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This  repor t  d i scusses  two methods  for  the  ca lcu la t ion  of  hypersonic  f low of  

d i ssoc ia t ing  a i r  pas t  a  c i rcu la r  cone .  One  objec t ive  of  the  inves t iga t ion  was  to  

apply  a  Taylor -Maccol l  type  ana lys i s  in  o rder  to  ca lcu la te  chemica l  equi l ib r ium 

f low pas t  a  c i rcu la r  cone  and  to  compare  the  resu l t s  wi th  those  prev ious ly  ob ta ined  

f rom Dorodni t syn ' s  in tegra l  method .  The  o ther  ob jec t ive  was  to  inves t iga te  improve

ments  to  the  one-s t r ip  in tegra l  method  by  deve loping  and  us ing  a  two-s t r ip  ana lys i s  

for  the  ca lcu la t ion  of  chemica l  nonequi l  ib r ium cone  f low.  I t  was  found  tha t ,  for  

equi l ib r ium f low,  the  resu l t s  f rom the  Taylor -Maccol l  type  ana lys i s  a re  in  exce l len t  

agreement  wi th  those  f rom the  one-s t r ip  in tegra l  method .  For  nonequi l  ib r ium f low,  

i t  i s  shown tha t  wi th  increas ing  d i s tance  away f rom the  t ip  the  two-s t r ip  so lu t ion  i s  

c loser  to  the  equi l ib r ium f low so lu t ion  than  the  s tandard  one-s t r ip  so lu t ion  i s .  I t  i s  

in te res t ing  to  no t ice  tha t ,  except  for  the  d i s t r ibu t ion  of  the  shock  wave  angle  and  

the  cone  sur face  ve loc i ty ,  a t  a  suf f ic ien t  d i s tance  f rom the  t ip ,  the  one-s t r ip  semi-

exac t  so lu t ion  approaches  the  equi l ib r ium f low so lu t ion  s t i l l  c loser  than  the  two-s t r ip  

so lu t ion  does .  
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SECTION I 

INTRODUCTION 

The  problem cons idered  in  the  presen t  paper  i s  tha t  of  inv isc id  h igh  en tha lpy ,  

chemica l ly  reac t ing  f low of  a i r  pas t  a  c i rcu la r  cone  a t  hypersonic  ve loc i t ies .  Also  

inves t iga ted  i s  the  e f fec t  of  f ree  s t ream oxygen  d issoc ia t ion  on  the  var ious  f low f ie ld  

parameters .  This  work  should  be  cons idered  as  a  cont inua t ion  and  as  an  ex tens ion  of  

p rev ious  work  (Ref .  1 )  which  t rea ted  chemica l ly  f rozen ,  equi l ib r ium,  and  nonequi l ib -

r ium conica l  f lows ,  us ing  Dorodni t syn ' s  method  of  in tegra l  re la t ions  in  i t s  one-s t r ip  

vers ion ,  a l so  ca l led  the  f i r s t  approximat ion .  

The  presen t  repor t  dea ls  wi th  two cases  which  may be  cons idered  ra ther  indepen

dent  of  each  o ther .  As  done  prev ious ly ,  the  inves t iga t ion  i s  based  on  a  s impl i f ied  

a i r  modei ,  in  which  a i r  i s  approximated  by  a  three-component  gas  (C^ ,  O,  

va l id  in  the  range  of  oxygen  d issoc ia t ion .  

F i r s t ,  inv isc id  conica l  f low of  a i r  in  chemica l  and  v ibra t iona l  equi l ib r ium is  

ca lcu la ted  by  us ing  a  Taylor -Maccol I  type  ana lys i s .  The  purpose  of  these  ca lcu

la t ions  i s  to  compare  the  accuracy  of  the  prev ious ly  used  in tegra l  method  wi th  tha t  

of  a  wel l  es tab l i shed ,  so  to  speak ,  c lass ica l  method .  In  sec t ion  I I I  the  equa t ions  

for  supersonic  conica l  f lows  as  f i r s t  der ived  by  Taylor  and  Maccol l  (Ref .  2 )  a re  com

bined  wi th  the  necessary  thermodynamic  equa t ions .  Whi le  Taylor  and  Maccol l  

t rea ted  the i r  per fec t  gas  ca lcu la t ions  as  a  d i rec t  p roblem,  which  means  tha t  the  f low 

f ie ld  i s  ca lcu la ted  for  a  spec i f ied  cone  angle ,  an  inverse  approach  was  used  in  the  

presen t  inves t iga t ion .  In  th i s  way  the  shock  wave  angle  i s  spec i f ied ,  and  the  

assoc ia ted  cone  ver tex  angle  i s  de te rmined  f rom the  ca lcu la t ion .  This  p rocedure  

avoids  any  i te ra t ive  schemes  which  would  be  necessary  in  the  d i rec t  approach .  

