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SUMMARY: 

The application of the point-matching method to three-dimensional 

problems is formulated in this report. Investigations are started from the 

scattering of plane waves by accoustically soft and hard bodies of revolution. 

Due to the symmetry of the scatterer, the incident wave is expanded in 

Fourier series of azimuth angle. A number of systems of simultaneous inhomo-

geneous algebraic equations is necessary to obtain a solution. Each of these 

systems of equations is quite similar to that of the two dimensional problem. 

The accpustic formulation is extended to obtain the solution for scattering 

of electromagnetic plane waves by perfectly conducting rotational symmetric 

bodies. In this case, the boundary conditions consist of two tangential com­

ponents of the electric field which vanish at the surface of the scatterer. 

However, the resultant equations are in the same form as in the accoustic 

problem. 
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1.  INTRODUCTION:  

The  po in t -match ing  method  has  been  appl ied  in  many a reas  of  

engineer ing  sc ience  dur ing  recent  years^  ^ .  Most  o f  these  appl ica t ions  

a re  two-d imens iona l  e igenvalue  problems.  A f in i te  number  o f  po in ts  

a round  the  per iphery  of  the  boundary  in  ques t ion  a re  chosen  such  tha t  

these  po in ts  descr ibe  the  boundary  contour  approximate ly^ '^ .  By 

u t i l i z ing  a  computer ,  th i s  method  can  eas i ly  produce  many prac t ica l  

so lu t ions  to  the  e igenvalue  problem and  s imi la r  types  of  problems.  For  

example ,  a l l  ho l low-piped  waveguides  wi th in  the  l imi ta t ions  pos ted  in  

Ref .  [6 ]  can  be  so lved  by  the  same computer  p rogram.  However ,  for  

th ree-d imens iona l  problems,  many more  po in ts  a re  necessary  to  descr ibe  

the  sur face  of  the  body under  cons idera t ion .  The  huge  number  of  

a lgebra ic  equa t ions  requi red  in  some sys tems  may be  beyond the  capac i ty  

of  the  presen t  computers .  But ,  th i s  d i f f icu l ty  can  be  overcome for  

ro ta t iona l  symmetr ic  bodies  which  a re  f requent ly  conf ronted  in  prac t ica l  

appl ica t ions .  The  problem of  sca t te r ing  by  bodies  o f  revolu t ion  wi l l  be  

inves t iga ted  by  the  po in t -match ing  method  in  th i s  paper .  The  th ree-

d imens iona l  p roblem is  reduced  to  severa l  p roblems s imi la r  to  those  of  

two-d imens iona l  cases .  This  reduc t ion  i s  due  to  the  ro ta t iona l  symmetry  

of  the  sca t te re r  and  the  reso lu t ion  of  the  inc ident  wave  in  te rms  of  cy l in­

dr ica l  modes .  

In  the  fo l lowing  cons idera t ions ,  the  sca la r  p lane  wave  sca t te r ing  

by  accous t ica l ly  sof t  and  hard  bodies  of  revolu t ion  wi l l  be  inves t iga ted  

f i r s t .  This  case  i s  qu i te  s imi la r  to  the  two-d imens iona l  sca t te r ing  
2 - 4  

problem .  From accous t ic  formula t ions  i t  i s  easy  to  see  the  bas ic  

p r inc ip les  of  the  poin t -match ing  method  in  th ree-d imens iona l  problems.  

Prac t ica l  approximate  so lu t ions  can  be  obta ined  i f  th i s  method  i s  appl ied  

to  ro ta t iona l ly  symmetr ic  bodies  of  smooth  contour  which  a re  not  a  gross  

1 



devia t ion  f rom a  semi-c i rc le .  The  sca t te r ing  of  e lec t romagnet ic  wave  by  

per fec t ly  conduct ing  bodies  o f  revolu t ion  wi l l  be  cons idered  next .  The  

formula t ion  i s  more  compl ica ted ,  however ,  the  bas ic  pr inc ip le  and  the  

appl icab i l i ty  of  the  method  a re  s imi la r  to  those  of  accous t ics .  The  sca t ­

te r ing  proper t ies  a re  de te rmined  by  the  po la r iza t ion  and  the  propaga t ion  

d i rec t ion  of  the  inc ident  p lane  wave  as  wel l  as  the  shape  of  the  sca t te re r .  

S ince  any  arb i t ra r i ly  po la r ized  p lane  wave  can  be  reso lved  in to  two 

components  namely :  the  t ransverse  e lec t r ic  (TE)  and  the  t ransverse  magnet ic  

(TM) po la r iza t ions  wi th  respec t  to  the  symmetr ic  ax is  of  the  body ,  the  

sca t te r ing  of  TE and  TM waves  can  be  cons idered  separa te ly  wi thout  loss  

o f  the  genera l i ty .  The  to ta l  sca t te red  f ie lds  o f  an  arb i t ra r i ly  po la r ized  

p lane  wave  a re  s imply  the  superpos i t ion  of  the  TE and  the  TM so lu t ions .  

