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Summary and Forward 

Summary: 

Applications of the collocational method to wave propagation through a 

nonuniform region with variation in only one spatial coordinate are shown for 

plane and cylindrical cases. Scattering and radiation, in the absence of and 

in the presence of a similar shaped conducting object are formulated. A simple 

example shows the accuracy of this method. In cases where the nonuniform 

region varies in more than one spatial coordinate, Green's function is applied 

to formulate an integral equation. Solutions of the integral equation can be 

obtained by an iterative method for small variations. 

Forward: 

This is the Final Technical Report on Grant NsG 608 supported by the 

National Aeronautics and Space Administration and conducted at the University 
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i. Introduction 

During the re-entry phase of a space vehicle, a region of ionized air, called 

plasma, around the vehicle is formed between the body and the shock wave. The 

communication from the vehicle to ground and vise versa is then affected by the inter­

action of free electrons with electromagnetic waves in this region. If the ionization 

is sufficiently strong, a "blackout" of radio transmission may occur. 

From the macroscopic point of view, the effect of the interactions between free 

electrons and electromagnetic waves in a region of plasma in the absence of static 

magnetic fields can be represented as an isotropic lossy dielectric with permeability 

p = p^, and permittivity 

6  = € , [ / -  t o f / c  J J * * -  ( 1 )  

where u = operating angular frequency of electromagnetic wave, 

l) = collision frequency of particles in plasma^ 
2 1/2 

u = (e N/m e ) plasma frequency 
p o ' 

N = electron density; 

e,m = charge and mass of an electron respectively, 

p ,e = permeability and permittivity of vacuum. 
o o 

In considering electromagnetic wave propagation, the plasma can be treated as a lossy 

dielectric with permittivity given by Eq. (1). In general, the electron density and 

collision frequency are functions of spatial coordinates, particularly in the direction 
2 

normal to the body of the vehicle. Electromagnetic wave propagation in a nonuniform 

lossy dielectric is essentially the problem of re-entry communication. Of course, the 

geometry is another important parameter. 

2 



Wave propaga t ion  in  nonuni form media  can  be  dea l t  wi th  by  so lv ing  the  wave  

equa t ions  der ived  From Maxwel l ' s  equa t ions .  Approximat ion  techniques ,  for  ins tance  
2  3  4  5  

the  WKB method  and  Born  approximat ion  have  been  appl ied  to  th i s  p roblem '  '  

However ,  a l l  these  methods  a re  va l id  on ly  for  smal l  var ia t ions  in  permi t t iv i ty .  

L i te ra ture^ ' ' 7  concern ing  numer ica l  so lu t ions  i s  ava i lab le ,  bu t  ana ly t ic  so lu t ions  a re  

a lways  more  des i rab le .  

Cons ider  f i r s t  the  case  where  the  permi t t iv i ty  i s  a  rea l  func t ion  ( for  a  typ ica l  
3 

re -en te r ing  vehic le ,  the  imaginary  par t  i s  o f  the  order  10  smal le r  than  the  rea l  par t  

a t  5 -10  KMC) of  on ly  one  spa t ia l  coord ina te  i s  cons idered  f i r s t .  Wave  propaga t ion  in  

a  nonuni form d ie lec t r ic  s lab  and  a  nonuni form d ie lec t r ic  cy l inder  under  d i f fe ren t  boundary  

condi t ions  a re  t rea ted  separa te ly .  The  second order  d i f fe ren t ia l  equa t ion  of  each  case  

i s  so lved  approximate ly  by  the  method  of  co l loca t ion  which  conver t s  the  d i f fe ren t ia l  

equa t ion  in to  a  sys tem of  a lgebra ic  equa t ions .  As  an  example  to  demons t ra te  the  

accuracy  of  th i s  method ,  the  normal  sca t te r ing  of  a  p lane  wave  by  an  inf in i te  s lab  of  

exponent ia l ly  vary ing  permi t t iv i ty  i s  cons idered .  The  appl ica t ion  of  Green ' s  func t ion  

to  wave  propaga t ion  in  nonuni form medium is  descr ibed  a l so .  The  in tegra l  equa t ion  

obta ined  under  th i s  cons idera t ion  can  be  so lved  approximate ly  by  the  method  of  co l loca­

t ion .  I t  i s  more  convenien t  to  so lve  the  in tegra l  equa t ion  by  Born  approximat ion  or  

i t e ra t ive  method  i f  the  var ia t ion  of  the  permi t t iv i ty  i s  smal l .  In  th i s  t rea tment ,  the  

var ia t ion  can  be  in  th ree  spa t ia l  coord ina tes  and  the  permi t t iv i ty  may be  complex .  

2 .  Method  of  Col loca t ion .  

I f  the  co l l i s ion  f requency  i s  very  smal l  in  compar i son  wi th  the  opera t ing  f requency ,  

the  imaginary  te rm of  Eq .  (1)  can  be  neglec ted  provided  tha t  the  rea l  par t  i s  never  

vanish ingly  smal l .  The  problem i s  conf ined  to  s imple  cases  where  the  permi t t iv i ty  e  
8  9  

is  a  func t ion  of  on ly  one  spa t ia l  dependent  var iab le .  The  method  of  co l loca t ion  '  i s  

appl icab le  to  ach ieve  approximate  so lu t ions  for  the  second  order  homogeneous  d i f fe ren t ia l  

equa t ions  which  resu l t  f rom the  Maxwel l ' s  equa t ions .  This  method  has  th ree  advantages :  

(1)  There  i s  no  l imi ta t ion  on  the  var ia t ion  of  permi t t iv i ty  as  long  as  i t  i s  a  wel l  

behaved  func t ion .  

3 



(2)  Accura te  so lu t ions  can  be  ach ieved  even  when va lues  of  permi t t iv i ty  a re  

known (by  exper iment )  on ly  a t  a  suf f ic ien t  number  of  po in ts  in  space .  

(3)  A c losed  form approximate  express ion  for  f ie lds  wi th in  the  nonuni form 

reg ion  can  be  ob ta ined .  