Secondly ,  in  sec t ion  IV chemica l  nonequi l ib r ium f low of  a i r  pas t  a  c i rcu la r  

cone  i s  t rea ted  by  us ing  Dorodni t syn ' s  in tegra l  method  in  i t s  two-s t r ip  vers ion ,  a l so  

ca l led  the  second  approximat ion .  To  the  au thor ' s  knowledge ,  ne i ther  the  one-s t r ip  
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nor  the  two-s t r ip  in tegra l  method  has  ever  been  appl ied  by  o ther  au thors  to  the  ca l  

cu la t ion  of  chemica l ly  re lax ing  f low of  a i r  pas t  cones ,  a l though a  s imi la r  case  of  

v ibra t iona l  re laxa t ion  in  a  pure  d ia tomic  gas  has  been  t rea ted  by  South  (Ref .  3 ) .  

Resul t s  f rom the  presen t  ca lcu la t ions  can ,  therefore ,  be  compared  on ly  wi th  the  

au thor ' s  p rev ious  ca lcu la t ions  (Ref .  1 ) .  
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SECTION II  

FORMULATION OF THE PROBLEM 

2 .1  Bas ic  Equat ions  

This  sec t ion  presen ts  the  bas ic  equa t ions  for  the  two cases  which  a re  ment ioned  

in  the  in t roduc t ion  and  which  wi l l  subsequent ly  be  d iscussed  in  de ta i l .  For  the  

der iva t ion  of  a l l  equa t ions  s ta ted  in  th i s  sec t ion ,  the  reader  i s  re fe r red  to  Ref .  1  .  

Neglec t ing  v iscos i ty ,  the  bas ic  equa t ions  for  s teady ,  ad iaba t ic  f low are  the  

fo l  lowing:  

Conserva t ion  of  mass :  

V . ( p q ) = 0  ( 2 . 1 )  

Conserva t ion  of  momentum:  
2 

V ( y - ) +  ( V x  q )  x  c f + -  V p  =  0  ( 2 . 2 )  

Conserva t ion  of  energy:  ^  

h  +  =  h^  =  cons t  (2 .3)  

The  above  equa t ions  a re  the  usua l  equa t ions  of  mot ion ,  and  they  do  not  depend  

on  any  par t icu la r  gas  model .  In  o rder  to  so lve  a  g iven  problem,  they  must  be  

supplemented  by  express ions  descr ib ing  the  re la t ion  of  the  thermodynamic  var i 

ab les  among each  o ther .  These  express ions  a lways  depend  on  the  par t icu la r  gas  

model  used .  

The  s impl i f ied  a i r  model  used  in  th i s  inves t iga t ion  cons is t s  of  a  th ree  component  

reac t ing  gas  (O^,  O,  N£) ,  a  de ta i led  descr ip t ion  of  which  can  be  found  in  Ref .  1  .  

Def in ing  the  degree  of  oxygen  d issoc ia t ion ,  a  ,  as  the  ra t io  of  the  mass  of  

oxygen  in  d i ssoc ia ted  form to  the  to ta l  mass  of  oxygen  in  the  mix ture ,  the  fo l lowing  

equa t ions  can  be  ob ta ined:  

p  =  pRZT (2 .4)  

where  

Z  =  1  +  ba  (2 .5)  
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and 
nQ2 b =  =  0 . 2 1  ( 2 . 6 )  

n02 nN2 

Considering translational, rotational, and vibrational motion of the particles 

in the mixture, the enthalpy may be written as 

h = R 
3  ( l - a ) b e  ( ) - b ) 0  ,  

,BDo2 + |baT + jT + -5_^-«+^-7r« j 

e - 1 e - 1 

In the case of chemical nonequil ibrium flow, the composition of the gas is 

controlled by the reaction rates of the chemical processes which are included. 

In the present calculations, only oxygen dissociation is considered; and the 

resulting rate equation can be written as 

q  - V a  =  f  ( 2 . 8 )  

where f is the source function given by 

r 2  2v i T i 2 1 
f = c  p z  k d  :  L i s  _  ( 2  o )  

2b I 2Cp Kc J <2-9) 

Expressions for the dissociation rate constant k^, and the concentration equilibrium 

constant K are given in Appendix A. 
c 

If it is assumed that the air is in instantaneous equilibrium between the shock 

wave and the body, the pressure, temperature, and degree of dissociation are 

always related by the equilibrium relation 

Kp(T) 4ba2 

p ~ (1 - a)Z (2 '10> 

where K^(T) is the pressure equilibrium constant, which is a function of tempera

ture, and which is also given in Appendix A. 

2.2 Boundary Conditions 

The flow in the shock layer is bounded by the shock wave on one side and by 

the body surface on the other side. For explicit calculations, the conditions at 
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these  boundar ies  mus t  be  spec i f ied .  

In  a l l  cases  the  condi t ion  for  f low tangency  a t  the  body  sur face  i s  g iven  by  

v  =  0  (2 .11)  

As  fa r  as  the  condi t ions  on  the  downst ream s ide  of  the  shock  wave  a re  concerned ,  

these  can  be  obta ined  f rom the  pr inc ip les  of  conserva t ion  of  mass ,  momentum,  and  

energy  across  the  shock  wave .  For  equi l ib r ium f low,  the  gas  i s  assumed to  be  in  

thermodynamic  equi l ib r ium behind  the  shock;  for  nonequi l ib r ium f low,  the  f rozen  

s ta te  i s  assumed behind  the  shock .  Deta i led  equa t ions  for  bo th  cases  may be  

found  in  Ref .  1  and  a re ,  therefore ,  no t  repea ted  here .  
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SECTION III 

EQUILIBRIUM FLOW PAST A CIRCULAR CONE 

3.1 Basic Assumptions 

As early as 1929, A. Busemann (Ref. 4) has stated that supersonic inviscid 

conical flows are characterized by the fact that in the shock layer the pressure 

and the velocity vector are constant on coaxial conical surfaces having the 

same vertex as the conical body. Assuming this behavior of the flow, in which 

all variables such as pressure, density, and velocity are functions of 0 (see 

Fig. 1) only, Taylor and Maccoll (Ref. 2) successfully calculated supersonic 

conical flow of a perfect gas in 1933. The same assumptions will be the basis 

of the present calculations. 