I n  a l l  c a s e s ,  t h e  m e t h o d  t a k e s  i t s  s t a r t i n g  p o i n t  i n  t h e  r e s o l u t i o n  

o f  the  inc ident  wave  func t ions  in to  cy l indr ica l  modes  which  a re  the  te rms  

of  the  Four ie r  expans ion  wi th  respec t  to  the  az imuth  angle  of  the  inc ident  

wave  func t ion .  The  sca t te red  f ie ld  i s  expressed  in  the  form of  the  genera l  

spher ica l  harmonic  so lu t ion  wi th  spec i f ica t ion  of  ou tgoing  wave .  The  

po in t -match ing  technique  i s  appl ied  to  the  boundary  condi t ions  for  t e rms  

of  the  same az imuth  var ia t ion .  Then ,  the  problem i s  approximated  by  a  

f in i te  number  of  sys tems  of  l inear  inhomogeneous  a lgebra ic  equa t ions  which  

can  be  so lved  by  a  computer  in  the  same rou t ine .  Wi th  the  knowledge  of  

the  sca t te red  f ie lds ,  a l l  sca t te r ing  proper t ies  can  be  eva lua ted  eas i ly .  The  

express ions  for  the  to ta l  sca t te red  power  and  the  to ta l  sca t te r ing  cross  sec t ion  

a re  qu i te  s imple .  In  the  case  of  nose  on  sca t te r ing ,  the  problem reduces  to  

on ly  one  sys tem of  equa t ions .  

2 



2.  BACKGROUND: 

The scat terer  under  considerat ion is  a  body of  revolut ion which 

encloses  the or igin of  the coordinate  system as  shown in  Fig.  1 .  In 

accoust ics ,  the  body is  e i ther  sof t  or  hard.  For  scat ter ing of  e lectro­

magnet ic  waves,  the body is  made of  perfect ly  conduct ing mater ia l .  

Without  loss  of  general i ty ,  the incident  wave may be assumed to  be 

propagat ing in  the direct ion 0= 0^ ,  and 0  = 0;  where 0  and 0  

are  the spherical  coordinates  with z  axis  col inear  with the symmetr ic  

axis  of  the body.  The incident  accoust ic  plane wave is  a  scalar  

quant i ty  while  the incident  e lectromagnet ic  plane wave is  a  vector .  

Any arbi t rar i ly  polar ized plane wave can be resolved into two components :  

one polar ized with e lectr ic  f ie ld  perpendicular  to  the plane of  incidence;  

and the other  polar ized with e lectr ic  f ie ld  paral le l  to  the plane of  incidence.  

With respect  to  the z-axis ,  the symmetr ic  axis  of  the body,  the perpen­

dicular  polar izat ion is  a  t ransverse e lectr ic  (TE) wave while  the paral le l  

polar izat ion is  a  t ransverse magnet ic  (TM) wave.  For  s implici ty ,  the  

scat ter ing of  the TE and the TM waves are  considered separately.  The 

scat ter ing propert ies  of  the arbi t rar i ly  polar ized plane waves are  s imply 

the superposi t ion of  these two solut ions.  

To s implify the analysis ,  the  uni t  vectors  u ,  v ,  and <j> ( see  Fig.  2)  

of  the or thogonal  coordinate  system of  the scat terer  wil l  be  introduced.  

Their  re la t ionship to  the Cartesian uni t  vectors  are  as  fol lows:  

^ A . A . /\ u = x s in  a  cos 0  + y s ina s in  0  + z  cos a  
A A A , , A , 

v = x  cos a  cos 0  + y cos a  sin 0  -  z sin a  
A A . , A 0 = -x sin 0  + y cos 0  

where a  = cos ^ (u  .  z)  is  the angle  between uni t  vectors  u and z .  

Using the convent ional  symbols  ( r ,  0 ,  0)  for  the spherical  coordinate  

system, i t  is  easy to  show that  

?  = u cos(0 -a)  + v s in(0 -a)  

0  = -u s in(0 -a)  + v  cos(0 -  a) 



Note  that  when a  = 0  ,  u and v  are  reduced to  be  f  and 0  ,  and the  

scat terer  becomes a  sphere .  By means  of  re la t ionships ,  (1)  and (2) ,  t rans­

format ions  of  the  coordinate  components  of  a  vector  among the  Car tes ian ,  

spher ica l  and the  (u ,  v ,  cp) coordinate  sys tems are  g iven by 

A =A sina  cos  d> +  A s in  a  s in  d> +A cos  a  
u  x  y z  

= A cos(G -a)  -  A sin(6  -  a)  
r  0  

A =A cos  a  cos  <6 +  A cos  a  s in  d> -  A s ina  (3)  
v  x  y  z  

= A s in(0  -a )  + A cos(0  -a )  
r  6  

A =-A sin<£ +  A cos  <6 cp x y  

Before  going in to  the  deta i l  analys is ,  i t  i s  convenient  to  discuss  

the  expansions  of  the  incident  wave funct ions  in  terms of  cyl indr ica l  

