dependence and 

e = e e (3-40) reduces to 
o a 

i l p l j  4 .  J L  ^  «  0  n  A *  
f Df r ^ ^ nz u (3-42) 

18 
in agreement with the literature. But as before, equation (3-40) can 

be solved as it stands by separating variables without the necessity for 

further restrictions. Let 

14* = Me) Bte) (3-43, 

as explained earlier. Substituting into (3-40), 

18 R. Harrington, op. cit., p 198. 
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£ [q<& 4i -h —p1- -lclz(3 _ ^- (3-44) 
f t ^ d p v  d p y  A e  d p  d p  W  5 d e -  r K i ; j ) c  

where now m must be taken as an integer so that the solution H ( p, 0) 
19 Z 

will be single-valued. The equation for ( p) becomes 

7? + ( P 7 ?  * Ur ~ f )  A"= P-«) 

This is the only one of the two ordinary differential equations not directly 

solvable. The general form of Hz can be written, as discussed earlier, 

e) =• Is £""e Ai <e) + ̂  Al<*>1 (3 46, 
m--6D y '  

where A ' and A " are the linearly independent solutions of (3-45) and 
m m 

a ' and a " the arbitrary constants to be determined by boundary conditions, 
m m 

A 
B.2. E-polarized in the z Direction 

For the E-symmetric case in cylindrical coordinates, we take 
\ A. 

t " 
again, and now seek a solution to (3-10a) 

VyVX EF - £ = 0 (3-10a) 

with the assumptions that the only nonzero electric field is E_^, 

t = £ E^ce, e) 

19 
R. Harrington, op. cit., p 200. 
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and the only nonzero magnetic fields are and HQ : 

H -= f ?, e) -t-S ffe (•?, 0). 

These restrictions can be satisfied by the choice of symmetry 

and the requirement 

I^.(any function) = 0. 

Again from Stratton, 

V X V X f c  =  

\ 

£ 
f 

1 dj*-
f 2>0 

© 
A 

"2-

r 

Z) 
0 

1)© 

0 

(3-47) 

= —2.1 -L 2- pZ)£z_ q_ "7 

L pdp j 
and substituting into (3-10a) directly, the differential equation for E is 

1 2. p^_£z- l X si n -3 4_ X d-tx . £ j- _ n 

^ (So " 
0 

' 
(3-48) 

From equation (3-2) 

ko^?X§~ =• — TuJ/jH 

we find 

u - l^o dEX 
e iiujj 2p 

!_! — ~~ ko t) x-Z. 
' 2) e (3-49) 

I 



37 

giving the rest of the fields. If ' = (3-48) also reduces to the 

well-known he 

variables, let 

20 ° ° 
well-known homogeneous form. To solve (3-48) directly by separating 

T=Jp,e) = HCe)N(e) (3-50) 

where M and N are the arbitrary functions of one coordinate each. Then 

we obtain 

£ « «  + £ d M  &  L  h U e 4 " " * ®  
M M dp O /O de* ) (3-51) 

and 

4. ldUjw 4 f, —li - Q n 

df>* f dp ^ U' (3~52> 

Only (3-52) cannot be directly solved. As before, can be generally 

written in the form 

-z, e^0 [ (3_53) 

m-^-co 

where m' and M " are the linearly independent solutions of (3-52) and 
m m 

b' and b " are the arbitrary constants, 
m m 

A 
B.3 H-polarized in the 6 Direction 

A A 
Now choose £ = 0 and consider solutions of (3-9a) 

V>T?X ff + 6-V P H ~ ̂  H - O 

with the H field 

H  -  e d e  ( ^ )  

and the E field 

20 
See Equation (3-42) 





E = £> Ep (f,£) + 2 

We must take 

and require that 
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— (any function) 
o© 

= 0. 

Evaluating the curl curl, we get: 
A 

P/f 
A 
& 4/p 

Vtf?XH = 
7>f 0 a_ 

7>z. 

, _ Bfle 
•S2. 

o 15. o H© 
O P *  

The curl of H 

-©r  
L ap*-

is 

+ &H9 +-L'dHe _ Ko 
f dp "p^ 

(3-54) 

VXH ~ i 

f 

A 
P 

A 
fe 

A 
Z. 

0 

>r 
0 

D 
t> z 

0 He- 0 

_ \ 

"f 

-pMe+lMa~] 
L <)r df J 

(3-55) 

and 

* d 4 -6 - V G 1  =  - £  
e 
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so that 

\ 
f 

-ide 
£dy 

A 
e 

iF o 

-i ̂iL© o 

and the equation for HQ is 
a 

o 
= eidt i u q  

j> d y 

•3-iie +. §ltf6 4 «r- u - n 
0p^- T)^3- + e* € /  d f >  r p^Ng-O. 

I f  e f =  e Q ,  w e  o b t a i n  t h e  h o m o g e n e o u s  f o r m  

4- 1 c)^o -i_/ fJ. ̂ lia - o, 
2 > p * -  ! > - C ~  f  d p "  + C  d  p ^ / H s  

From equation (3-2) 

K 0  V x H  — -  l u J  £  E  

the other fields are given in the form 

Bp - p = Ko C>HQ 
CuJf-p ^Z. tcufep £>p " 

We assume that 

H e  =  A r B ( f )  

and derive the equations 

-h-L 41A -f/l-idt-VciB , // 
f 3 d p * -  k  c i z ? -  L p  J 1 5 J -  - I -  U r -  L )  = 0  

{f 

JLd_jA = _ 
A Qiz> 

"fjJ" ; A-^ e 

T 
ifct^ Z-

, ( 1 1 ..-A-p. . 
" d f + 4  ^ a e j d p  ^  =  o .  dP 

(3-56) 

(3-57) 

(3-58) 

(3-59) 

(3-60) 

(3-61) 

(3-62) 
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We will assume that H _ is periodic in the z direction with period T 
a 

(*}= He V-+*) 
so that P can only take on the values 

yj =: yfafa . 

The total solution then becomes 

= £ «****•(Vtff) +a.*B?ce)] 

(3-63) 

K=-O0 
(3-64) 

where a ' and a " are arbitrary constants, 
n n 

B.4 E-polarized in the 8 Direction 

\ 
C h o o s e  | = 0  

and consider solutions of (3-10a) 

vkvx r - = o 
with the E field 

? = Ses te,z) 

and the H field 

We must tak<~ 

and require that 

-2- (any function) = 0 . 

Evaluating the curl curl, we get 

e/P © z/< 'P 

O 

7>z. 
0 

0 

f &p 
ft© (3-65) 
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V x w e  =  _ © •  . TfEe 4- Jl _ Ee 1 
p T>f p J (3-66) 

and the equation for E. becomes 
u 

4- 4- 1 ̂£e _ Ee 

l)-z? p if p +-frtB - 0. 
(3-67) 

For the homogeneous case £f = £q this takes the same form as (3-58). 

The other fields are found from (3-2): 

ko Vyg" = -IcuhH 

Hf = e)Ei e 
t w j j p  7 ) - z _  

To separate variables, we choose 
l u j ^ J  j >  d f  •  

- C (p) Of2-) 

and obtain the equations 

± 4 Z £  4 _  4 ^ p  _ i  
C. dp1- P dz1 

—l 4_£ - n 
pCdp f7-

(3-68) 

(3-69) 

±42. 

P o L z 7 -  
H 

P=€ 

(3-70) 

^2^ 4- J- 4- /V _ 1 _ C) /» - r\ 
d^2- P dp r p->- ^ ^ ^ (3-71) 

where D has been assumed periodic in the z direction with period T as done 

in the last section: 
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The general solution for Eg is 

* f"„ ^ n <°11 (f) 1 
-72) 

+°° -> 

C a  M  ^  C " ( e )  1  ( 3 — /  
, - -CO 

where a ' and a " are arbitrary constants, 
n n 

C. Spherical Coordinates (Figure 4) . 

A 
C. 1 H-polarized in <fr Direction 

A . 
We must now take £ in the <p direction, 

*= £ •  
We now will consider the solutions of (3-9b) 

y . V H  - 6 - V f V - g K H  + f / ^ 0 W  - O  

with the restrictions that the only H field is 

H = £ Cr,e) 

and the only E field components that exist are 

t  -  r  E r  ( v , o )  +  ©  © 0  0 " )  •  

To satisfy these requirements, we may take 

e ~ e c r )  

and require that 

(any function) = 0. 