3.2 Conical Flow Equations 

For axisymmetric flows, the governing equations are most suitably expressed 

in pherical coordinates (Fig. 2). Since the flow variables are independent of 

the circumferential coordinate <p , only two independent variables, namely r 

and 0, are retained. Finally the assumption that all flow variables are constant 

along any radius vector through the apex of the cone reduces the independent 

variables to 0 alone. 

Hence, with 

V P  "  37 "̂r +  7  3§e0+ r sin 6 % (3J) 

v •* == •4 h ) •+ TT^re m 9> •+ nznr % <3 • 2> 
and 

v  x p "  r ^ r e  [ ^ , w s i n e ) -

,  i  r  i  d u  d  .  , i  ,  i  r  a  .  .  a u i  —  

r .. sin 0 30 d r  r W \  0 r 1 d  r  90 j ed> ^ . 3 )  



7 

the  fo l lowing  equa t ions  a re  ob ta ined  f rom eq .  (2 .1)  and  (2 .2) :  

Conserva t ion  of  mass :  

% + v( I + cot 0) + 2u = 0 
(3 .4)  

r -Momentum:  

(3 .5)  

0-Momentum:  

(3 .6)  

I t  should  be  no t iced  tha t  in  th i s  par t icu la r  appl ica t ion  the  r -momentum equat ion  

reduces  to  the  i r ro ta t iona l  i ty  condi t ion  

Therefore ,  i t  fo l lows  tha t  in  the  f low under  cons idera t ion  the  assumpt ion  of  

homenerg ic  and  i r ro ta t iona l  (hence ,  a l so  homent ropic)  f low ups t ream of  the  shock  

wave ,  toge ther  wi th  the  assumpt ion  of  ins tan taneous  equi l ib r ium downst ream of  

Eq .  (2 .3) ,  (2 .4) ,  (2 .10) ,  and  (3 .4)  th rough (3 .6)  now form a  sys tem of  s ix  

equa t ions  for  the  s ix  unknowns:  u ,  v ,  p ,  p ,  T ,  and  a .  The  der iva t ive  of  v  ,  

obta ined  f rom the  9-momentum equa t ion ,  can  be  subs t i tu ted  in to  the  cont inu i ty  

equa t ion  and  the  d i f fe ren t ia ted  energy  equa t ion .  Also  d i f fe ren t ia t ing  the  equa t ion  

of  s ta te  and  the  equi l ib r ium re la t ion ,  the  resu l t ing  sys tem of  equa t ions  for  the  

der iva t ives  of  p ,  p ,  T ,  and  a  is  a s  fo l lows:  

Cont inu i ty :  

V x q = 0  (3 .7)  

the  shock  wave ,  means  tha t  the  f low in  the  shock  layer  i s  a l so  homenerg ic  and  

i r ro ta t iona l  (and  thus  homent ropic) .  

(3 .8)  

Energy:  

1  /9h ,  dT ,9h  .  da  _  _ 
p  d0  3T '  30  9T d0  

a  a  
(3 .9)  
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State: 

& - R Z T * - p R Z £ - p R T b * = 0  ( 3 . 1 0 )  

Equilibrium Relation: 

* ° 2 a t a £ - °  
Eliminating the derivative of p from the above equations and solving for the 

remaining derivatives, the following expressions are finally obtained: 

dp COi 0 + u) 
dF = 2 < 3 - 1 2> 

p - v 

V2F3 

jg - v(v cot 0 + u) (1 + J— ) (3.13) 

2  P " V F 3  

dT _ , 3h ^ r F2 . 3h . ] da 

d0 0T a ~ T !  ^ 

dv _ f 1 F2 . da "! 
d0 ~ ~ _ v Fj~ d0 J (3J5) 

where 

F1 " Ul(g))Zl - 4bo2p(l -o)Z (3.16) 

F2= [<1.8V.)Zl2 (|)^ + ^PrZ + (l-o)] (3.17) 

r "  ( £ >  F  -

F 3  =  1  _ R  |  3 h  +  ( T b  _ Z  3 h  )  F T  ( 3 . 1 8 )  
"  ( 8 T  ' a  ( 3 T  I  '  

and where p and u are given by the equation of state and by the energy equation, 

respectively. 
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3.3  Method  of  Solu t ion  

For  the  numer ica l  eva lua t ion ,  the  presen t  p roblem is  t rea ted  as  an  inverse  

one ;  tha t  i s ,  fo r  a  spec i f ied  shock  angle ,  the  assoc ia ted  cone  angle  resu l t s  f rom 

the  ca lcu la t ion .  The  in tegra t ion  i s  per formed by  us ing  a  Runge-Kut ta  t echnique  

of  four th-order  accuracy  wi th  a  f ixed  s tep  s ize  of  2  •  10  ^  rad ians .  The  in te 

gra t ion  proceeds  f rom the  shock  wave  towards  the  body  sur face .  The  cone  angle  

9^  i s  de te rmined  by  f ind ing  the  angle  a t  which  the  normal  ve loc i ty  component  

v  vanishes  (eq .  2 .11) .  I f  the  so lu t ion  i s  des i red  for  a  spec i f ied  cone  semi-

ver tex  angle ,  the  ca lcu la t ion  i s  repea ted  unt i l  v  vanishes  a t  the  spec i f ied  9^ .  