modes .  This  i s  done by expanding the  fac tors ,  exp.  ( j  k  x) ,  cos  (p 

exp.  ( j  k  x) ,  and s in  <p exp.  ( j  k  x)  in  a  Four ier  ser ies  of  (p,  where  
X x 

k =  k  s in0 ,  k is  the  propagat ion constant  of  the  medium,  and 
X  o 

j =  v/-~i  •  I t  i s  known that^  

exp.  ( jk  x)= I  e j m  J  (k  p)  cos  m<f> (4)  
x rn m a  m =  o  

where  m is  an  in teger ,  e  is  the  Neumann 's  number ,  i  . e .  e  =1 a  m m 
for  m =  0 ,  £ =  2  for  m >  0 ,  J  is  the  f i rs t  k ind Bessel  funct ion of  

m '  m 
order  m ,  and x  =  p  cos  (p. By ut i l iz ing Eq.(4) ,  i t  can  be  shown 

oo m  ^ 
cos  (p exp. ( j  k  x)  =  -  I  € j  J  1  (k  p)  cos  m0 (5)  

m =  o  
00 .  

s in  <p exp. ( jk x x)  = -  I  j m  +  (m/k x p)  J m ( k x p)  s in  m<p (6)  
m =  o  

4 



where  the  pr ime denotes  the  der ivat ive  of  a  funct ion wi th  respect  to  

the  argument .  Observe  that  when 0  =0,  the  r ight  hand s ide  of  
o  

Eqs .  (4)  -  (6)  a re  reduced to  uni ty ,  cos  0  ,  and s in  0 ,  respect ively .  

This  i s  the  condi t ion  for  nose  on  scat ter ing.  By v i r ture  of  Eqs .  (4)  -  (6) ,  

the  incident  p lane  waves  can be  resolved in to  harmonics  of  the  az imuth 

angle  0 .  

5 



3.  ACCOUSTIC SCATTERING BY BODY OF REVOLUTION 

The model  considered in  th is  sec t ion is  a sea  lor  p lane  wave 

incident  on a  body of  revolut ion.  The scat terer  i s  e i ther  sof t  or  hard .  

Let  the  incident  p lane  wave funct ion be  normal ized and given by 

y  = exp.  f r (k x x  + k z *)]  (7)  

where  k^  =  k cos  0 .  The f i rs t  exponent ia l  can  be  expressed as  in  

Eq.  (4) .  Physica l ly ,  th is  means  tha t  the  incident  wave is  the  super­

posi t ion  of  cyl indr ica l  modes .  Therefore ,  the  point -matching method 

can be  appl ied  to  cases  where  the  incident  wave can be  resolved in to  

cyl indr ica l  modes .  The scat tered  wave is  governed by the  Helmhol tz ' s  

equat ion 

\ 7 2 / +  k 2  t S =  0  ( 8 )  

2  where  V is  the  Laplacian  opera tor .  The boundary  condi t ions  for  the  

present  problems are  

and 

\|i' + i|iS = 0 at the surface of a soft scatterer 

-  (V + ^ S )  =  0  a t  the  surface  of  a  hard  scat terer  

where  is  equivalent  to  the  normal  d i f ferent ia t ion .  Solut ions  of  Eq.  (8)  
3u  

are  known only  in  a  few coordinate  sys tems where  the  var iables  can be  separa ted .  

In  genera l ,  the  method of  separa t ion is  not  appl icable .  But  in  many cases ,  the  

sca t tered  wave can be  expressed by the  genera l  so lut ion of  one  of  the  separable  

coordinate  sys tems wi th in  pract ica l  acceptable  approximat ion.  Let  the  scat tered  

wave be  expressed by the  genera l  solut ion of  Eq.  (8)  in  spher ica l  coordinate  
g 

sys tem wi th  speci f ica t ion of  outgoing waves ,  i . e .  

=  I  e h ®  ( k r )  p  m ( c o s  0 )  L A  COS m<b + B s in  m $]  (9)  v  m n n  mn mn ^  v  '  m = o  
n =  o  

6 



where  A and B are  constants  determined by boundary  condi t ions  mn mn '  '  
h is  the  spher ica l  Hankel  funct ion of  the  second kind.  P m  i s  the  

n  n  
Legende funct ion of  the  f i rs t  k ind.  From Eqs .  (4)  and (7) ,  and the  

boundary  condi t ions ,  i t  can  be  seen that  B =  0  for  a l l  m and n;  
mn 

and for  each m,  

00 n\ 
j m  J  (k  p)  exp.  ( jk  z)  +  I  A h (kr)  P  m (cos  0)  =0 a t  c  (10)  i  m \  x  ~'  z  mn n  x  n v  '  n = m 

for  a  sof t  sca t terer ,  and 

3  0 0  

•5— [ j m  J  (k  p)exp. ( jk  z)  +  I  A h (kr)  P  m (cos0)]  =0 a t  c  (11)  3u  1  m x r  m 2  '  mn n  n  v  '  n = m 

for  a  hard  sca t terer ,  where  c  denotes  the  mer idian  contour  ( the  x-z  plane  

or  the  y-z  plane)  of  the  sca t terer .  The expansion coeff ic ients  A are  

determined I  

replaced by 

3  m "  determined by Eqs .  (10)  or  (11) .  The opera tor  of  Eq.  (11)  may be  