Again, a two-dimensional separable problem has been obtained. From the 

definition of the curl (3-11) with the identification 

= c , r -  3 / 0 )  =  

}  =  h 3 -  < T S y * Q  ( 3 - 7 3 )  
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the curl of H is 

VX H -
\ 

A N 
r r0 

5. 
a 

Si tr 
35 

O 0 

0 

r&yv\*3 W-p 

Since e is a function of r only, 

evp -r 
d r 

and taking the cross product, 

€• d r 

€Q& *9xH = 

A 
r 

-1^ 

6 p 

0 0 

!«*•* "rwrV 0 rsWB<>e r rw" 

From the general equation for 

%&&<**• 

^ X V X H  ~  

A 
r 

A 

e 
rsiv>e 

A 

* SUiT. 
VS*vvdc>© 

:>vv\ eil0 

(A S »-A© 

DB 

- -0 

k <r 

0 

0 

(3-74) 

(3-75) 

(3-76) 

ITA^ua -\-X- 2. _J—2L £v*©H$ \ -_a_jrtt9S +- r^e s -^Qie yJ 
=  - ^ . y H  
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and the equation for H becomes 
<P 

(3-77) 

or in another form, 

r4 rl^ &,4*£s*'fg*- J&-] 

+ % . h *  = o .  < 3 - 7 8 >  

If e = e this becomes 
r a 

r-4 * s^e?lSm0^ ^= o,(3_79) 

the homogeneous case. Using (3-1) as done before, 

k0\?xH = CLU 6E 

the other fields are given by 

E r  =  — - 4  ̂  S w i & W  
iUJ&V* Sim© ^>0 ' 

(3-80) 

Cu>£tr ' 

once H has been determined. Equation (3-79) can be solved by separation 
<P 

of variables, letting 

H-czS = HO) Sir) 
21  

and we obtain two ordinary differential equations: 

21 
We must have I an integer so that F will be finite at 0 = 0 and 0 = u. 
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ĵ sMllH-1) (3_g)) 
F= P t̂one) 

where (cos 0) is an associated Legendre polynomial. The general 

solution for H is then <P 

Hfi- ^ q^^cO] 
4 (3-83) 

(3-82) 

where 0|' and a'|' are the arbitrary constants to be determined by boundary 

conditions. 

A 
C.2 E-polarized in the <p Direction 

In analogy to the H-polarized case, we seek solutions to the 

differential equation 

A . A 
with the vector £ taken to lie in the $ direction: 

-v * 
f 

The only electric field is E <p 

E = 4 ej< ^ 
and the only H fields are 

H= (*HrM + e 
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Then e must have the functional form 

© -ao 

and the condition 

_ (any function) = 0 

must be satisfied. From these assumptions, 

VXVKU = 

/I 

r A 
© 

JL 

rs^e 
3 

Sail**66* 

I 
0 

0 

and the equation to be solved becomes 

rtV1#5 +# -J^-] + tr = 0. 

(3-84) 

(3-85) 

In the homogeneous case ^ = eQ, this also reduces to the form (3-79). 

From the definition of the curl and (3-2), 

V* E =• -Cu/^ H 

we obtain 

Wr= (3-86) 
Tcu/urSm&a^ A .u>NrSr *0 

giving all the nonzero fields. To solve (3-85) by separation of variables, 

let 
Egi - UrUice) 



and  two ord inary  d i f fe ren t ia l  equa t ions  a re  ob ta ined; 2 2  
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— — —  A M ~] _  t ( j .  -f  A  

U= Pi1 

(3-87)  

The  6  dependence  i s  aga in  ob ta ined  in  Legendre  po lynomia ls ,  and  in  

te rms  of  the  so lu t ions  L, '  and  L ."  to  (3-87) ,  i s  g iven  in  genera l  as  
I  I  (p 

C^ r u 3 1 t r )  +  ̂  ^1 .  
r  A.  

As  before ,  (3 -87)  and  (3-88)  represen t  the  comple te  so lu t ion ,  wi th  b . '  and  
II  

b |  a rb i t ra ry  cons tan ts  tha t  mus t  be  chosen  to  sa t i s fy  the  g iven  boundary  

condi t ions .  

D.  Summary  of  Der ived  Equat ions  

For  each  of  the  problems d iscussed  in  Sec t ions  3A -  3C,  a  d i f fe ren t ia l  

equa t ion  in  the  form of  equa t ion  (2-1)  has  been  der ived .  In  each  case ,  the  

so lu t ion  to  the  appropr ia te  wave  propaga t ion  problem can  be  obta ined  only  

by  ob ta in ing  the  so lu t ion  to  th i s  d i f fe ren t ia l  equa t ion .  A method  for  ob ta in ing  

such  a  so lu t ion  has  been  out l ined , in  Chapter  I I ,  so  tha t  the  on ly  aspec t  of  each  

problem s t i l l  undef ined  i s  the  choice  of  boundary  symmetr ies  compat ib le  wi th  

the  assumpt ions  a l ready  made .  The  d i f fe ren t ia l  equa t ions  tha t  have  been  

der ived  a re  summar ized  be low.  

22 See  Equat ion  (3-81)  for  re fe rence .  



D.  1 Rec tangular  Coord ina tes  

A 
H-polar ized  in  the  z  d i rec t ion  

E-polar ized  in  the  z  d i rec t ion  

-h Ur~^2)^ 0. 

D.2 Cyl indr ica l  Coord ina tes  

H-polar ized  in  the  z  d i rec t ion  

E-polar ized  in  the  z  d i rec t ion  

d  Mvr\  i  J .  dMwk 4"  )^ M l =  0.  

i f 1  f  i f  ^  

A  
H-polar ized  in  the  8  d i rec t ion  

^ + I o ~ i ̂  1 4" ^ fer" °* 
^ P ^ 

A  
E-polar ized  in  the  0  d i rec t ion  

^  l d U  4 - ^ r - k  
f  f  ^  

D.3  Spher ica l  Coord ina tes  

A  
H-polar ized  in  the  t}> d i rec t ion  

+•  (4  +•  ^  Ir-o. 





CHAPTER IV 

SOLVABLE PROBLEMS 

A. Plane 

A . l  H - p o l a r i z e d  i n  t h e  z  D i r e c t i o n  

The differential equation to be solved is (3-22) 

-  1  L _ ( r  -  O  
MX d* ^Uvr p- ,L^ 

subject to the requirements that 

0 
1. (any function) = 0 

2. all fields are periodic in y with period T  

3. the only H field component is 

4. the only F field components are E^ and Ey 

5. e = e (x) . 

These conditions can be satisfied by placing the conducting boundary at 

the plane x = 0 with H-field strip antennas (magnetic strip sources) in the 

z direction, a distance T apart so that 

(4-1) 

E (%,o) = J ° ic°7in9 «"2> 5 I £ ^ e  r o d i o H o n  

where the are determined by the choice of antenna. From (3-18) 

_ _ Ko c) H-z. 

^  "  C U J 6  3 X  
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and from the orthogonality relations derived in Appendix 1, 

"A- "£•(>&) 
n  

so that the boundary conditions (4-1) apply to the derivative of L . We 
n 

can let = Fn [See equation (2-1)] and Case II [equation (2-5)] will 

hold when obtaining a solution. From (2-10), (2-11), (2-26), and (2-37), 

we must demand that 

X, o, X, = X,Lm, €al 

(4-3) 

X = 0  •  '  x = °  

X, Ch, X , & r(x)3y = Xe ~ X, CM, X, £* 

k p  — l<e_ . 

By comparing (2-1) and (3-22), we have 

_ X -J X (4-4) 
X, Cm, X, 6a 'J - o XxCM, 

and from (2-9) and (3-18), = k^ if 

Cy. (Xe) = Cj • 

Combining all of these conditions, ef (x) must satisfy all the following 

relations: 

d 6r |  ̂O 4ir 

d X  X=o 

- 0. 
*=Xe. (4-5) 



From (4-4) 

My.)* -A (1 A. 1 d 1 d£r 
r r ^ Ur d*J + x d* cLf.  