A la rge  number  of  cases  have  been  ca lcu la ted ,  and  the  resu l t s  a re  d iscussed  in  

sec t ion  5 .1  of  th i s  repor t .  
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SECTION IV 

NONEQUILIBRIUM FLOW PAST A CIRCULAR CONE 

4 .1  Govern ing  Equat ions  

In  connec t ion  wi th  Dorodni t syn ' s  in tegra l  method  (Ref .  6 ) ,  i t  i s  convenien t  

to  t rea t  the  equa t ions  of  mot ion  in  a  sur face  or ien ted  or thogonal  coord ina te  sys tem 

which  i s  ind ica ted  in  F ig .  9 .  I t  should  be  not iced  tha t  f rom now on  the  ve loc i ty  

components  in  the  f low f ie ld  a re  def ined  in  a  manner  which  d i f fe rs  f rom the  

d e f i n i t i o n  u s e d  i n  s e c t i o n  I I I .  

The  equa t ions  of  mot ion  were  der ived  in  Ref .  1  fo r  a  poin ted  body  of  a rb i t ra ry  

convex  sur face  curva ture .  Wi thout  reder iv ing  these  equa t ions ,  they  a re  l i s ted  

here  as  they  apply  for  a  c i rcu la r  cone  which  i s  charac te r ized  by  the  semi-ver tex  

angle  9^ .  For  convenience ,  we  sha l l  se t  9^  =  0  f rom now on .  

Conserva t ion  of  mass :  

£(pur) + J7(pvr) = 0 

x-Momentum:  

9  2d  
^  [ (P  +  pu  ) r  ]  +  ^  (puvr)  -  p s in  0  =0  (4 .2)  

y-Momentum:  

( P u v r )  +  ̂ 7  f  ( P  +  P v 2 ) r  J  ~  P  c o s  0  =  0  ( 4 . 3 )  

Rate :  

9  9  
97 (p u a r )  +  9^7 (p v a r )  -  P r f  =  0  (4 .4)  

Addi t iona l ly  there  a re  the  energy  equa t ion  and  the  equa t ion  of  s ta te ,  respec t ive ly :  

2 2 
-y  +  -y  +  h=h^ =  cons t  ( 4 . 5 )  

P =  pRZT (4 .6)  
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4.2  Method  of  In tegra l  Re la t ions  

4 .2 .1  Method  in  Genera l—Firs t  Approximat ion  

The  method  of  in tegra l  re la t ions ,  as  deve loped  by  Dorodni t syn  (Ref .  6 ) ,  

was  descr ibed  in  de ta i l  in  Ref .  1 .  Essent ia l ly ,  i t  permi ts ,  th rough the  use  of  

ce r ta in  assumpt ions ,  a  t ransformat ion  of  the  above  g iven  par t ia l  d i f fe ren t ia l  

equa t ions  in to  ord inary  d i f fe ren t ia l  equa t ions  which  a re  then  open  to  numer ica l  

in tegra t ion .  Only  a  shor t  summary  wi l l  be  g iven  here .  

Af te r  cas t ing  a l l  our  par t ia l  d i f fe ren t ia l  equa t ions  in  d ivergence  form,  

namel  y  

3  F .  3  G.  
z—- + -x—- + H. = 0 (4.7) 
3  x  3  y  i  v  '  

0 =  1 / 2 ,  . . . ,  m )  

where  x  and  y  a re  the  independent  var iab les ,  whi le  F . ,  G .  and  H.  a re  the  

known func t ions  of  the  dependent  var iab les ,  and  assuminq  tha t  F  and  H 
i  i  

can  be  represen ted  by  polynomia ls  of  the  form 

N 
F i =  Z  a i n W y n  ( 4 . 8 )  

n =  0  

N 
H ; =  I  b ; n ( x ) y n  (4 .9)  

n  =  0  

and  a l so  d iv id ing  the  reg ion  be tween  the  shock  and  the  body  sur face  in to  N s t r ips  

of  equa l  wid th  (F ig .  10  shows a  two-s t r ip  a r rangement ) ,  eq .  (4 .7)  can  be  in tegra ted  

across  each  s t r ip ,  which  resu l t s  in  a  sys tem of  m •  N ord inary  d i f fe ren t ia l  equa t ions  

of  the  fo l lowing  form:  

N ,  .  ,  n+1  n+1 

l. —rn t~ I a* M 1 y — y 
n ^ Q  n +  1  dx  L ,n  j  '  ' k  

N b (x)  
r~  in  

+  G i ,k+1  G i ,k  +  n ' r  0  n +  1  

I F .  _  t  F .  ^  
j w N i ,k+l  N i ,k  j  dx  

n+1 n+1 i  
y  -  y  i  = 0  

k + 1  k  (4 .10)  
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where  k  =  0 ,  1 ,  . . . ,  N- l ;  0=0,  1 ,  . . . ,  N and  i  =  1 ,  2 ,  . . . ,  m.  