Four  cases  wi l l  be  cons idered  separa te ly  as  fo l lows:  

a .  Propaga t ion  of  p lane  wave  through an  inf in i te  d ie lec t r ic  s lab .  

Cons ider  the  ob l ique  inc idence  of  a  p lane  wave  on  a  p lane  d ie lec t r ic  s lab  of  

th ickness  a  as  shown in  F igure  1 .  The  perpendicu la r  po la r iza t ion  impl ies  tha t  the  

e lec t r ic  f ie ld  vec tor  i s  perpendicu la r  to  the  p lane  of  inc idence  (see  F igure  1  (a )  ) ,  

and  para l le l  po la r iza t ion  ind ica tes  tha t  the  e lec t r ic  f ie ld  vec tor  i s  in  the  p lane  of  inc idence  

as  in  F igure  1  (b) .  Suppose  tha t  the  normal ized  inc ident  f ie lds  for  perpendicu la r  

po la r iza t ion  and  para l le l  po la r iza t ion  a re  g iven  by  

( / k x + j k j i ) .  

= Ẑ ' exf>. (jk, 

respec t ive ly ,  where  Z , c  —€ 0  .  The  subscr ip t s  1  and  2  a re  used  to  ind ica te  

tha t  the  quant i t i es  a re  re la ted  to  the  perpendicu la r  and  para l le l  po la r iza t ion  respec t ive ly .  

The  propaga t ion  cons tan ts  in  the  x -  and  z-d i rec t ions  a re  g iven  by  

l<n ~ ̂  

~  k „  s  

where  k 0  — a n d *be  angle  a  i s  the  angle  of  inc idence .  The  to ta l  f i e lds  

in  reg ions  I  and  II I  ( see  F igure  I )  can  be  wr i t ten  as  

E,', - R, "p t-jb+jkjl), 

Hjj = z;'exp. 

4 



where  the  superscr ip t  denotes  the  region number ,  the  parameter  T and R a re  the  

t ransmiss ion and ref lec t ion coeff ic ients  respect ively .  Wri t ing  the  express ions  for  

the  f ie lds  ins ide  the  d ie lec t r ic  s lab ,  equal ing the  tangent ia l  f ie ld  components  a t  

two s lab  surfaces ,  and solving for  T and R y ie lds  

T 1 = P i 'VV IF ' ,  (o)  G,(o)  -  Fj(o)  G ' j  (o)  )  exp ( j l^a) ,  (2)  

R 1 = D l~ 1  tF 1 (o)G 1 (a) -F 1 (a)G 1 (o)-k x " 2  I  F ' ,  (o)  G ' ,  (a)  -F ' , (a)  G '^o))  

+  i k x  1  l F ' , ( ° )  G l ( a )  +  F | ( ° )  G '  i (°> "  F V a )  G l (°> "  F , (a )  G ' , ( ° )  D exp. (2 jk x a) ,  

(3)  

I2 = '2IAX«R(°) D 2  I ( F' 2 (o)  G2(O) - F2 (o)  G'2(O)  I exp.  ( jk^a) ,  (4)  

R 2  =  0 2  ( F 2 (a)  G2(O) - F2(O) G2(O)+ I F'2(O) G^(a)  -F' 2 (a)  G^ (o) i  I KY2 f i^O) E^a))  _ 1  

+ ik x " '  l  (F 2 (O)  G ' 2 (O)  -  F ' 2  (O)  G 2 (a)  ]  /  « r (o)  

+ (F ' 2 (a)  G2(O) - F2(O) G'2 (a)  ) /  E^a)  1} exp (2'IK^a) .  (5) 

where  

D,  =  F, (o)  G,(a)  -  F^a)  G^o)  + k x " 2  lF ' , (o)  G '^a)  -  F ' , (a)  G '^o)  I 

+  jk x _ 1  L F ' 1 (o)G 1 (a) - F 1 (o)G' 1 (a)  +  F ' , (a)  G, (o)  -  F ,  (a)  G ' ,  (o)  1 ,  

D2  = F 2 (O)  G 2 (a)  -  F 2 (a)  G 2 (o)  +  [  k x 2  ^(o)  E^a)  I  I  F ' 2 (o)  G ' 2 (a)  -  F ' 2 (a)  G ' 2 (o)  i  

+  jk x " '  {[  F ' 2 (O)  G 2 (a)  -  F 2 (a)  G ' 2  (o)  )  /  e^o)  

+  LF>) G 2 (o)  -  F2(O)  G ' 2 (a)  )  / € R ( A )  }  .  

5 



The derivatives of the function with respect to the argument are denoted by primes. 

F. and G, are two linearly independent particular solutions of the following differential 
t. 3,8 

equations. 

& * ^ 

Y "(*) + l<0 ( € r(x) - sin. <Y ) &<*) — O, ^ 

where the relative permittivity is a function of x only. The corresponding function 

and Gj are linearly independent and satisfy the differential equation 

(ft (X)-[Mx € r(*>y(f>(x) + k* {£,<*)- (7) 

Obviously Eqs. (6) and (7) are of the same type and can be represented by 

U " ( X )  + f><*)U'(x) + <?<*) Utx) = o. (8) 

Provided that p (x) and q (x) are regular functions within the region under consideration, 

i.e., p(x) and q(x) have no singularities within the interval o •& S <X , the two 
0 

linearly independent particular solutions of Eq. (8) can be approximately expressed by 

yt-c 
Ug Cx) — L~en*, even function (9) 

( /  ( X )  —  B & m L  ) f  o d d  f u n c t i o n  ( 1 0 )  
v*\— i 

where == ri7c/l/e<X. , = yH-7i/irea • M and N are integers. 

The two functions U and U are valid within o • The dimensionless 
e o 

quantities v and v , to be determined by the differential equation, are two real 



numbers greater than or equal to unity. They become equal as M and N approach infinity. 