& M -
f-1-

P M = / g  

Q(x)-
6rt<0 

6rtx) 

rM = (F,,1)1" 

and from equation (3-18a), with £<3^ 

+ £.3 Hz = 0 ^ H x  + ^ N >  
dx.2" <>' 

'3 

we have 

f A = £  ̂ 9-U / e  * "  + q ? e  ^  

Equations (2-41) - (2-43) now give the solution immediately. 

A.2 E-polarized in the z direction 

The differential equation to be treated is (3-29), 

—" + K= o 

a x x  * 
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subject to the requirements (4-1) with the roles of E and H reversed. These 

conditions can be satisfied by placing the conducting boundary at the plane 

x = o with E-field strip antennas (electric strip sources) in the z direction 

a distance T apart so that 

E7(X=O) 

0 scattering 

. , J «-8> 
C) ^ J radiation 

where the X are determined by the choice of antenna. Since the boundary 
i 

conditions (4-8) are applied to the variable in equation (3-29), we can let 

F = a and Case I [equation (2-4) ] will apply. The conditions (4-3) 
n n 

must again be satisfied, and by comparing (2-1) and (3-29) we have 

X 1  X ^ W ]  =  X ,  X ,  1  =  o  

X»CM0€rl*>] = (4_9) 

From (2-9) and (3-30), we will have 

ke ke 

automatically, so that none of the conditions (4-3) will restrict at 

any point. From (4-9), 

<pC*)-= 

<#> U) - 2* 
c1-

PM- (4-10) 

rw = 



and  for  e  =  e  F  i s  g iven  by  (4-7) .  
r  an  '  '  
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B.  Cyl inder  

B . l  H - p o l a r i z e d  i n  t h e  z  D i r e c t i o n  

The  d i f fe ren t ia l  equa t ion  to  be  so lved  now i s  (3 -45) ,  

u*- fJA ^ - °  

subjec t  to  the  requi rements  tha t  

g  
1 .  (any  func t ion)  =  0  

2 .  the  on ly  H-f ie ld  component  i s  (4 -11)  

"P  

z  
3 .  the  on ly  E- f ie ld  components  a re  E and  E^  

These  condi t ions  can  be  sa t i s f ied  by  p lac ing  a  conduct ing  cy l inder  of  

rad ius  p .  in  the  z  d i rec t ion  wi th  an  H-f ie ld  s t r ip  an tenna  (magnet ic  

s t r ip  source)  in  the  z  d i rec t ion  so  tha t  

E  C?=fO =  
= 0  sca t te r ing  

^  erne  (4-12)  
CJ 5^6 radia t ion  

where  the  S  a re  de te rmined  by  the  an tenna .  From (3-41)  
m 

Be - zJs-

and  f rom the  or thogonal i ty  re la t ions  in  Appendix  1 ,  

f"V "A (ft 
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so that the boundary conditions (4-12) apply to the derivative of A . 
m 

We can let Fm = Am I from equation (2-l)]and Case II will hold. 

Conditions (4-3) must also hold, and by comparing (2-1) and (3-45), 

we have 

x» 3 = ^ ^ 

(4 13) 

and so that k = k , 
e e 

- Ca . 

Combining these conditions, we must have 

£r (fe) = && 

—r  ̂0 4±r \ - 0. 
df ^ dP ' fe (4-14) 

From (4-13), 

=  e r  - ^ - J  ( 1  4  / i _ l i A  

r 
P(f) - lfidZ 

v €rc<4) 

{ f '  We) 

r f f )  =  £  

(4-15) 



58 
and from equation (3-42) with e = e /  

1 A. ° -f -1-  ̂i r 11 _ r\ 
f  D p  J  ^  a H t "  u  

we have 

— x rnn0 
5* - e . C ^ ( e ) +  C  ( 4 - i 6 )  

where and are Bessel functions. Equations (2-41) - (2-43) now 

give the solution. 

A 
B.2 E-polarized in the z Direction 

The equation to be solved is (3-52) 

Tt" + ^ + 
dp2- I X 

subject to the requirements (4-11) with E and H interchanged. The 

conditions can be satisfied by placing a conducting cylinder of radius p. 

in the z direction with an E-field strip antenna (electric strip source) 

in the z direction, so that 

= 0 scattering 

EJf'fO V . „ <4"l7> 
1 /I l/W 

radiation 
W1 

where the t are determined by the antenna. Since (4-17) applies 
m 

directly to the field variable in (3-52) we can take and apply 

Case I. Conditions (4-3) must hold, and by comparing (2-1) and (3-52), 

\x 0, X) Men- = l/f 

£ r - ™ V p v  * ! & » , ( > , ( 4 - 1 8 )  
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and  the  condi t ion  k g  = l< e  i s  au tomat ica l ly  sa t i s f ied  f rom (3-49) .  

We see  tha t  e ^  (p)  i s  no t  res t r ic ted  by  any  of  these  condi t ions .  

From (4-18) ,  

_  VH 

(4-19)  

<^f )  =  

r<e) = f// iff) 
—  ̂ Z -

and  when the  so lu t ion  to  (3-52)  i s  g iven  by  (4-16) .  

A 
B .3  H-polar ized  in  the  6  Direc t ion  

The  d i f fe ren t ia l  equa t ion  tha t  has  to  be  so lved  i s  (3 -62)  

— ^  +  ( - L  -  1  + •  ( f i r  -  1 3 , 0  =  0  
4^  I f  e  d e  I  d f  L  P r  H  

subjec t  to  (4-20)  
0  

1 .  jg -  (any  func t ion)  =  0  

2 .  the  on ly  H f ie ld  component  i s  Hg 

3 .  the  on ly  E f ie ld  components  a re  E  ̂  and  E^  

4 .  H.  must  be  per iod ic  in  the  z  d i rec t ion  wi th  per iod  T .  
0 

These  condi t ions  can  be  sa t i s f ied  by  p lac ing  a  conduct ing  cy l inder  of  rad ius  

p .  in  the  z  d i rec t ion ,  wi th  H-f ie ld  s t r ip  an tennas  in  the  9  d i rec t ion  a  

d is tance  T apar t  in  the  z  d i rec t ion .  The  boundary  condi t ions  wi l l  be  

_  ,  \  0  sca t te r ing  

 ̂ """S (4"2" CJ 6 radia t ion  
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where pm determines the choice of antenna. From (3-59) and the 

orthogonality relations in Appendix 1, 

fa ^ el 
iu)6p Jy 

so that we can let and apply Case II, equation (2-5). 

Conditions (4-3) must hold, and by comparing (2-1) and (3-62), 

x»Cw,p,Me);i= «/j» - = i/j? 

X 2. L^/ f / Of") D - — V/f»a P*" 

f; ̂  ] r " , /f'L ~ 

and to make k = k , we must take 
e e 

£r Cf«) ~ ^ 

from (3-59). Combining the restrictions, we obtain 

(4-22) 

df P»' 
- 0 A-r I s° 

df ipe 
^ . 

(4-23) 

From (4-22), 

(j> = £r - l/H (^- id4") " 

<A> -

__ i dA 

- h "  
r (4-24) 

P/e)- ] ̂  
II 6rfc0 

€>(?> 
v tr te) 

r/p)= (F*1)1 ?/°<-



(4-25)  

6 1  

and  f rom equa t ion  (3-58) ,  we  have  

f/1 +ifJV| W^f)] 

where  J j  and  a re  Besse l  func t ions .  

A 
B.4  E-polar ized  in  the  0  d i rec t ion  

The  d i f fe ren t ia l  equa t ion  i s  (3 -71)  

subjec t  to  condi t ions  (4-20)  wi th  E and  H in te rchanged .  The  condi t ions  

can  be  sa t i s f ied  by  p lac ing  a  conduct ing  cy l inder  of  rad ius  p .  in  the  

z direction with E-field strip antennas in the 0 direction a distance T 

apar t  in  the  z  d i rec t ion .  The  boundary  condi t ions  wi l l  be  

r  _  J  0  sca t te r ing  
&  '  ) 4 .  Tr^e  (4-26)  

Z j  L  £ radia t ion  

where  Y charac te r izes  the  an tenna .  We can  le t  C  =  F [ see  equa t ion  
m H H ^  

(2-1)1  s ince  the  boundary  condi t ions  apply  d i rec t ly  to  the  var iab le .  