For  the  f i r s t  approximat ion ,  we  have  N =  1 ,  k  =  0 ,  n  =  0 ,  1 .  Hence ,  

eq .  (4 .10)  can  now be  s impl i f ied  and ,  for  the  f i r s t  approximat ion ,  resu l t s  in  

d  1  d y s  
f -  (F .  +F .  , ) -  — (F.  -F .  
dx  i ,  s  i ,  b  y^  i ,  s  i ,  b  dx  

+  — (G.  — G.  , )  +  (H.  +  H.  , )  =  0  (4 .11)  
y s  i ,  s  i  , b  i ,  s  i ,b  

The  above  equa t ion  might  be  ca l led  an  opera tor  equa t ion ,  a l lowing  us  to  t ransform 

our  par t ia l  d i f fe ren t ia l  equa t ions  of  the  form (4 .7)  d i rec t ly  in to  ord inary  d i f fe ren t ia l  

equa t ions  for  the  dependent  var iab les  a long  the  body  sur face  and  a long  the  shock  

wave .  

4 .2 .2  Second Approximat ion  

For  the  second  approximat ion ,  we  have  N =  2 ,  n  =  0 ,  1 ,  2  and  k  =  0 ,  1 .  

Hence ,  f rom eq .  (4 .8)  or  (4 .9) ,  the  polynomia l  approximat ion  has  the  genera l  form 

p i =  c ; o ( x )  +  c . ] ( x ) y  +  c . 2 ( x ) y 2  ( 4 . 1 2 )  

Accord ing  to  F ig .  10 ,  i t  i s  found  tha t  a t  

y  =  0 :  P i ,b = C iO W  2  

y  =  T :  P i ,2= c i 0W+ C i lW^ +  C i2 ( x )V > <4-1 3)  

y  =  V p i , s  =  C i0 ( x ) +  C i l W y s +  C i2 (x)ys2 

From eq .  (4 .13) ,  the  coef f ic ien t  func t ions  in  genera l  a re  then  

C i0 ( x > =  P i ,b  

c i l< x > =  ^ ( 4 P i ,2 - P i , s - 3 P i ,b )  > < 4 " , 4 > 

C i 2W = 4-(P i ,b- 2 P i ,2  +  P i , s )  y s  



13 

Applying th is  procedure  to  F .  and H. ,  eq .  (4 .10)  can now be  s impl i f ied;  and 

for  the  s t r ip  between y  =  0  and y  =  y  /2 ,  the  fo l lowing equat ion resul ts :  

d  1  dy  
-j— (5F.  .  +  8  F.  0 ~F.  )  +  —(5 F.  .  -  4  F.  «  -  F.  )  —-
dx >/b  i ,2  i , s  y  i ,b  i ,2  i , s  dx 

(4 .15)  
24  

+ — (G -  G ,  )  +  (5  H.  +  8  H.  -  H.  )  =  0  
y $  i ,4  i ,b  i ,b  i ,2  i , s '  

Simi lar ly ,  one  obta ins  for  the  s t r ip  between y  =  y  /2  and y  =  y  the  fo l lowing 

equat ion:  

d  1  dy 
r (8F.  ,  + 5F.  -F .  ,  )  +  —(20 F.  ,  -  19 F.  -  F.  , )  -A dx i , 2  i , s  i ,b  y  i ,2  i , s  i ,b  dx 

S  (4 .16)  

+  — (G.  -G.  0 )  + (8H.  „  + 5H.  -  H.  ,  )  =  0  
y s  « / S  1,2  1 ,2  I , s  i ,  b  

By proper ly  manipula t ing eq .  (4 .15)  and (4 .16) ,  tha t  is  subt rac t ing and adding them 

in  a  sui table  fashion,  the  fo l lowing s impler  equat ions  are  f ina l ly  obta ined:  

d  1  \  
4— (F.  .  -  F.  )+  — (F.  ,  -4F.  ,  + 3F.  )  - j^-
dx i ,b  i , s  y^ i ,b  i ,2  i , s  dx 

—— (G.  ,  -  2 G.  0  + G.  )  +  (H.  , -H.  )  =  0  
y $  i  ,b  i ,2  '  , s  i ,  b  i , s '  

(4 .17)  

dy 
^- (2F.  _ +  F.  )  +  —(F.  , -F .  )  
dx i ,2  i , s  y $  i ,2  i , s  dx 

—  ( G .  , + 4 G .  0  -  5  G .  )  +  ( 2  H .  0  +  H .  ) = 0  
y  i ,b  i ,2  i  , s  i ,2  i , s  