3  s in  Y 3 
c o s  r  FT +  ~T~ W 

where  cosy =  u  •  7 .  To apply  the  point -matching method^ ^ ,  i t  i s  

assumed that  only  a  f in i te  number  of  terms of  the  ser ies  express ion in  

Eq.  (9)  a re  necessary  to  re ta in  for  good approximat ion.  The inf in i te  
N 

summations  of  Eqs .  (9)  -  (11)  may then be  replaced by I  ,  where  N 
n =  m 

is  an  in teger .  Simi lar  to  the  point -matching method for  two-dimensional  

problems,  (N -  m) points ,  namely:  ( r ]  ,  (r 2  ,  e 2 ) ,  ^ r N -  m '  

0.  .  )  ,  are  chosen around the  mer idian  contour  of  the  scat terer  and a t  IN -  m 
these  points  Eqs .  (10)  and (11)  a re  sa t i s f ied .  A sys tem of  inhomogeneous  

l inear  a lgebra ic  equat ions  which can be  solved for  (N -m)  expansion 

coeff ic ients  A^ of  each Eq.  (10)  and (11)  i s  formed.  That  is  

7 



f I h (kr) P (cos 0) A = -j J (k p) exp. (|k z)l 
I n n mn 1 m xr r M z J r = r 

n=m q 
e =  e  

q 
for a soft scatterer and 

{(cosy ;!+*2-1- jL) Z h (2)(kr)p m(cose)A 
d r r dP n n mn n=m 

= -'mjm(kxp)eXp-(ikzZ) 3r=r 
q 

e =  e  
q 

r ~ rq 

for a hard scatterer, where q = 1, 2, (N - m), and y^ is the angle 

between the radial vector and the normal at point (r , p ). (See Fig. 2). 
q q 

The expansion coefficients A can be obtained easily by a computer 
mn 

using Eq. (12) or (13). The series of Eq. (4) can be truncated in practice. 

Due to the asymptotic behaviour of the Bessel function, the series can be 

truncated for m where J (k p )<< 1, or approximately M=k p +6, 
mv x rmax' rr ' xrmax 

where p is the maximum value of p of the scatterer. Therefore, in 
max 

practice, it is only necessary to solve a finite number of systems of equations. 

Furthermore, one computer program is applicable to all these systems of 

equations. When all the A 's of dominant contributions are found, the 
mn 

scattered wave and the scattering properties are readily determined by 

utilizing Eq. (9). 

8 



4. ELECTROMAGNETIC WAVES SCATTERED BY PERFECTLY CONDUCTING 

BODIES 

In the previous section, it is seen that the three-dimensional accoustic 

problems can be reduced to the simple forms in the two-dimensional case if the 

scatterer has rotational symmetry. Similar results for the three-dimensional 

electromagnetic problems were achieved, though the formulation is more 

complicated. The present analysis is also started by resolving the tangential 

components of the incident wave into cylindrical modes by means of Eqs. (4) - (6). 

And the scattered fields are expressed in terms of the spherical solutions. The 

TE and TM incident waves are considered separately as follows: 

A. TE incident plane wave. 

Considering that the incident plane wave is polarized with the electric 

field perpendicular to the plane of incidence, then the incident wave function 

may be written as 

e ' =  y  e x p .  l j ( l < x x  +  k z z ) ]  ( 1 4 )  

Observe that this is transverse electric to z. In terms of cylindrical modes, the 

tangential components of this incident field in the scatterer's coordinate system 

are given by 

00 1 
E ' = -exp. (jk z) I e jm + J ' (k p) cos md> (15) 

<p r 1 z m 1 m xr v ' 

00 1 
E '= -exp. (jk^z) cosa I e jm+ (m/k p) J (k p) sin m$ (16) 

m=l 

where Eqs. (3), (5) and (6) have been applied to Eq. (14). Since the scatterer 

is not uniform in the z-direction, the scattered field can not be a pure TE 

wave, but can be expressed by the superposition of TE and TM waves. A 

more convenient way to obtain an expression for the scattered field is the 

superposition of TE^ and TM^ waves in spherical coordinate system, where 

9 



TE^ and TM^ denote  the t ransverse e lectr ic  and the t ransverse magnet ic  

with respect  to  the r-direct ion.  Convent ional ly ,  the  TE and TM outgoing 

waves are  generated by construct ing the magnet ic  and electr ic  vector  potent ia ls  

respect ively in  the fol lowing forms/  

CD 

AS  = 7  I  a  G (r ,0)  s in  md> (17)  
« mn mn m=l 

n=m 

oo 
FS=? I  b ZG (r ,6)cosrmf> (18)  «  mn mn m=0 

n=m 

where G (r ,0)  = krh ^  (kr)  P m (cos0) .  The a  ' s  and b ' s  are  
mn n n mn mn 

constants  to  be determined by boundary condi t ior  ,  and Z is  the intr insic  

impedance of  the medium. The expansion coeff ic ients  a  and b are  
mn mn 

of  the same physical  uni ts  due to  the introduct ion of  Z in  Eq.  (18)  which 

shows convenience in  the la t ter  appl icat ions.  Since the plane of  incidence 

is  the  x-z  plane,  the choices  of  cos  m0 and sin m<£ are  shown as  in  

Eqs.  (17)  and (18) .  

