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SUMMARY :

The scattering of electromagnetic waves by conducting cylinders with
rnhitror‘,-' cross sections are mep'lh‘d by an wpmmvimrvirwi method called the
pﬂ;ni—m(ﬂch?ng method. The theory is confirmed by low frequency scattering
and numerical examples. However, this method is nol applicable to the
scattering by an infinite strip. The low frequency scattering shows also that

for o known scattered field the cross-section of the scatterer con be found.




S¢ ] | ‘ wave by conductina linder has been studied
extensively. The sthod of separation is applicable to only a few e geometries,
namely, the circular ¢ ,\'r\‘iwr, the -*l]:‘\ﬁ' ol ¢ ,1;1‘.'--t’ and the wedae. For case
vhere the method f conat i \ i"/ ant wimate ' de et . cored Variational
w:u-}‘;\;i’,, low~trequency approxi nat mns, hiah ‘|A-;.y-v." approximations, and the

: : : . : ; =6
aopproximate solution of an integral equation are applied successfully to many cases.
In this paper a new :i\g\"nv.‘rrf',- nethod®* (point=matching method) is introduced for

computation of scattering by conducting cylinders with trary cross=sections The
calculations necessary for this method are very simple, particularly when a digital
computer is available.
in the k |i,\..;,,:,,,.:. jeration ; u,.“:.,» et et 1 » § ye! 'lb‘ir { § the
"w\-'f‘.' e incidence for both parallel and pery oend o E-.»Iv_')"-r-!; ' Secatt r?r;: by O
rcular ¢ _,'l;n- er and by a square ¢ viinder ore sicdered as exompl | | onstrate
the accuracy of this m 1 it 15 ver interestinag 1o nots nat ot low ftreauend il‘(’

the cross=section of the scatterer can be de termined of ;~yr\,ivv..',!.-|’ far a1 enecitic

i‘"!l')ll"i X larization scaered field., A limitation of the point=matchis Q vel 18
also discussed in detail.

. . i A .
* A recent orticle by Mullin oand co=authors in |IEEE Trans. on Antenno and Fropagation
(.."")l. .4\5\—" ir, P. :“-ll ,|"""‘}',', "’?/v’)'] adopted the same method | bfrecst the soome
probiem with extensive d It was read by the guthor d 131 1 the final preparation

of this paper. More discussion about the applicability of this point-matching method

will be presented in this report.
' !
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~ (2) " -
(cos a ) exp. Lik,r  cos (Pm - Pi) | 4+ Aan (K]rm) exp. (.n@m) =0 (10)

r
m = ~N

wherem=0, 1, 2, ... 2N. Eq. (10) can be solved for An algebraically.

4, PERPENDICULAR POLARIZATION

If the magnetic field vector of the incident wave lies on the x-z plane,

the z-component of the magnetic field is assumed to be

i -1 fe
Hz = Zo (cos a) exp. | 'y'

1/2

where Z = (p /¢ ) is the intrinsic impedance of free space. The approxi-
) d o

rcos (@ =¢0,) + jkyz |
1

2

mate expression for the z=component of the scattered magnetic field may be
written as

N
H = 1 B H

n n
- n==MN

(2) (b.r) exp. (jn@ + ilv2y) (11)

Similarly, if the points (ro, (‘0), (ryr €.) (rz, “2) y O (r2N, ﬁzm) are chosen
around the cross=section for the point=matching method, the boundary condition of

Eq. (6b) requires

d

d -1, ; :
eqnn—s 1 e XD . 3
(cos d>m + sin ¢ 3y i Zo (cos a)exp. ||

rcos(6 ~-6.)I
dx :

|

N

|
s 4 (2) ~ 20 av 1 |
a g s N Bn " (k]r) exp. (nB)}
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Q is the unit vector in the x-direction, n_ is the unit vector normal to the
surface at points (rm, Pm) (see Fig. 2)and m=0, 1, 2, ... 2N. Eq. (12)

can be evaluated without difficulty at each point if the contour is a smooth
curve, and the expansion coefficients Bn are determined as discussed previously.
In case that the contour is made of broken lines as shown in Fig. 3, the corner

points have significant effects on the scattered field. The nomal unit vector at

these points are taken along the bisector of the corner angle (see Fig. 3).