The odd solution only is considered here. The even solution can be obtained by the 

same procedure. Substituting Eq. (10) inlo Eq. (8) yields 

M 

I I  P " ^ » c " ^ « " } 0 h = O .  ( ' D  
m=-| 

In order to have Eqs. (10) satisfy Eq. (8), Eq. (11) should hold at all points within the 
9 

interval . But, for the purpose of approximation, the method of col location 

requires the equality to be fulfilled only at M points. Let these points be 0 < x ^ < x ^ 

<  x „ <  .  .  . <  x  =  a .  T h e r e  a r e  m a n y  a l l o w a b l e  c h o i c e s  o f  p o i n t s .  U s u a l l y ,  i t  i s  
o m 

convenient to choose equal intervals between points. For each point, Eq. (11) is a 

linear homogeneous algebraic equation of M unknowns B and the parameter \f . Hence, 
m o 

a system of M algebraic homogeneous equations with M unknowns and one parameter is 

then formed, the rest of the work is devoted to solve the eigenvalue and eigenvector 

problem, that is 

C D f M ) [  =0, (12) 

where [ 1<Xt) - 4 pixt)l0m< 

The value of \fe is determined by 

c / ? / .  I  D t m j  =  ( , 3 )  

There are many roots of Vc inEq. (13). Taking convergence into account, the 

desirable value is the smallest root which is greater than or equal to unity. With the 

known value of "1/J the expansion coefficients B^ can be calculated from Eq. (12) 

in terms of B , which is the largest among the B^'s. In fact, the index r indicates r 

variations of the function U (x) within the interval 0 < x < a. 

7 



Simi la r  p rocedures  lead  to  so lu t ions  of  v c  and  the  cor responding  expans ion  coef f ic ien ts  

^n  ^^ ' s  m e ^ ' 1 0 C ' f  genera l  so lu t ions  of  Eqs .  (6)  and  (7)  a re  found for  a  

spec i f ic  f requency  wi th in  the  spec i f ied  reg ion ,  and  hence  the  re f lec t ion  and  t ransmiss ion  

coef f ic ien ts  can  be  ca lcu la ted  by  Eqs .  (3 )  -  (5) .  

8  9  I t  should  be  ment ioned  tha t  the  method  of  leas t  squares  '  is  a l so  appl icab le  to  th i s  

case .  Mul t ip ly ing  Eq .  (11)  by  s in  x  and  in tegra t ing  f rom 0  to  a  wi th  respec t  to  x  

y ie lds  

2 f t . jT  {( i">-LfJs>*-L c mX + pt*>l t Mec!L.*] e lx  =<7. ( u )  

The in tegra l s  in  Eq .  (14)  can  be  approximated  by  a  weighted  sum of  the  re levant  o rd ina tes  

a t  k  po in ts .  Tha t  i s  

( - 1  '  ' 

where  s  =  1 ,  2 ,  3 ,  .  .  .  M,  and  x .  =  i a /k .  The  weight ing  coef f ic ien ts  a re  convent iona l ly  

g iven  by  e i ther  the  Trapezoida l  ru le  ̂  or  S impson ' s  one- th i rd  ru leOf  course ,  o ther  ru les  

can  be  used  as  wel l .  Eq .  (15)  aga in ,  i s  a  sys tem of  l inear ,  homogeneous  a lgebra ic  

equa t ions  which  can  be  explored  to  f ind  the  su i tab le  va lues  for  \re and  B ' s .  The  so lu t ions  

ob ta ined  by  the  method  of  co l loca t ion  wi l l  d i f fe r  wi th  d i f fe ren t  choice  of  the  po in ts  where  

Eq.  (11)  i s  sa t i s f ied .  This  phenomenon does  not  ex is t  in  the  method  of  leas t  squares  which  i s  

cons iderab ly  more  accura te ,  bu t  a l so  more  compl ica ted .  

The  accuracy  of  the  approximate  method  can  be  demons t ra ted  by  compar i son  wi th  the  

r igorous  so lu t ions .  This  can  be  done  by  cons ider ing  a  loss less  d ie lec t r ic  s lab  of  exponent ia l ly  

vary ing  permi t t iv i ty .  Tha t  i s  

exjx.C-x/a.); 

where  h  i s  a  cons tan t .  The  r igorous  so lu t ion  of  the  e lec t r ic  f ie ld  in  the  d ie lec t r ic  s lab  
0  

for  normal  inc idence  (  a  =  0)  can  be  expressed  in  te rms  of  zero  order  Besse l  func t ion .  

8 



Table  I  l i s t s  the  t ransmiss ion  and  re f lec t ion  coef f ic ien ts  ca lcu la ted  by  the  method  of  

co l loca t ion  for  I t  k e  Only  four  po in ts  a re  used  in  th i s  ca lcu la t ion ,  namely :  

x  =  0 ,  a /3 ,  2a /3 ,  and  a  for  the  even  func t ion ;  x  =  a /4 ,  a /2 ,  3a /4 ,  and  a  for  the  odd  

func t ion .  These  approximate  va lues  compared  wi th  the  exac t  va lues  show good agreement .  

Table  I .  Compar i son  of  the  t ransmiss ion  and  re f lec t ion  coef f ic ien ts  
ca lcu la ted  by  the  method  of  co l loca t ion  and  the  exac t  va lues .  

r ft exf>.(-<2jk«) 
Method o- f  
C*< l loax-f ion 0.<?I6I /220's' 0.38021-%°^ 

Exa ct  0. 9209 /220°J5' a379s-/-t7°sr 

b.  Radia t ion  f rom a  nonuni form d ie lec t r ic  coa ted  sources .  

In  sec t ion  2 -a ,  the  method  of  co l loca t ion  was  appl ied  to  the  case  where  the  

source  i s  a t  in f in i ty .  Tha t  th i s  method  i s  appl icab le  to  sources  near  o r  ins ide  a  nonuni form 

d ie lec t r ic  wi l l  be  shown as  fo l lows .  