(4 .18)  

s  

I t  may be  of  in teres t  to  note  tha t  eq .  (4 .17)  and (4 .18)  are  a lso  obta ined i f  the  

s t r ips  a re  se lec ted  such that  one  s t r ip  is  bounded by the  l ines  y  =  0  and y  =  y^/2 ,  

and the  o ther  s t r ip  is  bounded by the  l ines  y  =  0  and y  = y^.  Compar ing the  two-

st r ip  analys is  wi th  the  one-s t r ip  analys is ,  eq .  (4 .17)  and (4 .18)  correspond to  

eq .  (4 .11) .  
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4.2.3 Application of the Second Approximation 

Applying now eq. (4.17) and (4.18) to eqs. (4.1) through (4.4), the 

following set of ordinary differential equations is obtained: 

Continuity: 

^ (pbubrb - PsYs*= 

= y  <4P2u2r2 " PbVb " 3psusrs) d^T + y  (psYs " 2p2v2r2) 

s 's 

i (2p2u2r2 + psVs) = 

4 , A . 1 
" ~ (Psusrs - P2u2r2>-d7 + 7 (4P2V2r2 " 5P,vsrs> 

s 7S 

x-Momentum: 

ST [(pb + pbUb)rb " (ps + P/sK 1 = 

T [ 4(p2 + f^u2)r2 " (pb + pbub> rb " 3(ps + psus >'rs1 "ST 
's 

4 , „ , , drb 

(4.19a) 

(4.19b) 

+ 7" (psusYs " 2p2u2v2r2} + (pb " ps} "d7 (4'20a) 
's 

^[2(p2 + p2u2)r2+(ps + psU2)rsj = 

4 2 2 dy5 1 
- [ (Ps + Ps"s )r - (p2 + f^u2)r2 1 -3J- + - (4p2u2v2r2 - 5p u r ) 
's 's 

drh 
+ (2p2 + ps)"^r (4-20b> 

y-Momentum: 

i (psusvsrs) = t  (3psusvsrs ' 4p2u2v2r2> IT ~ f  [ pbrb " 2(p2 + p2v2)r2 7s 's 

d , 4 1 „ . dys 4 , . 2 

+ (PS + psvs )rs ^ ~ ^Pb " ps} COS 9 (4.21a) 
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Rate: 

± (2P2u2v2r2 + Psusvsrs) = 

4 dys 1 2 
- (Psusvsrs " P2"2v2r2) -gj- + - ( Pbrb + 4(p + p v ) r2 

s 7 S  

- 5(ps + Psvs )rs ] + (2p2 + Ps) cos 0 (4.21b) 

d / , _ 
( PbUbabrb " psusasrs} " 

1 dys - — (4p0u0a0r0 -pLuLa,rL - 3p u a r ) -j— y  2  2  2  2  b  b  b b  s s s s  d x  
's 

+ — (p v a r - 2p v9a0r0) + p, f.r, - p f r (4.22a) 
y  s s s s  2  2 2  2 '  b b b  s s s  
s 

(2p_u0a0r0 + p u a r ) = 
d x  r 2  2  2  2  s s s s  

4 dys 1 (p u a r - fku0a0r0) —j— + — (4p0v0a0r0 - 5p v a r ) y  s s s s  7  2  2  2  d x  y  2  2  2  2  s s s s  
s 's 

+ 2p2f2r2 + p^ (4.22b) 

Before the above eight ordinary differential equations can actually be integrated, a 

considerable rearrangement is necessary. Also, since they contain more than eight 

unknowns, some additional relations are needed. 

Simple geometry (see Fig. 9) yields 

r^ = x sin 0 (4.23) 

r2 = s'n ® (2 + 5 cot 0) (4.24) 

r^ = x sin 0 (1 + 5 cot 0) (4.25) 

where 

6 = -1 (4.26) 
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Also f rom geometr ic  considera t ions  one  obta ins  

d y s  = tan  p  (4 .27)  

Different ia t ing  now the  f i rs t  three  equat ions  and us ing the  las t  two,  i t  can  be  

shown that  

d r h 
—j— =  s in  0  (4 .28)  
dx 

dr2 1 = 2  s ' n  9 (2  +  cot  9  tan  p)  (4 .29)  

dr  
=  s in  9  (1  +  cot  9  tanp)  (4 .30)  

Subst i tu t ing now the  express ions  which are  given in  eq .  (4 .23)  through (4 .30)  in to  

eq .  (4 .19a)  through (4 .22b) ,  and rearranging some terms,  the  fo l lowing equat ions  

resul t :  

Cont inui ty :  d  ,  ,  d  ,  
s r (p b «b)- ( 1 + 8 c 0 , 6 ) -^ ( p s u s ) "  

1 "  1  /  
=  — [  2p2U2(2 +  8  cot  9)  -  Sp^u^l  +  8  cot  9)  -  Pb u b 1 t a n  P 

+ 4  [  p s v s ( l  +8  cot9)  -  P 2 V 2^ 2  +  8  c o t  0 )  1 "  Pb u b +  p s u s ( 1  +  c o t  0  t a n  ^ 

(4.31a)  

( 2 + 8  c o t 9 ) - ^  ( p 2 u 2 )  +  ( 1  + S  c o t 9 ) ~  ( p ^ )  -

= I !  1  [4p u (V +  8  cot  9)  -  2p 0 u (2  +  8  cot  9)  ]  tan  p  +  2p v ? (2  + 8  cot  9)  
x _ 5 \  s s  ^  ̂  z  ̂  