5. TOTAL SCATTERING CROSS-SECTION

in two dimensional problems, the total scattering cross-section is defined
as the ratio of the total scattered power per unit axial length to the incident

power density., Thus

»>$ - ] :
o = (HReS +dl)/P (13)

where the line integral is an arbitrary closed path encircling the cylinder. The

- ¢ X
scattering poynting vector S ~ are defined as

where the star denotes the complex conjugate quontity, The incident power

density P'= \/Z . The line integral, in general, is more conveniently
)

evaluated at r approaching infinity. By using Eqs. (9) and (11), the total

scattering cross-sections are given by

2 N
o = (4/k cos a) L
4 > n= =N

N
2 » | ;
«) 'k | (15)
o bk | nj|
for paraliel and perpendicular polarization respectively, With known values of

A and B , it is very simple to calculate the scattering cross-sections.
n n




6. NORMAL INCIDENCE

Normal incidence is a special case of the oblique incidence. It is obtoined
simply by putting @=0 in all equations of sections 3 and 4, However, in parallel polari=
zation, no transverse component (transverse to z) of electric field exists in the
normal incidence while the transverse electric field appears in oblique incidence,
Similarly, no transverse magnetic field exists in perpendicular polarization of
normal incidence. In both cases, the expressions for the total scattering cross=

section [Eqs. (14) and (15) | remain the same with a =0,

7. NUMERICAL EXAMPLES

The accuracy of the point-matching method discussed previously can be
demonstrated by numerical examples. The first case considered is the parallel
polarization of normal incidence. The scatterer is a circular conducting cylinder
of radius a. This is not a trivial exomple because the boundary conditions are
satisfied at only a finite number of points around the periphery, Table | lists the
exact values of ¢/4a and those calculated by point-matching method for various

valves of N in Eq. (14). Equal spaces between points are chosen for

Table |. Scattering cross-sections (0/4a) of a circular cylinder

|
Exact

0.9324 1.4783

0.8795

1.3065

the approximate calculation with the angle starting from 6 = 0. Note that the
symmetry with respect to x-axis of the cross-sectional geometry ond 8, =0
!

reduce Eq. (10) to the following form:




L )
(cos a) exp. (jk,r cos P ) =1 A, e, rt(z)
I'm m din A £ X

‘ 7 -
(k,‘rm) cos,\@m 0

where
°£ if =0
if 2./ 0

The expression for total scattering cross-section is changed to

|

. 2 . -
(4/k cos a) 1} | Ay . (17)
) . B €
=0

Consequently, On‘y the p(\in!s on and above the x=-axis are used in the calculation.
Consider pClrrJ“(’i polarization of normal scattering by a square cylinder with sides
equol to 2a (see Fig. 4). Calculations are made for matching 3,5, and 9 points

ot ‘(00 = 0.5and 1. Points are chosen in the order marked in Fig. 4. Values of
0/4a computed by point-matching method are listed in Table || ond compared

st J 5
with those calculated by Mei and Van Bladel,

Table 11. Scattering cross=sections (0/4a) of o square ¢

|

- - —— T . -y

AA 2 4

Mer ong 1
|
|

Van Bladel

—

2.120 | 2.0

.r--_-_-“_.
|
|

1.8116 \.7

4
l
= MO SO

 S—
’.
|
|

These results show that the point=matching method is applicable to calcuiate

aopproximately the scattering cross-section of an arbitrarily shaped cylinder,




8. VERY LOW FREQUENCY SCATTERING

As shown previously, the point-matching method is opplicable for approxi-
mately solving the problem of scattering of a plane wave by cylinders with
arbitrary cross-sections. The approximation is introduced when the boundary con-
dition f(‘(]\!i'(‘s Egs. (6) to be fulfilled only at finite number of points. |f f«). (8)
is carefully examined where the expansion coefficients A are calculated by point=
n
matching method, one cannot find any point, other than the chosen points,
S(l”',fy;n‘(_) the boundary condition, However, at very low frequencies a closed
curve which (Inpv(_)!im(‘,h"l,' fulfills the requirement can be obtained for both polari=
zations, This contour may be recognized as the cross-section of the conducting
cylinder at low frequencies, The details of the symmetrical case is given os follows:
Consider first the f'];\p:()(im'lh cross=section of p'nrxhv‘| ;wvlmF;'yfivn» ot
normal incidence., If kr < | forallm inEq. (16) the expansion coefficients
m

A . of the scattered field are determined by

L

!

where N,: is the Bessel function of second kind, (r , ‘
0 0 | |

are the chosen poinh, The cross=section of the scatter for the scattered field of

Eq. (9) is given by

Sim;lorly, the expansion coefficients 8; of the perpendicular ‘:"\lfyri,'ryiim‘z scattered

field for normal incidence are given by (Appendix A)

MR >y )ne )i
m' 'm m

=0

10




iginal cross=section

(21)

(11) is determined from

H". (kr) cos £ 0}

(kr) sin{ ¢

st easy to solve and no details will be discussed.
the parallel polarization of normal incidence on o square
vith sides equal to 20 is considered, |f only six points on
stehed with the boundary condition as indicoted in Fig. 5, then

wonent of the scattered electric field is given by

(kr) cos n €

sonent of electric field in the neighborhood of the cylinder at very
f




low frequencies is found to be

E =134 iy"nb r = 0.1159 &+ 0, 3466(0 ')?. cos 20| (fnk o+ 0.2306) (24)
z 0 ) l

where k r, k o are ossumed very small in comparison wit! nity, The closed
o' o ﬂ

contour indicated by solid line in Fig. 5 is the boundary of the fields s wtisfyving