Compar ing  (2-1)  and  (3-71) ,  

Xx Cn y  f ,  — 

X . U / f /  ^  -  ' / f x  - f 0 " 1 "  

and  k  =k  automat ica l ly  f rom (3-68) .  There  a re  no  res t r ic t ions  on  
e  e  

% (  p) .  

(4-27)  
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^ (4-28) 

From (4-26), 

< / =  t r -  3 A f  _  u  

r 
f .*  & -  ̂  - f  
Pie)-  t  
S ( p )  =  fU 

IT 
and is given by (4-25). 

C. Sphere 

C. 1 H-polarized in the <p direction 

The appropriate differential equation is (3-82) 

4  /  1  -  I  ± ( L  -  - E M  _ _ i d e V  - n  
r  e d - r j  d r  +  0  — f Z  

subject to requirements that 

1. (any function) = 0 

2. the only H field component is H 
* (4-29) 

3. the only E field components are Ef and E ^ 

4. £ = e(r) 

These conditions can be satisfied by placing a conducting sphere 

of radius r. about the origin, with a circumferential H-field strip antenna 
i 

in the 0 direction on the surface. Therefore, we will have 

Eg ~ 

'"""''"V (4-29a) 

radiation 



where the g| specify the antenna. From (3-80) and the Appendix 1 

orthogonality relations, 
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(Ee\ = L rHji") 
J! tuJt-r 'A 

so that the variable F in equation (2-1) must be chosen equal to the 

product rGj. Under this transformation, (3-82) becomes 

6 oLr ri. J l (4-30) 

where Case II now applies [equation (2-5) 1 . Conditions (4-3) must hold, 

and by comparing (2-1) and (4-30) we see that 

Xt[V\;r; SrlOl - X, !>/0 ** Is 0 

XzC % r t  

(4-31) 

: x [ n ,  r ;  J =  6 * -

and from (3-80) we must have 

so that k = 1< .In summary, the relations that must be satisfied are 
Q © 

<Ur I - 0 <!ir 
d n t ;  d r  

~ 0 <a 

(4-32) 



From (4-30) 

$ CO = 6y  -  W ~ i  ( X. <AfrY 
r • * -  f  ̂  ( r c i r '  

j>0 Cr) = £a-4U±<) 
ri_ 

i J_ lit-
2- dr 6- df 

P(r> 
\l 

6rtQ 
€rtO 

r(r)= (r7) 
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(4-33) 

and from equations (3-79) and (4-30), we have for « = ' , 

4lf< +- (ta - #I*±ihF«X = o 
jri. rv ' 

with the solution 

r V" ?/= Vr ^̂ [s<JiT̂ r̂>̂ y](4.34) 

where J and Y are Bessel functions. 

C.2 E-polarized in the <$> Direction 

The differential equation to be solved is (3-87) 

JJij 4- \ + _ JJitO ) Lt= o 
^ dr p«- *• 

subject to conditions (4-29) with E and H interchanged. The conditions can 

be satisfied by placing a conducting sphere of radius r. about the origin, with 

a circumferential E-field strip antenna in the <p direction on the surface. The 



boundary condition will be 

r 

E^> (Y=n) = • 
0 scattering 

(4-35) 
^ ILP0) radiation ^ radiation 

where hj determines the antenna. Since the boundary condition (4-35) 

applies to Lj directly, we may choose F| = 1^, and Case I applies. 

Conditions (4-3) again must be satisfied, and by comparing (4-35) and 

(2-1) we find that 

X , [ ^ r e r ( r ) 3 =  %  

(4-36) 

r»,n = J/r ^ 

and k^ = k^ automatically, from (3-86). Equations (4-3) are satisfied 

identically, and do not restrict the choice of 

From (4-87) 

^ 

^ * - ±!*j£3-

f i r ) "  t  

Q>(r)-- r%-

r t f =  ( f / ) 1 '  

and from (3-29), F|' is also given by (4-34). 



CHAPTER V 

PARTIALLY SOLVABLE PROBLEMS 

The wedge and cone are considered in this chapter, and it is shown 

that complete solutions cannot be obtained using the boundary value 

techniques of this paper. The wedge configuration is shown in Figure 5 and 

the cone in Figure 6. 

A. Wedge 

In all the prior problems in cylindrical coordinates, has been a 

function of p and the boundary conditions have been specified by choosing 

the value of one of the fields at a constant radius. We have shown in 

Appendix 1 that for (p) the 6 dependent functions are orthogonal for 

different values of the spearation constant m. We will now consider the 

difficulties encountered when either of these conditions are changed. 

Consider first the H-field polarized in the z direction. If £r is allowed 

to be a function of both p and 0, (3-37) must be modified to the form 

* A 
e 

-Jii £ 
-1 

6p"&e 
o 

J. "d Hz. 
? DB 

_"E>Fk O 

The expression for the VxVx H 

partial differential equation for H is 

A 
-Z. J. <)£ d^l /c i v 

7>f Y*Dd J . 

is unchanged, so from (3-39) the 

p^. __ 3Hz. _ J_ I 6P2",, - o 
6 sp z>p e date  60Hl' • 

(5-2) 
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This equation is separable if £» g, = £0 or if £ = £2 = « r (?) . 

For « = e]/  and letting Hz = A (p) B (0), we obtain 

f 
?\ real, > o 

K real 

(5-3) 

i  —  J 4irl®l d3±{ _/ /K 

6 d e * -  0 f r i e ) o L e  d e  +  € r [ ) ~  0 « - V  * L  *  * )  (5-4) 

where K and X are not quantized. The form of the separation constant has 

been determined by requiring A to be finite at p = oo . A similar require

ment cannot be made at the origin since e ( p = 0 ) = oO. If an attempt is 

made to set X = 0, an inconsistent result is obtained. The functions A ( p) 

are not orthogonal for different choices of (ik - X), and the functions B (0) 

will not be orthogonal either for different separation constants if (0) is 

allowed to exist. 

If we let e = €2 anc '  ̂ P01"01"6 as before, we obtain 

_? c[ odi - _£_1_ cUf C f )  4 A .  _  mT-
d P  /WHe) d f  d f  ?  (5-5) 

I llfc „ ±TrY,e 
1 & = -w1- 8= e ,» 
6 da1- * 

The separation constant in this case has been quantized by the requirement 

8l6)~ . For the wedge, we wish to specify E ^ at + 0q, and for 

£( ?, ©o) = Fie) -  ̂  /4^ (e) 

-c>rt^C 
( El ?, - «•= e, (rt = £ e '^ 0 qJ A*'e> <5"7> 
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where A Jp) representing the irregular solution has been dropped since 

p = 0 is included in the region of interest. A new difficulty is now encoun

tered, tawever. When F (p) and G(p) have been specified, the coefficients 

£ an<^ Q*r\ £ cannot be determined. In order to 

evaluate the constants, the functions A^ (p) and A^ (p) must be orthogonal 

over some range of integration of p:  

B 

'A 
A*10 A*, <•€) 

1 
— 0 

I 1 r^v*' (5-8) 

[where some known weighting function W (p) might be included! , so that 

we may write 

B I . iV ©0 £ 
[^F(el k) w(e) = e 

& r -u*f e0 X 
= e <0 . J ^(e) Ami (e) w(e) = 

t-H 

UK" C70 r  (5-9) 

However, the functions A^' (p) are unknowns, and the integrals (5-9) 

cannot be evaluated even if (5-8) can be shown to exist. For « = e 

the functions A ( p) are not orthogonal, and the same difficulty is met in 

applying the boundary conditions. 
A 

Consider now the E-field polarized in the z direction. The partial 

differential equation for is 

o p "HU _j_ dHU- _i_ 
(5.10) 
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This  equa t ion  can  be  separa ted  i f  £  -g | =  ( = o  g)  o r  j f  £  

^w. c)Hl 
P ^ T j ?  