With the assumed form of  the magnet ic  and electr ic  vector  potent ia l ,  

the  r ,  0 ,  and 0  components  of  the scat tered electr ic  f ie ld  can be der ived 
7  8  

easi ly  as  shown in text  books.  '  Using the der ived expressions for  the r ,  

0 ,  and (f> components  in  Eq.  (3) ,  i t  can be shown that  the 0  and v components  

of  the scat tered electr ic  f ie ld  are  given by 

3  G 3G 
E0 -  z  m,n [HA sine)m -^L + -  —22 ) cos  (19)  

3 2G 
\ = Z  m , n f  H A ) N n +  l ) s ! n ( e - a ) ( G m r / ^ c o s ( p - a ) . a ^ a e  

(20) 

a  + lcos(0 -a) / rs in0]  m G b i  sin md> 
mn mn mn }  

1 0  



where  ^ =  kr ,  and the  l imi ts  of  the  summat ions  are  the  same as  those  in  

Eqs .  (17)  and (18) .  The boundary  condi t ions  require  E '  +  E S  = 0  and 

E^ '  +  E^ S  = 0  a t  the  surface  of  the  conduct ing body,  i t  fo l lows tha t  

00 3G .  .  3 G 
1  [(- j / r  s in0)m m "  a  +— ,  b ]  

n=m 1  3 mn r  3  0  mn 

= exp. ( jk z z)e m  j m + 1  J m '  (k x p) /Z 

nSm ( - i /OMn+Dsinte-aXG^/fK cos(0  -  a)  ]  a  

+ [cos(0  -a ) / r  s in0]m G b 
mn mn 

= exp. ( jk  z)  cosa  e j m + ^m J  (k  p) /k  pZ 1  z  m  1  m  x r /  x  

a t  the  mer idian  contour  of  the  ro ta t ional  symmetr ic  body.  Observe  tha t  

these  two equat ions  are  val id  for  a l l  m except  tha t  when m = o ,  the  

las t  equat ion does  not  exis t .  As  in  accoust ics ,  the  ser ies  express ions  for  

the  incident  waves  can be  t runcated  for  M where  J , , (k  p  )  <  <  1 .  
M x r max 

Hence,  there  are  only  a  f in i te  number  of  Eqs .  (21)  and (22)  necessary  

in  pract ica l  appl ica t ions .  Again ,  in  order  to  u t i l ize  the  point -matching 

technique,  the  inf in i te  summat ions  of  Eqs .  (19)  -  (22)  are  replaced by f in i te  

summat ions  wi th  l imi ts  f rom n  =  m to  N,  where  N is  an  in teger .  Since  

Eqs .  (21)  and (22)  must  be  sa t i s f ied  s imul taneously ,  2(N-m) points  a re  

chosen a long the  mer idian  contour  of  the  scat terer  where  these  two equat ions  

hold .  A sys tem of  2(N-m) s imul taneous  a lgebra ic  equat ions  wi th  2(N-m) 

unknowns for  each m are  formed;  

{ 
N 3 G .  3G 
I  L(—j/r  s in0)m — m n  a  + b  ]  

n=m "  3  ^ mn r  3  0  mn 

1 1 



= exp.(jk z) e jm+1J ' (k p) / z l  
r  M  z  m  '  m  x  x  "  J r = r  

S2G 
S f HA)[n(n+l)sin(0-a)Gmn/^ + cos(e-a)^-^. ]amn 

n=m 
(23) 

+ Lcos(0-  a )/r sin 0 ]m G b } r = r , 0 = 0 ,  a = a 
mn mn q q q 

= [exp. (jk z) cos a e jm  +  ̂  m J (k p )/k pZ ]  z  m 1  m  x  '  x  r = r  
q 

0 = 0 
q 

a = a 
q 

where (r , 0 ) is a point at the meridian contour of the body, a is the 
q q q 

angle a evaluated at the point (r^ , 0^), q = 1, 2, 3, 2(N - m) 

for m 4 0; q = 1, 2, .... N, and a = 0 for m = 0. Similarly, 
on 

these systems of equations represented by Eq. (23) can be solved numeri­

cally for the expansion coefficients a and b by a computer without 
mn mn 

difficulty. The program must run (M + 1) times. 