-  5p v  (1  +  8  cot  9)  |  -  P 2 u 2 (2  + cot  9  tanp)  -  p^l  + cot  9  tan  p)  

(4 .31b)  
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x-Momentum: 

1 
5" 

ST (pb + pb"b' " 0 + 5 cot 0) ST <PS + Psu52 > = 

[2(p2 + ?2U2) (2 + 5 cot 9) — 3(p + p u2) (1+6 cot 9) 

- (Pb + Pbub) J tan P + 4 f Psusvs(1 + 5 cot 0) - P2U2V2^2 + 8 cot 

2 2 n 
+ (p + p u ) (1 + cot 0 tan (3) - p - p. u. 

s s s s b b 
(4.32a) 

(2 + 6 cot 0) (p2 + p2u2) + (1 + 6 cot 0) (ps + p u2) = 

= 1[ 
X l5" | • s s s 

+ p u2 )(1 + 5 cot 0) - 2(p2 + p2u2 ) (2 + 6 cot0 ) 1 tan (3 

+ 2p^u9v_(2 + 6 cot 0) - 5p u v (1 +6 cot 0 )  i  +  2 p  +  p  
t .  c .  S S S  A  S  

2 2 
- (p_ + P.JJ-) (2 + cot 0 tan (3) - (p + p u ) (1 + cot 0 tan j3) 

^ Z s s S 
(4.32b) 

y-Momentum: 

( 1 + 5  c o t  9 )  - j —  ( p  u  v  )  -
dx s s s 

i 1 [ [3 P$usvs(1 + 5 cot 0) " 2P2U2V2^2 +8 Cot ^ tan ^ 
L I 

- 4 [ Pb + (p$ + psv2) (1+5 cot 0) - (p2 + p2v^) (2 + 5 cot 9)] ; 

+ (p - Pb) cot 0 - Psusv$0 + c°l" 0 *an P) (4.33a) 
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(2 + S cot e) ̂  (P2u2v2) + (1 + 8 cot 0) £ <PSUSVS> = 

= lfl 
x ^5 

+ 

[ 2 P sYs(1 + S  C O T 0 )  '  P 2u2v2(2+5 cot0> I 2 ,an p 

2 2 ' 
Pb " 5(ps + psvs ) (1 + 5 cot 9) + 2(p2 + ^v2)(2 + 8 cot 0) • 

+ ^2p2 + Ps} cot 0 " Psusvs(1 + cot 0 tan P) " P2U2V2^2 + cot 9 tan ft (4.33b) 

Rate: 

^ ( P b V b ' - C  + S  c o t 0 ) ^ < P s U s a s )  =  

5 ! ^2p2u2a2^2 + 8 cot 0^ ~ 3PsU5as(1 + 3 cot ~ Pbubab 'tan ^ 

+  ̂  ̂  P s V s a s ^  +  8  c o t  0 ^  ~  p 2 v 2 a 2 ^ 2  +  8  c o t  0 ^ '  

+ Psusas(^ + cotQ tan (3) - Pbubab ! + Pb*b ~ PsV^ + 8 COt 9^ 

( 2 + 6  c o t  0 )  ( p 2 u 2 a 2 )  +  ( 1  +  5  c o t  0 )  ( p v a j  =  

i r i i 
= — i g- f 3P$usas(^ + S cot 0) - p2U2a2(2 + 5 cot 0) ) 2 tan (3 

2p2v2a2(2 + 6 cot 0) - Sp^a^l + 8 cot 0) - p2U2a2(2 + cot 0 tan |3) 

(4.34a) 

- Psusa$0 + cot 0 tan 3) p2^2(2 + 6 cot 0) + f>f$0 + S cot 0) (4.34b) 

Considering that all variables on the downstream side of the shock wave 

(subscript s) and their gradients can be expressed as functions of the shock wave 

angle a (see Appendix B), eq. (4.27) together with the above eight equations 
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form a  sys tem of  n ine  d i f fe ren t ia l  equa t ions  for  th i r teen  unknowns .  Addi t iona l  

d i f fe ren t ia l  equa t ions  a re  obta ined  by  d i f fe ren t ia t ing  the  energy  equa t ion  and  

the  equa t ion  of  s ta te  and  apply ing  them a t  the  body  sur face  ( subscr ip t  b )  and  

a t  the  s t r ip  in te r face  ( subscr ip t  2 ) .  Hence ,  f rom the  energy  equa t ion ,  

du_  dv 0  dT« da  
u  2 2 2 2 

2 ~d7  +  v 2 ~&T +  S 2 ~d7 +  L 2 "d7  
=  0  (4 .35)  

u  

where  

du b  dT da ,  

b  sr +  s b -a r  +  L b =  0  < 4 - 3 6 > 

s = < — ) 
5  l 8T '  

a  

L - T 

and  f rom the  equa t ion  of  s ta te  

JL  ^2  = L  ^2  +  1  d T 2 +  b *2  
P2 dx  p2  dx  T2 dx  Z^  dx  

_ L ^ b _ _ L ^ b + J _ ^ b + i _ ^ b  
p b  dx p b  dx T b  dx Z b  dx (4 .38)  

Now eq .  (4 .27)  and  eq .  (4 .31a)  th rough eq .  (4 .38)  cons t i tu te  a  sys tem of  th i r teen  

d i f fe ren t ia l  equa t ions  which  can  be  so lved  for  the  fo l lowing  th i r teen  unknowns:  

a t  body  sur face :  p b ,  T b ,  a^  p b ,  u b  

a t  s t r ip  in te r face :  p 2 #  p 2 ,  

a t  shock:  cr ,  y^  .  