P»V i*- + l̂  

£-61  (5-11) 

.  (5-12)  

Equat ion  (5-12)  leads  to  exac t ly  the  same d i f f icu l t ies  encountered  in  

equa t ions  (5-7)  to  (5-9) .  Equat ion  (5-11)  ,  however ,  i s  s imi la r  to  (5-3)  

and  (5-4) .  Separa t ing  var iab les ,  

Ace)W&) 

we obta in  

i  p d A  < ^ B »  .  t i g )  -  Q  
A cLp r df  B ^ L 0 ) - °  

with  the  resu l t ing  equa t ions  

(5-13)  

(5-14)  

£  t  c i t  =  
A <*f  

A -  -L e  

P*  

LK&wj» 
X rea l ,  >0  

K rea l  .  

When an  a t tempt  i s  made  to  so lve  the  problem of  a  cy l inder  c lad  in  a  

medium wi th  a  s t r ip  an tenna  in  the  z  d i rec t ion ,  the  

boundary  condi t ions  can  aga in  not  be  appl ied  s ince  the  0  dependent  

so lu t ions  a re  unknown func t ions  and  a re  nonor thogonal  for  d i f fe ren t  

separa t ion  cons tan ts .  

The  problem of  s t r ip  an tennas  in  the  p  d i rec t ion  on  the  sur face  of  

a  wedge  i s  no t  so lvable  s ince  ne i ther  E nor  H wi l l  have  only  one  nonzero  

component .  The  same d i f f icu l ty  i s  encountered  wi th  a  cy l inder  c lad  in  a  

medium wi th  a  0  dependence  and  s t r ip  an tennas  in  the  0  d i rec t ion .  

B.  Cone  

Cons ider  f i r s t  the  H-polar ized  in  the  <f> d i rec t ion ,  where  i s  
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ol lowed to be a function of r and 0. Equation (3-75) becomes 

6~ lY9*H = 

•»  

r A 
© 

-  x i e  -1 
r6 2>e 0 

0 

= 0 
(5-15) 

The curl curl remains unchanged, so that the new equation for H 0 is 

, ; s _ L i ^ u i - r  a n  

iH ike 3%-SPWeH^ 

(5-16) 

This will separate if 6| = t |f  1  ̂  or if £..= 6i_= £06r . The 

choice e = leads to difficulties encountered in equations (5-7) to 

(5-9). If € = we obtain 

H ^ =  f\C\f) B(©) 

^ veal, >0 

k veal 

H  s k a ^  5&H9 JL 

Iki/nr 

(5-17) 

= -Cik-Ti+OCi^^ 
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where the form of (ik - X) is chosen so that A is finite at p = oo . This 

problem is again unsolvable in all cases since neither the functions A ( p) 

or B (0) are orthogonal with their same member for different separation 

constants. For the fields E-polarized in the % direction, the e = 

case is unsolvable for the same reasons already given. For « = « we 

obtain 

. . .  n . I  
\ A •=. (ZU.-/0 A- \ £ > real, ~?0 

dC r Kreal 

1 A _L A trie) = (5-18) 
(b d-0 5 w© 

again leading to nonorthogonaI functions. 

The sphere clad in a medium 6^ w '^ a s*r 'P anfenna 'n 

the <p direction is not solvable since the 0 dependent functions are unknown 

and nonorthogona I. 

The problem of a strip antenna in the r direction on the surface of 

a cone is not solvable since E and H will both have more than one nonzero 

component. This difficulty is encountered also if is allowed to be a 

function of <p . 



74 

CHAPTER VI 

DETAILED ANALYSIS OF THE PLANAR CASE 

A. E-polarized in the z Direction 

1. The Iterative Solution 

Consider now the case of an electric strip source on a 

conducting plane (fields E-polarized in the z direction) with a variation 
23 

in represented by the equation 

l  +  " A e  ^ ( l + 2 x / - t  - f •  ( 6 ~ ] )  

Above the antenna we may take p = 0. This relation has the properties 

that 

¥rl = o *0 if *c»-b 
d x Id dx 1 ve 

L a x  =  £ r ( 0 ^  =  | + >  i t  / i = 0 ,  

(6-2) 
er it) ct | + * /e . 

We will choose X small enough so that only first order terms need be 

considered. From Equation (2-55), we find that 

A n  i * e ) =  -  f  f  ( A - D r M J x  
1 J0 ruo V 

23 Refer to Figures 7-10. Figure 8 represents the e variation close to the 
missile nose, Figure 9 the variation at the nose-body junction and Figure 10 
the variation above the antenna. 



75 

Position 3 Position 2 

Figure 7. Shape of SCOUT Missile 
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and  f rom (4-7)  and  (4-10) ,  

~  63- 6 r  

Frx= a? e lK"*% + a f e_; ̂ " <6"3> 

where  

!<»X-y^- ia \ iS£  (  ,_ h ,v  

(6-4)  

We a re  on ly  in te res ted  in  rea l  va lues  of  | ^°  £  l )  ,  s ince  the  f ie lds  

ou ts ide  the  shea th  

e  

o 

j r  I rv^o/^y  
Ez  — 0^  e  e_ 

wi l l  be  exponent ia l ly  a t tenua ted  for  a l l  imaginary  .  From the  

or thogonal i ty  o f  the  func t ions  a n d #  each  n^  

term must  ind iv idua l ly  sa t i s fy  appropr ia te  boundary  condi t ions ,  and  only  

those  te rms  for  which  m^ 1 0 /^  — 1_ ins ide  the  shea th  wi l l  cont r ibu te  to  

the  rad ia t ion  f ie lds  ou ts ide  the  shea th .  The  te rm n  =  0  represen ts  a  wave  

propaga t ing  wi thout  any  y  dependence ;  i . e . ,  a  p lane  wave  moving  in  

the  x  d i rec t ion .  From symmetry  cons idera t ions ,  th i s  te rm must  be  the  

same for  bo th  f ie lds  H-polar ized  in  the  z  d i rec t ion  and  f ie lds  E-polar ized  

in  the  z  d i rec t ion .  The  te rm f \  i  is  a  wave  propaga t ing  a long  

the  sur face  o f  the  shea th  in  the  y  d i rec t ion  and  i s  a  sur face  wave .  The  

te rms  for  which  0  — ̂ ^  ~  1  are  a  mixture  o f  the  above  s i tua t ions .  
c 

I f  we  def ine  the  an tenna  by  the  coef f ic ien ts  y^ ,  

(6-5) 
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then by the straightforward application of boundary value techniques, we 

find that 

An = 
*-h e 

-ik^X-e 
e +-

-f tlC^Xe. 

(6-6) 

o \ 

<£'  * " e  7  

( V  - y  °  \  
e W 

-H 

\ 1<%>C+ K\)L 

We will choose 6^ = i- so that we have 

p. X  ̂
Fn -y„e 

(6-7) 

(6-8) 

and 

40 + <?-t T ( 1 + k^t1) *" . (6-9) 

In order to better understand and analyze (6-9), the following computa

tions will be made for ^ j_ * 

(i) Find A (x ) to first order in X for a sheath of width x =t 
n] e' e 

with a constant value of e = 1 + A . This result should show why the step-

function approach is not an adequate way to treat inhomogeneous media. 



8 1  

This problem can be worked by rigorous boundary value techniques, by the 

WKB method and by the iterative solution derived in this paper. All these 

results should agree and a check on prior computations may be obtained. 

(ii) Find An^ (xg) to first order in X using the WKB technique. This 

result should agree with Equation (6-9) for large values of t (which will 

make e slowly varying over a wavelength). This problem will again provide 

a way of checking the equations derived in this paper. 

2. The Step Function Solution 

a. Rigorous method 

From Equations (6-3), (6-5), and (6-6), the field at x is 

given by 

E^(-t)=!rhe 

If we let e = 1 + X 

7K*0/^ +- ^X 
O 

l Knx+k**./ 

(6-10) 

- 14i> (I +• £* 1 
(6-11) 

1/ w 

o 
(6-12) 

and we obtain 

snrP PCM. — RI £?. 
\ = — , "2tknic"t \ "X-f 

r  l - e  )  +  i i *  
2.^; (6-13) 



b.  WKB method  

The  WKB method  g ives  for  the  e lec t r ic  f ie ld :  
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e- Ei . r 1 *" ' 1 ' ] .  

vV 
(6-14)  

I f  we  take  €  •= I  " t~^  and  requi re  I  =  O > ' hen  
J  X 1  Ve 

» 

-t 

r -fc 
- i l  ^  /«*«>"  fc  
'  Ci i  /  

0  
«A 

+ i j 0  

» -H/ -  ,  ie  
K M , t+)+^x  

(6-15)  

L J .  