B. TM incident plane wave. 

The analysis of the scattering of a TM plane wave is quite similar 

to that of a TE plane wave. The incident wave is polarized with the 

electric field parallel to the plane of incidence. Let the normalized 

electric field vectoral function be given by 

E' = (-x cos 0^ + z sin 0q) exp. Lj(k^x + k^z)] (24) 

Using Eqs. (3) - (6), one obtains the tangential components in the 

scatterer's coordinate system of the incident field such as 
CO 

E ' =-cos 0 exp.(jk z) E e jm + \m/k p) J (k p )sinm4> (25) 
cp o r X| z . m 1 v ' x ' m x ' v ' m = 1 

12 



E '  =  exp.  ( ik  z )  E [ j  cos  9  cos  a  J  '  (k  p)  -  sin  0  s in  a  J  (k  p)  ]*  v  r  \ i  2  /  i  0  m x  o  mx 
m~° (26) 

.m ^  .  i e  cos  m<f> 
1  m 

Again ,  i t  i s  convenient  to  express  the  scat tered  f ie lds  by the  superposi t ion  

of  outgoing TE and TM^ waves  in  spher ica l  coordinate  sys tem.  As in  

the  TE case ,  these  outgoing TE^ and TM^ waves  can be  der ived f rom the  

magnet ic  and e lec t r ic  vector  potent ia ls  which are  given by 

CO 

A S  = ?  E a  G cos  m0 (27)  
m=o mn mn 
n=m 

F S  =r  E .  b Z G sin  m0 (28)  
m =  l  mn mn 
n  =m 

where  the  symbols  a re  as  previously  g iven.  Note  tha t  due  to  the  d i f ference  

in  polar iza t ion of  the  inc ident  waves ,  the  choices  of  cos  m0 and s in  m0 

in  Eqs .  (27)  and (28)  a re  di f ferent  f rom those  of  Eqs .  (17)  and (18) .  Fol lowing 

the  s teps  as  s ta ted  in  the  TE case ,  f rom Eqs .  (27)  and (28) ,  and ut i l iz ing 

Eq.  (3) ,  one  can der ive  the  (p and v  components  of  the  scat tered  e lec t r ic  

f ie lds  which are  given by 

3  G .  3G 
E 5  = Z Z Cj / r  s in  6)  m +  _ ]  sin  (29)  
r  m,n b  

3 2 G 
E v S = Z nf ,n  {  ( ' / i '*«Ne-o}„0.  +  1 ) G l n | / S  + co . ( e . a ) - 5 -^L ] a n i n  

-  Lcos (0  -a) / r  s in  0  ]  m G b J  cos  mrf> (30)  
mn mn 
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The boundary  condi t ions  are  the  same as  before ,  i . e . ,  E '  +  E S  = 0  
i s  < P  < P  

and E^ +  E^ =0 at  the  surface  of  the  conduct ing body.  The point -

matchinq technique is  used to  evaluate  the  expansion coeff ic ients  A and b  °  n  r  mn mn 
The coeff ic ient  evaluat ion procedure  is  the  same as  in  Sect ion 4A,  a  sys tem of  

2(N-m) [N for  m =  0]  inhomogeneous  a lgebra ic  equat ions  wi th  2(N-m) [N for  m = 

unknowns are  formed for  each m.  They are  

N SG .  dG 
[E [(z / r  s in  6)  m m "  a  + ^  3  

'  of  mn r  d 0  mn n  =  m *= 

— cos  0  exp.  ( jk  z )m e  ( j m  +  1 /Zk p)  J  (k  p)  J  (k  p)  }  
o  z  m 1  '  x m x  m x  '  r =  r  

q 
0 = 6 

q 

N  s 2 °  rm 
JL m t  ( i /  r ) [s in(9  -  a)  n(n  +  1)G A + cos(0-a)  -=r—^ ]°  
n —m mn s  of  oU mn 

-  [cos(0-a) / r  s in  0  ]m G b }  
mn mn r  =  r  

q 
0 = 0 

q 
a=a 

q 

{exp.  ( jk  z )  i m  e  [ j  cos  0  cos  a  J  '  (k  p)  -  s in0 s inaj  (k  p)  ]  }  1  z  1  m 1  o m v  x '  o m v  x '  r =  r  
q 

0 = 0 
q 

a  = a  
q 

where  ( r  ,  0 )  i s  a  point  a t  the  mer idian  contour  of  the  body,  a  ,  is  
q q q 

the  angle  a  evaluated  a t  the  point  ( r^  ,  0^) ,  q  =  1 ,  2 ,  . . . .  2(N -  m) 

for  m/0;  whi le  q  =  1 ,  2 ,  . . . .  N and b^  =0 for  m =  0 .  Similar i ly ,  

Eq.  (31)  can be  solved for  a m n ' s  °nd b^ ' s  by a  computer  and in  pract ica l  

appl ica t ions ,  only  a  f in i te  number  of  m is  considered.  

14 



5. NOSE ON SCATTERING 

In the case of nose on scattering, i.e., 0^ =0, the problems 

are simpler. Under this condition, the right hand sides of Eqs. (4) -

(6) are reduced to 1, cos0, and sin<p respectively. Eqs. (12), (13), 

(23) and (31) are reduced to only one system of equations, i.e., 

m = 0 for Eqs. (12) and (13), m = 1 for Eqs. (23) and (31). Hence, 

in each case, it is necessary to evaluate only one system of equations. 