The  geomet ry  under  cons idera t ion  i s  the  same as  in  sec t ion  2-a  except  tha t  an  

inf in i te  per fec t  conduct ing  p lane  i s  loca ted  a t  x  =  0 .  Assuming  a  z -or ien ted  cons tan t  

phase  magnet ic  l ine  cur ren t  a t  x  =  0 ,  y  =  0 ,  i  . e . ,  Eq.  (0 ,y)  =  VS(y) ,  where  V,  in  vo l t s ,  

a  cons tan t ,  and  6  (y)  i s  the  Di rac  de l ta  func t ion ,  the  problem is  then  conf ined  to  two 

d imens ions .  S ince  the  magnet ic  f ie ld  has  no  x -  and  y-components ,  the  z -component  i s  

g iven  by  

(16) 

where  v /  is  the  two d imens iona l  Laplac ian  opera tor ,  denotes  the  par t ia l  der iva t ive  

wi th  respec t  to  x .  The  y-component  of  e lec t r ic  f ie ld  i s  g iven  by  

(»7) 



in t roduc ing  the  Four ie r  Transformat ion  

H,(*. Hflx, jn) ( |  8a)  

^  V =sW Ht ("• V ( , 8 b )  

where  the  in tegra l  i s  From -  od to  oo  ,  P is  ihe  t ransformat ion  var iab le .  Sub­

s t i tu t ing  Eq .  (18a)  in to  Eq .  (16)  y ie lds  

/£<•* ,  p j - (A(W>J '3, Fjj(*,p)+[lJ< r iT<)-  e*]/y *,(S)=o§ (,9) 

From Eqs .  (18)  and  (19) ,  the  z -component  of  magnet ic  f ie lds  in  a i r  and  ins ide  the  

d ie lec t r ic  s lab  may be  expressed  respec t ive ly  by  

= Jc«?) 

where  Q*  — V*-  (3°* ,  U q  and  U o  are  the  two l inear ly  independent  par t icu la r  

so lu t ions  of  Eq .  (19) ,  A ,  B,  and  C ,  func t ions  of  P ,  a re  de te rmined  by  boundary  condi t ions ,  

namely :  

vs<p = 3sJ 

a*, a) ="/("•*), 

Taking  the  boundary  condi t ions  in to  account ,  in  a  s t ra igh t  forward  manner ,  the  magnet ic  

f ie ld  in  a i r  i s  g iven  by  

F'v e*r-(j(py-p**o<ip, (20)  

10  



where  

p (fl j = w - a u. o, pj uji.tu 
S'UW \Ut(t,W + f(i,(,(«)ueu,?) • 

For  f a r  f i e ld  cons ide ra t ions ,  i . e . ,  | r , p  »  / ,  where  x  =  p  cos  0 ,  and  y  =  p  s in  0 ,  

the  in teg ra l  o f  Eq .  (20)  can  be  eva lua ted  approx imate ly  by  the  me thod  o f  s t eepes t  

descen t . ' ^  The  re su l t  i s  

<** , )» )^  ( fdnkf i f e  F ( -  (  (21)  

where  the  coord ina tes  wi thou t  subsc r ip t  a re  r ep laced  by  two  coord ina tes  wi th  subsc r ip t  

o .  Th i s  i s  conven ien t  to  deno te  the  obse rva t ion  pos i t ion  in  the  fo l lowing  cons ide ra t ions .  

Now,  the  remain ing  p rob lem i s  t o  f ind  two  pa r t i cu la r  so lu t ions  and  U q .  Subs t i tu t ing  

( i  =  -  kpSiM-Q,  i n to  Eq  .  (19) ,  one  ob ta ins  the  s t andard  fo rm o f  Eq .  (8 )  ( r ega rd ing  0^  as  

a  cons tan t ) .  Us ing  the  same  p rocedures  ou t l ined  in  sec t ion  2 -a  Eq .  (21)  l eads  to  the  

so lu t ion  o f  f a r  f i e ld  r ad ia t ion .  I f  a  h igh  speed  compute r  i s  adop ted  to  so lve  the  p rob lem 

a  rou t ine  can  be  se t  fo r  so lu t ions  o f  Eq  .  (12) .  For  eve ry  spec i f i c  ang le ,  run  the  rou t ine  

once .  In  th i s  manner ,  t he  r ad ia t ion  pa t t e rn  can  be  p lo t t ed .  

Ano the r  so lvab le  example  o f  th i s  type  i s  cons ide red  nex t .  Cons ide r  the  same  

geomet ry ,  bu t  l e t  a  z -o r i en ted  magne t i c  cu r ren t  shee t  on  the  conduc t ing  wa l l  va ry  

pe r iod ica l ly  in  the  y -d i rec t ion .  Under  these  a s sumpt ions ,  t he  magne t i c  f i e lds  ins ide  

and  ou t s ide  the  d ie l ec t r i c  s l ab  may  be  wr i t t en  a s  

I » v /^ = X UK<*) exp (j"*%/L), *22) 

where  2L  i s  t he  pe r iod  o f  the  magne t i c  cu r ren t  shee t .  In  a i r  

where  J ,*  =  J<* -  (  VLK /L ) \  

For  t he  magne t i c  f i e ld  ins ide  the  d ie l ec t r i c  s l ab ,  the  func t ion  U^  mus t  sa t i s fy  the  

fo l lowing  d i f f e ren t i a l  equa t ion :  

( V U h ( x ) ~ 0  (23)  

1 1  



The general solution of Eq. (23) may be represented by 

A. U„tx> + 8,(Jhef). 

The magnetic sheet current on the conducting wall is characterized by 

e^(°' v~ v §(v ~ „ 01 * 

< =*z i L  e *? - ( - j K « i r l L ) Jy - .  
where 

The y-component of electric fields in air and inside the dielectric slab can be obtained 

by Eq. (17). Equating the tangential field components at both surfaces of the slab and 

The outside field at any location can be evaluated by Eq. (24) provided that the series 

of Eq. (24) is uniformly convergent, and the general solution of Eq. (23) is known. The 

convergence of the series depends on the Fourier representation of the current source. 