Dirichlet boundary condition. Therefore, Eq. (23) is actually the approximate

SCﬂ”ede ﬁoid O‘. the P’_H’]H"i Pn\,”;‘v/”:“n normal incident on the ¢ /\1\!94'(';-\;’

cylinder with cross-section as shown in Fig. 5 at low frequency., Observe thal

this is too big for the approximate cross-section of the square.,

If the solution is obtained by matching ot eight points as shown in Fig. 6,

then the cross-section of the conducting cylinder (os indicoted |

solid line in Fig. 6) at low flv‘q!mnr;"'. satisfies the boundary

comparing Fig. 6 with Fig. 5, obviously, the former is a better opproximation,

Hence, it can be concluded that the more points chosen for point-matching

mmhod, the better the uppr:u?vafn solution for the total scattering cross=section,

This is in agreement with the numerical results at higher frequencies

con be

The above discussion suggests that the point-matching method

applied to find the cross=-section of a conducting cylinder corresponding to @

Spec3fieo scattered field. That is, assuming that the scaottered z-component

electric field is given by

the total field is then expressed as

N

r)e

Rl . ‘0 J A H (k
tz exp ('kor cos €) + r D (26)
n - IN

wofficients A are then

Let Eq. ‘26’ VOH;Sn at 2r‘ agk pﬂ;ﬂ"v, the expor sion ¢ &

the contour described by equating Eq. (26)

determined. At very low frequencies,




to zero is the cross-section of the scottering conducting cylinder, and Eq. (21)
is the corresponding scattered field. A toble of these pairs can be made for

synthesis problem,

9. LIMITATION ON THE POINT-MATCHING M

In the previous discussion, the point matching meth s plied to
conducting C/iirvims enclosing the z-axis. The energy associated y a finite

mgion ;S Oi‘c‘v’(},"; f;hih" However this method is not applic

'
the z-axis is either on or outside the enclosed surface of the conducting cylinde
for the energy associated with a finite region around the z-axis is infinity,

example, consider the parallel polarization normal scattering of a plone wave by

an infinite strip of width 20 as shown in Fig., 7(a). The incident electric field is

given by

exp ik r
‘ ' o
If the total field satisfies the Dirichlet boundary
nomely, (o, =n/2), (0/2, =n/2), (0/2,
Opprox;mo'eiy determines the contour of the cross

follows

where E (s ] There are two closed conto
Sﬂ’;s",' Ef;, (27) as shown in Fig. 7(b).

’H&‘.’"‘D':OY‘S iS caused by the outer contour.

L T

effect on 5chpy;n9 than that of o sirip. The ¥

object ot k a = 0.01 is 48.94a. This is too big to compare
o -

of the strip calculated by Bonwkomp.




10, CONCLUSION AND REMARKS

T'V’ pOi'ﬂ"Y‘(!'fh;r\(] method for (‘"\"“‘l"ryﬁrw\ of scaottering of o plane

by conducting cylinders with arbitrary cross-section has been examined,
theory was confirmed by considering low-frequency scottering
oxompins_ This method is particularly convenient when a digital computer

ovailable, The inapplicability of this method to the scattering by a strip w

wave
iy‘,-

ind numerical

1%

discussed fli‘,(), Low ‘v(\qnnnl‘ Y scattering suggests thot for a known scattering

“P'd, the cross-sectional th}pv' of the scatterer may be obtained.

‘f ”'\f‘ inririnnf wove ;(, ‘an the close DYy Hyw\ sources, this method s

applicable also. To do this, the plane wave expression in Eq. (2) is re

plac

by the waove function 'ﬂ(ﬁryt;n(' from the sources., The rest of the e 1t ations

changed accordingly.

e

are

The point=matching method can be extended to the three-dimensional

~

probiem, This can be done t)}' ny‘nnff,?vn) the scattered field in a series of
spherical Hankel functions with specification of outgoing wave. However,

point=matching steps are complicated and tedious,
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-« Cylindrical scatterer and cylindrical coordinate system,
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n) Side view

(b) Cross-sectionol view
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Fig. 2 = Boundary condition for prﬁni-vnf)h'ninq method,
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« The unit vector normal to the comer on the surfoce,




Fig. 4 = The points chosen for calculation of a square cylinder,
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incident wave

AR e e

Fig. 7 = (0) The cross=sectional view of the infinite strip and the

coordinte system

('b) The corresp« nding Herer cross=section of the pv»i"' -

mqtrhing method »t low frequency.
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