If  we  take  f  (x)  =  1 ,  Equat ion  (6-16)  i s  iden t ica l  wi th  (6-10) ,  a  usefu l  

check .  But  wi thout  making  th i s  res t r ic t ion ,  i f  we  le t  X be  smal l  and  

take  on ly  f i r s t  o rder  te rms ,  we  obta in  
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^  ^  2 ^ J 0  

(6-17)  

for  f  (x)  — 1 ,  th i s  so lu t ion  i s  iden t ica l  wi th  the  one  obta ined  before ,  

Equat ion  (6-13) .  

c .  I te ra t ive  method  

From Equat ion  (2-55)  

- r  

and Equat ions  (6 -3) ,  we  obta in  by  d i rec t  in tegra t ion  

STfF?  FCW-TT.  

A, ,  - )  ^  , (6- i8)  

a  resu l t  iden t ica l  wi th  those  ob ta ined  by  the  o ther  methods .  

3 .  The  WKB Solu t ion  

This  so lu t ion  i s  eas i ly  ob ta ined  f rom Equat ion  (6-17)  wi th  

( i  +  «/ - t) :  

121 +. -2-

' (6-,9) 

4.  Compar i son  of  the  Dif fe ren t  Methods  

We have  now der ived  the  fo l lowing  equa t ions :  
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We f i r s t  no te  tha t  

I T .  

(6-20) 

as  i t  mus t ,  s ince  th i s  i s  the  reg ion  of  va l id i ty  for  the  WKB Method .  I t  i s  

a l so  in te res t ing  to  see  tha t  the  s tep- func t ion  approximat ion  has  in t roduced  

a  non-exis ten t  osc i l l a t ing  te rm in to  the  answer ,  due  to  the  proper t ies  o f  

the  s tep- func t ion  reg ion  ac t ing  as  a  resonant  cav i ty .  However ,  for  smal l  

t ,  the  s tep  te rm i s  a  much be t te r  approximat ion  than  in  the  WKB so lu t ion .  

Al l  th ree  so lu t ions  a re  graphed  in  F igure  11  for  n  =0  and  the  i te ra t ive  

so lu t ion  i s  g raphed  for  severa l  n  for  the  case  T  =  10  in  F igures  (11-15) .  

B.  H-polar ized  in  the  z  Direc t ion  

Now cons ider  the  case  of  a  magnet ic  l ine  source  on  a  conduct ing  

p lane  ( f ie lds  H-polar ized  in  the  z  d i rec t ion)  wi th  the  same e  var ia t ion  

as  before .  

(6-1) 

From equa t ion  (2-56) ,  we  have  

f r(*>JFnx ~rl r X*r(* , !)(4r4)dx" 
i  % T d X  J o  J o  

(6-21) 
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and from (4-6) and (4-7) 

r IV) » (&T 

p l _  i  X  ( 6 - 2 2 )  

We define the antenna coefficients as in (6-4) and find from direct 

integration that 

4 ( »  - f >  +  a t n - ^ d + S . )  (6"23> 

'' ^<-4)"" +(•<-4)'- x + 

From (2-46), we see that to first order in X , 

fv1" = F.X (l + \ +" (6-24) 

so that the total correction term is 

5 ! .  ^ [ 3 ( 2 ^ - 0 + ^ ( ^ - 0 ]  

' 

, o c-t* ( t + * £ - Q  +  ̂  ( V c  " K " ) .  

From symmetry considerations, we must require that Equation (6-25) is 

equal to Equation (6-9) when n = 0, k° = 1. This equality does in fact 
nx 

exist, an important check on the whole situation. 

We now wish to show graphically how each n term contributes to 

the total field intensity at a given observation point and how the change in 

the field intensity at this point varies with the plasma thickness and the 

choice of antenna. In order to do this, we first note that the solution in 
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Region  I I  (ou ts ide  the  p lasma)  i s  a lways  of  the  form 

-+co — 

F n -  £  T . '  -  £  
n--oo  n»-oo  

where  ]< =  k°  x  +  n  -2— y  and  r  =  x  x  +  y  y .  When the  p lasma 
n  nx  T  _  1 1  

th ickness  i s  reduced  to  zero ,  the  components  a re  denoted  as  F  ^  .  The  Four ie r  

components  for  which  k°  is  imaginary  wi l l  be  exponent ia l ly  damped in  the  
OX 

x  d i rec t ion  and  wi l l  no t  cont r ibu te  to  the  rad ia t ion  f ie ld .  Therefore ,  i f  we  

res t r ic t  ourse lves  to  cons idera t ion  of  the  f ie ld  in tens i ty  a t  la rge  d i s tances  f rom 

the  p lane ,  we  may wr i te  

£  a*e ' " C *" r  

(  rad ia t ion  f ie ld)  

Each  n^ 1  t e rm in  th i s  sum represen ts  a  p lane  wave  of  ampl i tude  a  ^  t rave l ing  

in  the  V d i rec t ion .  We can  therefore  descr ibe  each  component  F  by  a  vec tor  
n  .  

o f  l enqth  a  '  in  the  d i rec t ion  of  1< .  There  wi l l  be  a  f in i te  number  of  te rms  
3  n n  

cont r ibu t ing  to  the  rad ia t ion  f ie ld  and  a l l  these  te rms  wi l l  be  d i rec ted  in to  the  

upper -ha l f  p lane  above  the  p lasma.  The  length  of  each  vec tor  wi l l  represen t  

the  maximum va lue  th i s  component  wi l l  ever  have .  In  o rder  to  f ind  the  ac tua l  

rad ia t ion  f ie ld  in tens i ty  f rom the  graphica l  p lo t  descr ibed  above  the  magni tude  

of  each  component  mus t  be  mul t ip l ied  by  a  complex  phase  fac tor ,  and  the  

resu l tan t  sca la rs  added  toge ther .  These  complex  phases  a re  of  course  dependent  

on  the  par t icu la r  po in t  o f  observa t ion  chosen .  

The  angular  pa t te rn  may be  presen ted  in  another  form i f  we  apply  the  

symmetry  re la t ion  F  (y)  =  F  ( -y)  and  note  a^"  =  a  .  The  f ie ld  in tens i ty  

may then  be  wr i t ten  in  the  form 
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* - + \ /t0 6 

F r 
^ a 

Inorder for the vector representing to have a length independent of the 

coordinates, we must take y = 0 once the sum has been reduced to positive 

nonly. This restriction greatly reduces the importance of this particular form 

of F. We will return now to the prior, more general form and utilize it in all 

further discussion. 

For convenience F " is chosen to be a normalization factor and we define 
o 

absolute value of F 
^ _ n 

n absolute value of F " (6-26) 
o 

6 = tan"1 x component of k (6_27) 

y component of k 

Each point on the angular pattern is defined by its radius vector r^ and angle 

with respect to the conducting plane 8 . Each Fourier component (or partial 
II ° 

wave) F ^ will give rise to a single vector on this graph. 

In order to illustrate the results of the example worked out in this 

chapter, we choose T = 10 X . Therefore, n will run from -10 to +10 

ond 21 such vectors will exist. Equation (6-25) has been graphed for n = 0, 

+2,+5, +7, + 10 in Figures (11 - 15), and the angular pattern in Figures 16 

and 17 were plotted using these results, where from the general definition 
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- I  A  °  

^  (6-29)  

v\. 7i0 

The end-poin ts  o f  the  vec tors  have  been  ind ica ted  by  poin ts  and  then  these  

poin ts  have  been  jo ined  toge ther  by  a  smooth  curve .  