The approximate general solution of Eq. (23) for each n may be obtained by the method 

of collocation as outlined in section 2-a. Note that for for field considerations, the 

contribution from the terms with k imaginary are negligible, i.e., the terms with 
Z n 

( nm/ i f >  Ic, are omitted from Eq. (24) for the radiation pattern. This method is 

especially convenient for very low frequencies where {77 /only one term 

remains in the consideration of the far field radiation. 

c. Scattering of a plane wave by cylindrically symmetric nonuniform dielectric cylinder 

In previous discussions, the applications of the collocational method are limited to 

plane geometry. Now, the applications are extended to the cylindrical coordinates and 

will be formulated as follows: 

The geometry considered first is a dielectric cylinder of radius a embedded in 

free space. The axes of the cylinder is colinear with the z-axis as shown in Figure 2. 

The relative penniflivity of the dielectric is a function of radius only, i.e., (p), 

solving for the expansion coefficients C of the magnetic field in air yields 

where (24) 
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for  0  <  p  <  a ,  where  p  i s  the  rad ia l  coord ina te .  The  two cases  of  ob l ique  

inc idence  wi l l  be  cons idered ,  namely ,  the  perpendicu la r  po la r iza t ion  and  the  para l le l  

po la r iza t ion .  The  z -component  of  the  inc ident  f ie lds  in  bo th  cases  a re  respec t ive ly  

g iven  by  
% 

%=("*«/*) (25o) 

b;} (25b) 

where  the  propaga t ion  cons tan ts  k^  and  k^ ,  and  ihe  wave  impedance  a re  g iven  as  

before .  The  angle  a  is  the  angle  of  inc idence .  Us ing  the  wave  t ransformat ion^  ' ,  the  

fac tor  exp .  ( jk  X)  can  be  expressed  in  te rms  of  Besse l  func t ions  of  the  f i r s t  k ind  and  the  

cos ine  func t ion  as  

e x p .  ( j k * )  = X (5  ) t  o?  £  /  "  J„  (I )  t x s t s ^  (26)  

where  x  =  p  cos  0 ,  the  a rgument  of  the  Besse l  func t ions  i s  

5 = fk COSOC , 
Since  the  cy l inder  i s  assumed to  have  inf in i te  l ength  and  the  permi t t iv i ty  i s  un i form in  

the  z -d i rec t ion ,  the  resu l tan t  f i e ld  mus t  be  per iod ic  in  the  z -d i rec t ion  and  vary  accord ing  

to  the  fac tor  exp .  ( j^z) .  The  to ta l  f ie lds  ( inc ident  p lus  sca t te r ing)  in  a i r  may be  wr i t ten  

as  

H* == (eas4/z.)l J0( ?J  + H0 (  J)  

+  fjnJ*c^  + t)}***• (jkjD, ( 2 7 )  

r=(e4S<X)j kht0Cs) 

* * % (  f a t y *  k e x p  ( j l j  I  ̂  ( 2 8 )  

where  the  func t ion  H ( \ )  is  the  n ' ' 1  order  Hankel  func t ion  of  the  second  k ind .  For  
n  ^  

s impl ic i ty ,  the  superscr ip t  (2 )  i s  omi t ted .  The  sca t te r ing  ampl i tudes  a^  and  b^ ,  a re  
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determined by boundary conditions. The corresponding fields inside the dielectric 

cylinder are given by 

( j l f j  C H  ( f )  <?*s n  ( 9 ,  (29) 

/ =*o 
(30) 

where the functions and <j> are the regular particular solutions of the following 

differential equations respectively 

^„V+ 07*'- [\£w>-*V'J (3I) 

+ {p*' - ( p-1 _ (32) 

+ Ch'ww-»V"JJ^.V=o, 
2 

where W (p) = e (p) - sin a . With knowledge of the z-component of the magnetic 

field or electric field, the 0-component of the corresponding electric and magnetic 

fields can be obtained by 

£ *  =  [ / M (  r > )  H , (  t  ( 3 3 a )  

^ = (v^A>fp]3p^ <33b> 

respectively. By equating the tangential components of the fields at the surface of the 

cylinder and putting terms of the same angular variation equal to zero, the resultant 

algebraic equations can be solved for the scattering amplitudes a^ and b^ for each n, 

namely 

4 _ .* ktvw &(*) , (34a) 

1 kwrt) vhWH*(?.) - "so( 
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t  = / n  fr(a) W(A)J%(4)X'(l2 
hw(*j&r*)/%'c£)-<*(A)~&C4)HA)<**°C ' (34b) 

where ^ — Isaacs# • The solution will be complete if the functions and 

<pk are known. Observe that the differential equations (31) and (32) are of the same 

form and may be written as 

V/ce>+({''•+ pcfj] VK '(e) + (t(fJ -K(?)=4 (35) 

where p (p) and q (p) are regular functions within the region o • Analogous 

to Eq. (10) of section 2-a, the regular particular solution of Eq. (35) may be approximated 

by 

(36) 

where £ = f/a& and J (a ) = 0, M is an integer. The subscript n of V (p), 
n m n 

^nm anC' °nm °re om'ffec*' The dimensionless parameter u, to be determined by Eq. (35), 

is a real number which is greater than or equal to unity. Substituting Eq. (36) into (35) 

yields 

M f 

2C 'I™ r<() X («-<;) + (f(f> - </<WJ (37) 

Observe that Eq. (37) is similar to Eq. (1 1). The same procedures outlined in section 2-a 

may be used to determine the suitable value of u and the expansion coefficients C^. In 

other words, if all the sine functions are replaced by J^, cosine functions by J, mn/ict 

by a /„ an(j g by C in Eqs. (11) - (15), then all these equations and the associated 
m m ' m ^ x * 

discussions are valid for obtaining the regular solution of Eq. (35). 

d. Wave propagation in the presence of a cylindrical symmetric nonuniformly coated 

conducting cylinder. 