Note that in the electromagnetic scattering problem, two cases are 

the same except with a phase of 90 degrees difference in space. Both 
9 

cases are reducable to those formulated by Schultz et al. 
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6.  THE SCATTERING CROSS-SECTIONS.  

In  accoust ics ,  the  normal ized to ta l  sca t tered  power  can be  

def ined as  

P a t =  /  I  i | / S  | 2 r  2  d O  

where  Q is  the  sol id  angle .  Using the  or thogonal  re la t ionships ,  of  

the  spher ica l  harmonics ,  the  in tegra t ions  of  Eq.  (32)  a re  easy to  

perform and the  to ta l  sca t tered  power  is  g iven by 

P  = 4 T T ^ ' M e  I h ( 2 ) f k r 1 | 2  t  < n + m j !  I A  I 2  
a t  m = 0  m  n  2 n  +  l  ( n  -  m )  !  m n  

n  =m 

( 2 )  
At large  d is tances ,  the  fac tor  |  h^ (kr)  |  can be  replaced by 

1 /kr .  Therefore ,  the  to ta l  sca t tered  power  a t  large  d is tances  

f rom the  sca t terer  i s  inverse ly  propor t ional  to  the  square  of  the  f requency 

In  the  scat ter ing of  e lec t romagnet ic  waves ,  the  scat tered  f ie lds  

can be  determined by Eqs .  (17) ,  (18)  and (27) ,  (28)  for  the  TE and the  

TM cases ,  respect ively .  The expansion coeff ic ients  and b^  

are  computed by the  point  matching method.  For  far  f ie ld  considera t ions  

i t  i s  convenient  to  express  the  scat tered  f ie ld  in  spher ica l  components .  

The (p components  for  both  cases  are  g iven by Eqs .  (19)  and (29) ,  

respect ively .  The 0  component  for  the  TE case  is  g iven by 

m = 1 

while  

N,  M ??  G 
E S = £ [(Z/ j r )  A —^^ -  (1/r  s in0)  b  mG ]  cos  m<£ 

0  .  w , , m n O f c O 0  m n  m n  m =0 s  
n =m 
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for  the  TM case .  The r  component  i s  omit ted  s ince  i t  i s  negl ig ib le  

when compared wi th  the  0  and </> components  in  the  far  f ie ld  region.  

The scat ter ing cross-sect ion in  a  par t icular  d i rec t ion (0  .  <b )  can  be  
P  P 

def ined by 

W <U = 4 t t r 2  IE s (R .  8 .*„>/E !  I 2  

r r P P 

where  |  E S (R,  0  ,  0 )  | 2  = |  E 5  (R,  6  0  )  | 2  + |  E 5  (R,  6  ,  0 ) |2  
PP 9PP <P P P 

and R i s  the  d is tance  between the  observat ion point  and the  or ig in .  

The to ta l  sca t tered  power  is  g iven by 

p t  =  X ^ Q  < ' E 0 l 2 + l E 0 | 2 ) d n  ( 3 6 )  

Subst i tu t ing Eqs .  (19)  and (32) ,  or  (29)  and (33)  in to  Eq.  (34) ,  and 

not ing tha t  the  or thogonal  re la t ionships  of  the  t r igonometr ic  funct ions  and 

d0 
dp m  dP m  

/on [~d"F 4 + <m/sin0>2 Pnm  ̂] S!n6 

2 (n  +  m) !  ,  ,v  L  = ,  —7 W n(n +  1)  ,  
2n +1 (n  -m)  !  nX 

yie lds .  

N , M  O  2 
P =(2t tZ )  £  (1 /e  )  L2n(n +  l ) / (2n + l ) ]  [ (n+m)! / (n-m)!] [ |b m n  |  +|a m n l  1  

m =0  m  

n=m (^7)  

where  the  asymptot ic  va lues  of  the  spher ica l  Bessel  funct ions  

11 m /o \  i  
r  "  h (kr)  =  j"  ^  exp.  ( - jkr )  /  kr  

n  
l im 

and r  -  ® -J— [rh  ^  (kr)  ]  = j"  exp.  ( - jkr )  
dr  n  
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have been used. Eq. (35) is valid for both the TE and the TM cases, 

of course, the values of a and b are different. The total mn mn 
scattering cross section is defined as the ratio of the total scattered 

power to the incident power density. Thus, 

9  N,M 2  

a = (2ttZ ) E (l/e )[2n(n + l)(n+m)!/(2n + l)(n-M)!][|a | +|b t m mn mn 
m =0 
n =m 

In this formulation, the expansion coefficients a and b are pro-' r mn mn 
portional to 1/Zk, hence, the total scattering cross section is , in fact, 

2 expressed in forms of 1/k . 
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7. EXAMPLE. 