For  bo th  E and  H sources  the  t  =  0  curve  i s  a  semic i rc le  about  the  an tenna ,  

so  tha t  for  th i s  case  the  rad ius  vec tor  may be  def ined  to  be  un i ty  for  a l l  6^  and  

the  o ther  pa t te rns  wi l l  then  be  shown wi th  re la t ive  magni tudes .  The  e lec t r ic  

l ine  source  i s  cons idered  in  F igure  16 ,  and  i t  wi l l  be  noted  tha t  the  par t ia l  waves  

wi th  l a rge  y  components  cont r ibu te  less  and  less  to  the  to ta l  f i e ld  in tens i ty  as  

the  p lasma th ickness  increases .  On the  o ther  hand ,  when  the  magnet ic  l ine  

source  pa t te rn  in  F igure  17  i s  examined ,  i t  may be  noted  tha t  the  par t ia l  waves  

wi th  l a rge  y  components  cont r ibu te  more  and  more  s t rongly  to  the  to ta l  f i e ld  

in tens i ty  as  the  p lasma th ickness  increases .  
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X /4i!Hs  OSDHd = X / V ^1 

\ /sjadau u; uo|4Dnua44D = y/'y 3y 

E 

-C 

c 
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APPENDIX 1  

THE FOURIER TRANSFORM 

A.  The  F in i te  Four ie r  Transform 

Given  a  func t ion  f  wi th  

f  (£  + >)  =  fH)  (A 1  -1)  

tha t  can  be  represen ted  by  a  Four ie r  se r ies  

f ' -O =  £  3= 2TT 
*  t r  (A 1 -2 )  

then  the  C  can  be  found by  eva lua t ing  the  in tegra l  

^  " f C ^ e  d _ f c -  (A 1-3)  

This  represen ta t ion  ex is t s  i f  the  summat ion  (A 1-2)  converges  uni formly  to  

f  ( t )  fo r  a l l  t . ^ 4  One of  the  most  impor tan t  resu l t s  o f  th i s  requi rement  i s  

the  se r ies  can  be  in tegra ted  te rm by  te rm.  

Le t  a  f t )  =  I  d  e  X * be  another  func t ion  of  t  and  requi re  tha t  
"  w  n n  

$H)= 9  <-+1.  (A 1-4)  

S ince  e ' n X t  and  e ' m X t  are  or thogonal  func t ions ,  then  Equat ion  (Al -4)  can  

only  be  sa t i s f ied  by  choos ing  c n  = d p .  This  can  be  proven  as  fo l lows:  

W.  Kaplan ,  Opera t iona l  Methods  for  L inear  Sys tems ,  Addison-Wesley ,  

1962 .  



Given 
"tfx'X-t ImA*-

=  £ . d m e  

Multiply both sides by e 'P^ 

^ C£"-pT Trfc ^ iCvw-pU-t 
£ , C h e  =  £ d w e  
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(A 1-5) 

(A 1-6) 

and integrate from 0 to t : 

^ N r i tw-p17i t «--i i r 
icnj e d-t — zl | e 

v> d-t. 

(A 1-7) 

We know that 

£vv = ^ - 0  a.^ o 

OL — O 

(A 1-8) 

so that 

£ 
t-

c  6 * - ^  i  ^  
e •=. J i£v>-f>T 

( e  - i ; - o  
(A 1-9) 

A- -IP . 

Only the term n = p contributes to the left-hand side of (A 1-7) and only the 

t e r m  m  =  p  c o n t r i b u t e s  t o  t h e  r i g h t - h a n d  s i d e ,  i . e . ,  

= 4f (A 1 -10) 

B. The Fourier Transform 
C 

If we write A = / equations (A 1-2) and (A 1-3) become 
n A 

I V\")ft 
•£• C~0 - A* ̂  e- (A 1-11) 
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A,* ^ -Me J-b. 
2fP (A 1 -12) 

/^ 

Now let cOrt-r\~X , so that 

> = ^41-«H, k (A,_,3) 

•fW = £ AMe Au). 

+^/t_ 
a i r 
An — ^.3 -ftf)e d-fc. 

Now let X-*•(), so that 

r-V-o CaJ-t 
) A(^e d u3 

—CO 

-Ho _ , 
-lUt: 

(A 1 -14) 

(A 1-15) 

(A 1 -16) 

AM- -L r At)e l l° (ai-17) 

Theseare fundamental relations for Fourier integrals. Orthogonality 

relations similar to (A 1 — 10) also exist for this case. 



APPENDIX 2  

OTHER METHODS OF SOLUTION 

A.  WKB Solut ion 2 5  

The Wentzel -Kramers-Bri  I louin ,  or  WKB approximat ion,  i s  

appl icable  to  s i tua t ions  in  which the  wave equat ion can be  separa ted  

in to  one  or  more  to ta l  d i f ferent ia l  equat ions ,  each of  which involves  a  

s ingle  independent  var iable .  

The bas ic  propagat ion equat ion considered can be  wri t ten  in  

the  form 

4^  T-KHxTa-O ,  K Z CX) =  >  O.  
o/x"" (A2-1) 

Now make the  change of  var iable  

u i« .  Ae" l k o S 0 °  

and (A2-1)  becomes 

YV 6r(*) = 0.  
KodX 1  

t i tu te  a r  

equal  powers  of  k  :  

(A2-2) 

(A2-3)  

We subst i tu te  an  express ion of  S  in  powers  of  k Q  in  (A2-3)  and equate  

o  

S  = So +  ~ Sy + -L Sj_  +•  •  .  .  (A2-4)  
K Q 

L.  Schif f ,  Quantum Mechanics ,  McGraw-Hil l ,  1955.  

V.  Ginzberg ,  Propagat ion of  Elect romagnet ic  Waves  in  Plasma,  Gordon 
and Breach,  1960.  
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c  A zS  o + _c_ a^s, I g  + '  *  

- f f s )  +  6 , 0 3 - 0  

^ j 2_ g| So d St 

cJ X2" d X cl X 

cJ So , a dSj , 
dx i^Tx ' 4- £r (x) = O 

- O 

Integration of these equations gives 

5. = ± WirOQ dx 

(A2-5) 

(A2-6) 

(A2-7) 

(A2-8) 

s, - i j^V^c>o j (A2-9) 

and we thus obtain to this order of approximation 

± i J K  W ) 4 X  
u(.K) = 

\) KCx) 

The WKB solution will be useful if 

_l J £r 

^ d M 

1 
Ko — 

J. So 
ciX 

* < •  1  

(A2-10) 

(A2-11) 

which means that the fractional change in over a wavelength must be 

small compared to unity. 



1 0 1  

B. Green's Function Solution 

If G ( r , r^) is a field at the observer's point r caused by a unit 

point source at r , then the field at r caused by a source distribution 
o ' 

P ( f Q) is the integral of Gp over the whole range of r^ occupied by the 

source. The function G is called the Green's function. It is a solution to 

a given partial differential equation that is homogeneous everywhere except 

at one point. When the point is on a boundary, the Green's function may be 

used to satisfy inhomogeneous boundary conditions; when it is out in space, 
26 

it may be used to satisfy the inhomogeneous equation. 

If the partial differential equation of interest is the Helmholtz equation 

V > + - k H = o  ( A 2 _ , 2 )  

then the required Green's function is the solution of the inhomogeneous 

Helmholtz equation 

- t - i r S C F - K )  .  (A2-13) 

It can be shown that G^ is a symmetric function of r and r^, and from this 

requirement it follows that we must have 

>  § * C K )  , R  =  r-r. . (A2_14) 

O 

To find the behavior of gk for R -0, we integrate both sides of 

(A2-13) over a small sphere of radius « about r^ . This gives us 

26 An inhomogeneous boundary condition is one that requires the field or its 
derivative to have a specified, nonzero value on the boundary An inhomo
geneous equation contains a source term (a term not multiplied by the 

dependent variable or its derivatives). 
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V%>(r0)d-tr + Av = (A2-15) 

The integral on the right-hand side equals -4 u because of the properties of 

the delta function and become the sphere integrated over includes the point 

r = r^. We assume that the first integral in (A2-15) will dominate as 

R-0 .  