An important geometry being considered in this section is a conducting cylinder of 

radius b coated by a cylindrically symmetric nonuniform dielectric medium to radius o as 
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shown in  F igure  3 .  The  sca t te r ing  of  a  p lane  wave  by  th i s  ob jec t  can  be  ana lyzed  in  the  

some manner  as  in  sec t ion  2 -c .  Cons ider ing  aga in  the  ob l ique  inc idence  wi th  perpendicu la r  

or  para l le l  po la r iza t ion ,  the  inc ident  f ie lds  in  bo th  cases  a re  g iven  by  Eqs .  (25)  o f  sec t ion  

2-c .  Eqs .  (25)  th rough (35)  and  the  assoc ia ted  d iscuss ions  a re  va l id  for  the  presen t  case  

except  tha t  the  two func t ions  ^  and ^  are  the  genera l  so lu t ions  of  Eqs .  (31)  and  

(32)  respec t ive ly ,  and  the  addi t iona l  boundary  condi t ions .  

b )  =  0 j  for  perpendicu la r  po la r iza t ion  

(  y  )  — Q for  para l le l  po la r iza t ion .  

a re  necessary .  In  th i s  case ,  s ince  the  s ingular  po in t  i s  no t  inc luded  in  the  reg ion  b < f <,0.f 
Eq.  (35)  can  be  so lved  by  express ing  the  so lu t ion  in  te rms  of  t r igonometr ic  func t ions .  

Subs t i tu t ing  4b  in toEq.  (35)  y ie lds  

V n " f * )+  p(x ) \ , ' n  <* ) - +  (2n< X)V H ( * )= 0  ,  < 3 8 )  

w f i e r e  ? ( * ) =  (x+bf ' - t  p r^b) /  

Eq.  (38)  i s  s imi la r  to  Eq .  (8)  for  the  in te rva l  where  d  =  a  -  b .  Hence ,  the  

genera l  so lu t ion  ins ide  the  in te rva l  6  £  d .  can  be  obta ined  by  us ing  the  same 

procedures  as  for  so lv ing  Eq .  (8) .  In  o ther  words ,  i f  p  (x)  i s  rep laced  by  P  (x) ,  q  (x)  

byQ n (x) ,  U (x)  by  V n (x)  and  a  by  d  in  Eqs .  (8)  -  (15) ,  then  a l l  these  equa t ions  and  

the  assoc ia ted  s ta tements  a re  va l id  for  ob ta in ing  the  approximate  genera l  so lu t ion  of  Eq .  

(38) .  I t  should  be  no ted  tha t  the  se r ies  o f  Eqs .  (27)  and  (28)  may converge  very  s lowly  

a t  h igh  f requenc ies .  

In  the  presence  of  a  z -d i rec ted  cons tan t  magnet ic  phase  cur ren t  shee t  on  the  sur face  

of  the  conduct ing  cy l inder ,  for  no  z  var ia t ion ,  the  magnet ic  f ie ld  has  on ly  a  z-component .  

ins ide  the  d ie lec l r ic  medium,  the  magnet ic  f ie ld  i s  g iven  by  

Hj, = Z \ (p) ejf>. (jn&)j 
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V;<r» is the general solution of Eq. (31) with a = 0. The magnetic 
sheet may be expressed as 

"-® > -component of oil electric fields can be obtained by Eq. (33a) with a = 0. 

boundary conditions at p = b and at p = a require 

Cn K S n Ca) 'S jA) f^Uj] / V t i  ^  ( 4 Q )  

L n )[  b  )  -  f\„ ( l>)  .5H (A,  ) ] 

*>( «)  L e  f / M ' rk„A)[  (a)  -RJA 

A o*d B ore constants, R (p) and S (p) are two linearly independent solutions 
e n n n 

•lb,. 0>) with a = 0, inside the closed interval b < p < a. These two 

' "Oiorw con be obtained by the method used in solving Eq. (38). The convergence 

of In (3?) depends on the operating frequency and the Fourier representation of the 

Current source. 

3. Method of Green's Function 

The single spatial variation model is not adequate to represent a re-entering 

v'# vehicle in many cases. This can be seen from Figurei8-10 of reference (2). 

'.'tons for wove propagation in a general nonuniform medium (the permittivity and 

eobility ore functions of two or three spatial coordinates) are desirable for this 

•W'aition. It Is possible to consider the stimulated polarization of the nonuniformity 

b .  $ )  = fC<<9 T n exf ) ( j*0)  

^  .1 e x f ' c yMJcfe ,  

'»• t-component of the magnetic field in air may be written as 
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of the permittivity and the permeability as sources, though these non-linear sources 

ore functions of field strength. Under this consideration, the dyadic Green's function 

is applicable to formulate the radiation field of the stimulated sources. The integral 

equation can be solved approximately by iterative method for small variations. The 

Born approximation is the first order of the iterative approximation. 

o. Formulation: 

Suppose there exist electric and magnetic sources in a nonuniform medium. The 

Maxwell equations for time-hannonic varying fields ( exp (jut) 1 take the following 

forms: 

ore the electric field strength, current density and charge density; H, j and p are 
m m 

the magnetic field strength, magnetic current density and magnetic charge density 

respectively. Eliminating E or H from these equations yields 

\7* H = E + J, 
V* E = 

V ' ( M H )  —  
V-i(E) = pc 

where the capital letters without subscripts represent vector quantities. E, J, and pt 

2 I 2 
\ 7  / / + k c  H  =  M ,  (41) 

^ E = A/, (42) 

where 

M = J*6 VxJ '  ?«•/'") 
(43) 

(44) 
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Curren ts  and  charges  of  bo th  e lec t r ic  and  magnet ic  types  a re  re la ted  by  the  equa t ions  

of  cont inu i ty ,  

<7-J  + i">re =  o> 

C* J*  + j  «(V 

In most  cases ,  i t  i s  d i f f icu l t  to  f ind  the  so lu t ion  of  Eqs .  (41)  and  (42) .  Other  forms  

of  wave  equa t ions  a re  then  des i rab le .  Assume tha t  the  dynadic  Green  s  func t ion  