To demonstrate the accuracy of the point-matching method for 

this application, the scattering of a plane wave by a conducting sphere will 

be considered. The good agreement between the approximate solutions 

and the exact answers shows that the boundary conditions are approximately 

satisfied when applying the point-matching technique.^''7 

Consider the plane wave E = -x exp.(jkz) scattered by a perfectly 

conducting sphere of radius a. Since 0^ = 0 and a = 0, Eq. (31) is 

reduced to a quite simple form. In Table I, the expansion coefficients 

a and b , calculated by the point-matching method, are compared 
n n 

with those of rigorous solutions for ka = 1. The electromagnetic field 

satisifes the boundary conditions exactly at three points for the three-point 

approximation, while the field satisfies the boundary conditions at four 

points for the four-point approximation. The chosen points in these cal­

culations are r = a, 0=0, 90°, and 180° for the three-point approximation; 

r = a, 0 = 0, 60°, 120°, and 180° for the four-point approximation. Note 

that the points of 0 = 0° and 0 = 180° give the same algebraic equation. If 

the point r = a, 0 = 0° is chosen, the solutions satisfy the boundary conditions 

at the point r = a, 0 = 180° automatically. Therefore, the three-point appro­

ximation has a system of four equations and the four-point approximation has a 

s y s t e m  o f  s i x  e q u a t i o n s  o n l y .  O f  c o u r s e ,  i f  n e i t h e r  0 = 0 °  n o r  0 = 1 8 0 "  i s  

chosen, the situation is the same as discussed previously. One should note 

that degenerate equations may arise in other cases. 

The exact solutions in Table I are obtained by assuming that the 

magnetic and electric vector potentials for the scattered field are given by 

CD 

AS ='r E a G. cos <p (39) 
, n 1n x ' n= 1 

CD 

Fs =? t bn Z G1n sin,#, (40) 
n = 1 

1 9  
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respect ively .  The scat tered  f ie ld  obta ined f rom Eqs .  (39)  and (40)  p lus  

the  incident  f ie ld  sa t i s f ies  the  boundary  condi t ions  exact ly  a t  r  =  a .  

The good agreements  of  the  four-point  approximat ion wi th  the  exact  

solut ions  reveals  tha t  the  boundary  condi t ions  are  sa t i s f ied  qui te  wel l  

by  the  point -matching technique.  
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8.  DISCUSSION. 

I t  was  shown that  the  scat ter ing by ro ta t ional  symmetr ic  bodies  in  

accoust ics  i s  qui te  s imi lar  to  the  two-dimensional  problems as  those  discussed 
5  4  

by Yee and Mul l in  e t  a l .  For  each cyl indr ica l  mode of  the  incident  wave,  

a  corresponding sca t tered  f ie ld  can be  obta ined by the  point -matching method,  

s imi lar  to  the  solut ion of  the  two-dimensional  problems except  the  Hankel  

funct ions  a re  replaced by the  spher ica l  Hankel  funct ions .  One can eas i ly  

convince  himself  tha t  the  val id i ty  of  the  point -matching method for  each cyl in­

dr ica l  mode is  the  same as  those  in  the  references  [4]  -  [6  J .  That  i s ,  the  

method works  wel l  and gives  acceptable  numerica l  resul ts  to  bodies  of  smooth  
4  

mer idian  contour  which are  not  gross  per turbat ions  f rom the  c i rcular ,  and a t  

low f requencies ,  the  boundary  condi t ions  are  sa t i s f ied  around the  mer idian  

contour  of  the  body as  shown in  Figs .  5  and 6  of  references  [5] .  Obviously ,  

th is  method is  not  appl icable  to  needles  or  d ishes .  Of  course ,  a l l  these  

s ta tements  for  the  appl icabi l i ty  of  the  point -matching method are  val id  when 

appl ied  to  the  superposi t ion  of  the  cyl indr ica l  modes ,  i . e .  to  the  scat te i ing  

by ro ta t ional  symmetr ic  bodies .  

Returning to  the  e lec t romagnet ic  problems now,  for  each cyl indr ica l  

mode of  the  incident  wave,  the  same s i tua t ion ar ises  except  tha t  two tangen­

t ia l  components  of  the  e lec t r ic  f ie ld  sa t i s fy  the  boundary  condi t ion  s imul tane­

ously .  The appl icabi l i ty  of  the  point -matching method for  each component  

is  the  same as  in  accoust ics .  I t  can  then be  concluded that  the  same s ta tements  

for  the  appl icabi l i ty  of  the  method are  val id  for  sca t ter ing of  e lec t romagnet ic  

waves  by perfec t ly  conduct ing bodies  of  ro ta t ional  symmetry .  
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Fig.  1  -  The scat terer  and the  incident  wave 

in  the  car tes ian  coordinate  sys tem.  
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(a) 

(b) 

Fig. 2 - (a) The unit vectors v and <p of the scatterer's coordinate 

system and the cartesian coordinate system. 

(b) The unit vectors u and v of the scatterer's coordinate 

coordinate system and the cartesian coordinate system 

[A rotational view of (a)]. 
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