S72" (j^(.l£)ATr —=? —HTT as € —? o . (A2-16) 

The divergence theorem states that 

cjJp.ciA - ^ £ (y.fOchr 

. 2 
and applying this to (A2-16), since ^ —"^*^7 J 

-H-TT 
(A2-17) 

or written another way, 

(A2-18) 

so that 

G| r„")-» J R-=\r-Vi\ -9. o (A2-19) 
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for  the  th ree-d imens iona l  case .  S imi la r ly ,  for  two d imens ions  

O .  (A2-20)  

For  one  d imens ion ,  the  Green ' s  func t ion  G has  a  d iscont inu i ty  in  s lope  

equa l  to  -4 t t  a t  x  =  X q  :  

pif4 + t = ^ r r  * - > o .  ( A 2 - 2 1 )  

I f  the  boundar ies  of  a  par t icu la r  problem a re  a t  in f in i ty ,  then  

r  t ~ \  -
^^  ^  (3  d imens ions)  (A2-22)  

Gj  —  t - i rHo CK^j  (2  d imens ions)  (A2-23)  

(1  d imens ion)  #  (A2-24)  
K 



APPENDIX 3  

PROPERTIES OF ORDINARY,  LINEAR,  SECOND 
ORDER DIFFERENTIAL EQUATIONS 

The  fo l lowing  def in i t ions  and  s ta tements  can  be  found in  many tex ts  
27  

on  d i f fe ren t ia l  equa t ions :  

1 .  The  order  o f  a  d i f fe ren t ia l  equa t ion  i s  the  order  of  the  h ighes t -

ordered  der iva t ive  appear ing  in  the  equa t ion .  

2 .  An equa t ion  i s  l inear  i f  each  te rm in  the  equa t ion  i s  e i ther  

l inear  in  a l l  the  dependent  var iab les  and  the i r  var ious  der iva t ives  o r  does  

no t  conta in  any  of  them.  

3 .  An equa t ion  involv ing  ord inary  der iva t ives  i s  ca l led  an  ord inary  

d i f fe ren t ia l  equa t ion .  

4 .  Given  the  func t ions  f^  (x)  f n ( x )  then  i f  cons tan ts  c^  . . . ,  

c  ,  not  a l l  ze ro ,  ex is t  such  tha t  
n  

c  j  f  j  ( x )  + . . . . +  c ^  f ^  ( x )  =  0  

ident ica l ly ,  the  func t ions  f^ (x)  . . .  f^  (x)  a re  sa id  to  be  l inear ly  dependent .  

I f  no  such  re la t ion  ex is t s ,  the  func t ions  a re  sa id  to  be  l inear ly  independent .  

5 .  An ord inary  d i f fe ren t ia l  equa t ion  of  the  n  o rder  has ,  in  genera l ,  

a  so lu t ion  conta in ing  n  a rb i t ra ry  cons tan ts .  For  a  second order  equa t ion  in  

y ,  the  so lu t ion  can  be  wr i t ten  

v -  c » y ,  +  •  

2 7  Fr i r  Ins tance  see  E .  Rainvi l le ,  E lementary  Di f fe ren t ia l  Equat ions ,  

MacMil l ian ,  1957 .  
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The func t ions  y^  and  y^  must  be  l inear ly  independent  o r  and  c^  degenera te  

to  on ly  one  a rb i t ra ry  cons tan t .  



APPENDIX 4 

BOUNDARY CONDITIONS ON THE ELECTROMAGNETIC FIELDS 

Maxwell's equations can be written in the form 

y x E  -  - ^ f >  

** (A4-1) 

YxH = -t- t 
^ (A4-2) 

— O 
(A4-3) 

P = ? • (A4-4) 

In order to establish the boundary conditions on the fields, Equations 

(A4-1) - (A4-4) must be combined with the vector relations 

) f\-7\ da, - ( Y"-A Air 
S V (A4-5) 

I m* = 
t\ d.3 

(A4-6) 

known respectively as the divergence theorem and Stokes' theorem. 

From (A4-3), (A4-4) and (A4-5), we obtain 

V  B - n  0  
J s (A4-7) 
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j~ Q.v\ J ft. = j"pci-Nl = 
(A4-8) 

From (A4-1), (A4-2), and (A4-6), we obtain 

s d-b  
r E-'Jls = C • r \  d.a^ 
Jr  Js  d-b  

S c » - a *  f s ( ? l + ; r ) - " ^  

(A4-9) 

(A4-10) 

If a pillbox is constructed on S in the usual manner, we obtain from (A4-7) 

and (A4-8), 

-1- Tb-O Aa = O 

(1,-BxVn — O (A4_n) 

(p  - vT, 4- P • y \ z )  Aa = uo Ao~ 

/— — n (A4-12) 
ip{ - Pa )'^ =u5 

where u is the surface change density. If a rectangular path C is drawn 

cutting S in the usual way, we obtain from (A4-9), 

(.E • ^ ) A S - — SB.Pi0ASA![ —> O 

_ _ „ (A4-13) 
( n x  ( E a - E ( ) )  =  O  

where and are in the direction of circulation and n^ perpendicular 

to the plane of path C. From (A4-10), 

( B a ,  +  h  ( a 4 _ m )  

n x  ( h x  -  H i  )  —  K  



where  K =  I  >Vn 
Alr^O 

exis t s  on ly  i f  the  conduct iv i ty  of  one  medium becomes  in f in i te .  



APPENDIX 5  

DESCRIBING A PLASMA SHEATH IN TERMS OF A VARYING e 2 8  

The equa t ion  tha t  governs  the  e lec t ron  mot ion  in  a  p lasma i s  

m  =  - C E - c v k B  -  m ^ v  
d-fc  (A5-1)  

which  wi l l  be  recognized  as  the  Lorentz  force  equa t ion .  F  and  B a re  the  

appl ied  e lec t r ic  and  magnet ic  f ie lds ,  V  is  the  co l l i s ion  f requency  for  

momentum t ransfer  be tween  e lec t rons  and  a toms or  ions ,  and  a  te rm mul t ip l ied  

by  the  pressure  g rad ien t  has  been  assumed negl ig ib le .  

We take  E and  v  to  be  t ime harmonic ,  E .  =  B .  =  0 ,  and  
s ta t ic  s ta t ic  

neg lec t  B s ince  i t  i s  v /c  t imes  smal le r  than  the  e lec t r ic  force  te rm,  
wave  

(A5-1)  becomes  

jw7.  =  -  & < A 5 _ 2 )  

and  so lv ing  for  v  ,  
o  

v 0  = S % So (A5-3)  

u j  — j  u  

The  cur ren t  dens i ty  J  becomes  
' o 

28 
This  mater ia l  was  taken  par t ly  f rom "Out l ine  of  A Course  in  P lasma Phys ics '  

Par t  2 ,  Amer ican  Journa l  o f  Phys ics ,  Vol .  31 ,  Number  8 ,  Augus t  1963 .  
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_ i e*" N £ 
T 0  = -N^v 0  -  > — ^  ( A 5 . 4 )  

uj  — j  V 

(where  N is  the  ion iza t ion  dens i ty)  

and  subs t i tu t ing  in to  Maxwel l ' s  equa t ion ,  we  obta in  

^H„  =  jw( 6 o -  )" i 0  

«s7xio  ^  __ju) N o Uo .  < A 5 " 4 )  

Compar ing  wi th  Equat ions  (3-1)  and  (3-2) ,  we  see  tha t  

€' ~ 6„  -  . N® 
T-

m u j  (UJ- jv)  

c '=-
(A5-5)  



APPENDIX 6  

TYPICAL e  VARIATIONS AROUND A RE-ENTERING MISSILE 

Computed  va lues  of  the  ion iza t ion  dens i ty  and  co l l i s ion  f requency  for  

a  typ ica l  p lasma shea th  have  been  shown in  severa l  publ ica t ions .  The  va lues  
29  

used  in  the  cur ren t  example  were  taken  f rom AFCRL Repor t  87 ,  and  a re  

computed  for  a  SCOUT miss i le  (F igure  7 ) .  This  da ta ,  when  subs t i tu ted  in to  

Equat ions  (A5-5)  y ie lds  va lues  of  e  in  the  shea th  (F igures  8 -10) .  

2 9  W. Rotman and  G.  Mel tz ,  Exper imenta l  Inves t iga t ion  of  the  Elec t ro
magnet ic  Ef fec t s  o f  Re-Ent ry ,  Ai r  Force  Cambr idge  Research  Labora tor ies ,  

Bedford ,  Mass .  
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