G(  R |  R )  sa t i s f ies  the  inhomogeneous  dynadic  equa t ion  

V 2 Q(* |R e H =  < 4 5 > 

where  f  is  the  un i ty  dynadic ,  i . e . ,  for  any  vec tor  func t ion  F ,  7  .  F =  F  •  I  =  F  ;  

and 

* *  +  J i •  &  

Upon mul t ip ly ing  Eq .  (45)  on  the  le f t  by  H and  (41)  on  the  r i fh t  by  G,  subt rac t ing  

the  resu l t ing  equa t ions  and  in tegra t ing  over  a  volume V enc losed  by  sur face  S ,  

one  ob ta ins  the  vec tor  equa t ion  

J  [ / / •  v ' < f -  ( v W j - G - U v  

Apply ing  tho  dynadic  Green ' s  theorem" ' ' ^  to  th .  I . f t  hond  . id .  of  Eq .  (46)  ond  

rear ranging  te rms  y ie ld  

+  H ( V > g ) - ( V - H ) $ J < I S > ,  (47)  
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where  n  i s  the  un i t  vec tor  ou tward  normal  to  the  sur face .  The  in tegra l  equa t ion  

for  the  e lec t r ic  s t rength  can  be  ob ta ined  s imply  by  rep lac ing  H by  E ,  and  M by 

N in  Eq .  (47) .  Tha t  i s  

N -  £ ( R I R . ) 4 V - ^  n\E^v*(*) + (y*£)xGr 

• f  E (  V<G)- (  V>S) ( ] r  ( 4 8 )  

The Green ' s  func t ions  of  Eqs .  (47)  and  (48)  sa t i s f ies  the  same boundary  condi t ions  

of  the  magnet ic  f ie ld  s t rength  H and  the  e lec t r ic  f ie ld  s t rength  E respec t ive ly .  

Hence  they  may be  d i f fe ren t .  For  an  inf in i te  domain  wi th  spec i f ica t ion  of  ou tgoing  

waves  a t  in f in i ty ,  they  a re  equa l  and  may be  wr i t ten  as  

Q ( r i r . )  =  I < p ( n i H o )  m  

where  

bay  f t ' )  C k fo r  two dimens iona l  p roblem 

< t>(R IR . )=  for  the  three  d imens iona l  p roblem,  

ond  the  two func t ions  f  and  g  a re  vanished  a t  in f in i ty .  Phys ica l ly ,  the  problem i s  

cons idered  for  the  uni form medium wi th  addi t iona l  sources ,  jwM Q g H and  ju  e^f  E .  

Subs t i tu t ing  Eq .  (49)  in to  Eqs .  (47)  and  (48)  and  tak ing  in to  cons idera t ion  tha t  

V '  $ = v4> t  

F\ • (V x Q )  —  A* V <f>/ 

*>' A* Gc =(*-* A J-
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where A is an arbitrary vector, yields 

•{- Vcf>* J - V<$( V>tf) Idv 

r r ' (50) 
[ H< H * \7<f> +in • //J X7(f> +jui6(f)(nK zj]d S 

and 

E(«.J=-JJcl>(ju> /uJ-Al<''E -^KCvxC + JJ] 

— V$KJ^ - &((>( V>E)}<lV 

~§l  InxE*  V4>+(*  E )V<f t - j yc4>( i -x ( 5 I )  

Rewriting Eqs. (41) and (42) as 

VXVxH - !C H •= aL'e t ^KCvyf-f -JJ 

\7x V x E - K E  = +• ^x(s?*£ + J^) 

(52) 

(53) 

constructing a vector Q = A</>, putting H or E with Q in the Green's second 
13 

vector identity and following the procedures as outlined by Stratton, gives exactl 

the same as Eqs. (50) and (51). 

b. Scattering of a plane wave by nonuniform media 

For an application of the method described previously, the scattering of a 

plane wove by a nonuniform medium with small variations in * and p w '" be 

considered. The small variation means that f and g, small compared to unify, 

are continuous functions asymtoptic to zero or equal to zero at infinity. Since the 

21 



sur face  S  under  cons idera t ion  i s  receded  to  in f in i ty ,  the  cont r ibu t ions  of  the  sur face  

in tegra l s  van ish .  Thus ,  Eqs .  (50)  may be  wr i t ten  as  

+ v x h ] < P  

(54)  

where  H =  H* +  H m  ,  and  H m  and  H S  are  the  H f ie lds  o f  the  inc ident  and  the  

sca t te red  wave .  By Born-approximat ion ,  the  sca t te red- f ie ld  te rms  in  the  in tegra l  

a re  neg lec ted .  Phys ica l ly ,  th i s  means  tha t  the  inc ident  wave  s t imula tes  the  rad ia t ion  

f rom the  nonuni form zone  wi thout  in te rac t ion .  Under  th i s  assumpt ion ,  Eq .  (54)  i s  

reduced  to  be  

H \K)  ^  \7r/y  L *)<$-  < 5 5 > 

Conf in ing  the  nonuni form zone  to  a  f in i te  reg ion ,  the  fa r  f ie ld  approximat ion  requi res  

tha t  

f e d ,  R * ) ( - j / 8 k  [Ro)) y ?  

( J )  Ci r  F( £ , & ) / d n l & l  

W h e r e  F(f f ,R*)  =  

Eq.  (55)  can  be  computed  in  some s imple  cases .  For  example ,  i f  e  and  p  a re  

independent  o f  angular  coord ina tes ,  the  volume in tegra l  o f  Eq .  (55)  can  be  eva lua ted  

wi thout  much d i f f icu l ty .  The  e lec t r ic  f ie ld  s t rength  can  be  ob ta ined  by  the  same 

procedures ,  tha t  i s  

+ ( 56)  

Usual ly  i t  i s  more  convenien t  to  u t i l i ze  the  H S  or  E S  computed  by  Eq.  (55)  o r  (56)  to  

so lve  Maxwel l ' s  equa t ions  for  E S  or  H S  respec t ive ly .  
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c .  Rodio t ion  f rom l ine  source  in  nonuni form medio  

The  problem i s  aga in  conf ined  to  nonuni form media  of  f in i te  ex ten t  and  of  

s imple  geomet ry .  The  vo lume and  sur face  in tegra l s  of  Eqs .  (47)  and  (48)  a re  

in tegra ted  over  th i s  f in i te  reg ion  wi th  the  dynadic  Green ' s  func t ion  sa t i s fy ing  

F  f<K|R. )  f \< ' r  QCfc |R. )=  -S(K-R. ) I  

2 2 
where  k  =  u  p  e  e  u  and  e  and  p  a re  the  averaqe  va lues  of  1  +  f  and  1  +  q  

r  o o r r r  r  a  a  

respec t ive ly .  Of  course ,  the  Green ' s  func t ion  sa t i s f ies  the  appropr ia te  boundary  

condi t ions .  Eqs .  (47)  and  (48)  may be  so lved  by  approximate  methods  to  eva lua te  

the  f ie ld  in tens i t i es  a t  the  sur face .  The  space  outs ide  the  nonuni form zone  i s  f ree  

space .  The  f ie lds  s t rength  in  th i s  reg ion  a re  so lu t ions  wi th  spec i f ica t ion  of  ou tgoing  

waves  of  the  un i form wave  equa t ion .  Thei r  ampl i tudes  can  be  eva lua ted  by  match ing  

the  t angent ia l  components  a t  the  boundary  wi th  those  ca lcu la ted  by  Eqs .  (47)  and  (48)  

cor respondingly .  For  example ,  cons ider  a  conduct ing  cy l inder  of  rad ius  b  and  

inf in i te  l ength  coa ted  by  a  d ie lec t r ic  cy l indr ica l  r ing  of  rad ius  a .  The  permi t t iv i ty  
2 2 i s  charac te r ized  by  «  a  /  r ,  where  r  i s  the  rad ius  f rom the  ax is .  The  

o  
permeabi l i ty  i s  cons tan t .  The  ra t io  of  a  to  b  i s  equa l  to  1 .2 ,  for  th i s  case  

=  1 .1934 .  Assuming  tha t  no  cur ren t  sources  ex is t  in  the  d ie lec t r ic  and  f ree  space  

but  on  ax ia l  magnet ic  l ine  cur ren t  V6 (0) /b  on  the  sur face  of  the  conduct ing  cy l inder ,  

the  Green ' s  func t ion  i s  der ived  by  cons ider ing  an  ax ia l  magnet ic  l ine  cur ren t  

M* -  r  )  6  (0  -  G )  / r  in  the  uni form d ie lec t r ic  r ing .  Tha t  i s  
o  o  o  

r s r -
M  ;  " J  r*U56)  

where  

f\^= HUCUH/ni krAi-rtffawSdt*)] 

+ J„< k ,  y)  b ) [H^dr  Vh;<fo)H m  

8h jHh( ̂A)Hn( M) - l<r a)J 

•«- ktr*)jh\ Ir,M) M )]}, 
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Dk = Hk (kd) (Jti c kr \))N^( /va.) ' J*( VyiV h b ) J 

+ Ji"r H,i(kyb) 

where J and N are Bessel functions of the first and second kind, H is Hankel 
n n n 

functionsof the second kind. The z-component of magnetic field strength in the 

dielectric is given by 

4-rc=JSG<RIR.)[ k,ka'/r.' -/. IU>Oft)- h /c K .)]̂  

"fe( Rl ft)̂ $fftl v]rraJ6> 

+ MfiuV 2r«»T„Clf,K)+ 
(7 H—-40 '  

where 

tfK = *(2Vk,k) '[ifr 

brt — hb) [f-fn (bgd)J^( kya) - f6tHh( Ka) JH C krtij]^ 

The magnetic field strength in air may be expressed by 

= 2 Cv/V^ (58) 
o h = -to 

Eq, (17) may be solved by iterative method, that is, let 

\ K O ] e > r - ( ) " * ) .  ( 5 9 )  

Then substituting Eq. (59) into the right hand side of Eq. (57) one obtains ^(R). 

Physically, Eq. (59) represents the magnetic field in the dielectric if the permittivity 

is uniform. is the first order approximation of the magnetic field or the H 

Held of the Born approximation. Higher order approximations can be obtained 
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accordingly. However, the convergence is not assured for some cases. In Table I, 

the zero order and the first order approximate values of the expansion coefficient C 

ore listed to compare with the exact value at k^a = 0.01. 

Table I Approximate and exact values of C^/ u€0V 

zero order first order exact 

0.273 0.236 0.25 

Conclusion: 

In the foregoing consideration, the method of collocation and the method of 

least squares were shown applicable to wave propagation through nonuniform regions 

with variation in only one spatial coordinate. Scattering and radiation in plane and 

cylindrical cases were formulated by these two methods. Similar analysis will lead 

to applications of these methods for spherical geometry. The method of collocation 

has three advantages: 

(1) There is no limitation on the variation of permittivity. 

(2) Good solutions can be achieved for values of permittivity known only at 

a few but sufficient points in space. 

(3) A closed form approximate expression for fields within the nonuniform 

region can be obtained. 

In cases where the nonuniform region varies in more than one spatial coordinate, 

Green's function is shown to formulate the integral form of the wave equation. 

Solution of the integral equation can be obtained by an iterative method for small 

variations. 
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Figure  2  -  Sca t te r ing  of  a  p lane  wave  by  a  cy l indr ica l  
nonuni form d ie lec t r ic  mater ia l .  



conduct ing  cy l inder  

F igure  3  -  Conduct ing  cy l inder  coa ted  by  a  cy l indr ica l ly  
symmetr ic  nonuni form d ie lec t r ic  medium.  
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