By us ing  the  las t  four  equa t ions  to  e l imina te  the  der iva t ions  of  u L ,  u 0 ,  p L ,  
b  2  b  

and  p2f rom eq .  (4 .31a)  th rough (4 .34b) ,  the  la t te r  equa t ions  y ie ld  a  sys tem of  e igh t  

equa t ions  in  the  unknown grad ien ts  of  the  e igh t  var iab les  p b ,  T b ,  a b ,  p2*  T2> a 2 '  v 2 

and a ,  which  i s  g iven  on  the  fo l lowing  page .  
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These  e ight  equat ions  are ,  respect ively ,  two cont inui ty ,  two x-momentum,  

two y-momentum,  and two ra te  equat ions .  I t  can  be  seen that  due  to  the  

y-momentum equat ion (4 .43) ,  conta in ing the  gradient  of  a  only ,  the  sys tem 

of  e ight  equat ions  can be  broken up in to  two se ts  of  equat ions ,  each group 

consis t ing  of  one  cont inui ty ,  x-momentum,  y-momentum,  and ra te  equat ion.  

Once these  two se ts  a re  solved,  u^ ,  U£,  p^ ,  and p^  are  ca lcula ted  f rom the  

energy equat ion and f rom the  equat ion of  s ta te  d i rec t ly .  

4 .3  Method of  Solut ion 

4 .3 .1  Ini t ia l  Values—Frozen Flow 

In order  to  s tar t  the  numerica l  in tegra t ion of  the  sys tem (4 .39)  through 

(4 .46) ,  the  values  of  a l l  var iables  must  be  known a t  the  cone t ip  (x  =  0) .  The 

use  of  f rozen shock condi t ions  impl ies  tha t  the  f low is  f rozen a t  the  t ip  of  the  

cone.  Therefore ,  the  f rozen f low values  serve  as  in i t ia l  va lues .  

For  f rozen f low,  jus t  as  for  perfec t  gas  f low,  there  is  a  conical  a t tached 

shock wave.  By def in i t ion ,  then a lso  the  in ter face  is  a  conical  surface .  Hence,  

us ing the  wel l -known assumpt ion tha t  a l l  var iables  are  constant  on  coaxia l  

conical  surfaces  having the  same ver tex  as  the  conical  body (see  sec t ion 3 .1) ,  

one can se t  .  ,  ,  dg  dg dg 
•  = 2  =  b  3  °  (4.47)  

dx  dx dx 

where  g  s tands  for  any of  the  f low var iables .  Since  a lso  
y. 

| i m  8 = l im (— ) = tan  p  (4 .48)  
x-»0 x-»0 X  

eq.  (4 .31a)  through (4 .34b)  reduce  to  nonl inear  a lgebra ic  equat ions  which can 

be  brought  in to  the  fo l lowing form:  

Cont inui ty :  

p 0 (u 0  -  2v 0  cot  8  )(2  +  cot0  tan  {3)  -  P,u ,  =  p  (u  -  2v cot  (3)(1  +  cot  0  tan?)  
/  /  /  D D S S 5  (4 .49)  

p 0 (3u 0  -  2v-cot  8)(2  +  cot  0  tan  j3)  =  p  (3u -  5v cot  p)( l  +  cot  0  tan  p)  2 2 2 ' s s s (4 5Q) 
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x-Momentum: 

(pb ~ Ps> ~ 2^p2 * Ps^2 + cot 0 tan P) + 2Pbub = 2p2u2(u2 

- 2v« cot p)(2 + cot 0 tan (3) - 2p u (u - 2v cotp)(l + cot 0 tan p) 
5 5 s s (4.51) 

(p2 - P$)(4 + 3 cot 0 tan p) = PSU$(0US ~ cot p)(l + cot 0 tan p) 

" P2U2^U2 ~ 2v2 cot ^2 + cot ® tan ^ (4-52) 

y-Momentum: 

4(p2 - p^)(cot 0 + 2 cot P) - (pb - Ps)(cot 0 + 4 cot P) = 

= 2p2v2(u2 - 2V2 cot P)(2 + cot 0 tan p) 

- 2psVs(us - 2v^ cot p)(l + cot 0 tan P) (4.53) 

(pb " P$) cot p + 4(p2 - p )(cot 0 + cot p) = p2V2(3U2 - 2v2 cot p)(2 

+ cot 0 tan p) - p v (3u - 5v cot p)(l + cot 0 tan p) (4.54) 
s s s s 

Rate: 

P2a2(u2 - 2v2 cot P)(2 + cot 0 tan p) - P^c^ = P^u,. 

- 2v^ cot p)(l + cot 0 tan p) (4.55) 

P2a2(3u2 - 2V2 cot P)(2 + cot 0 tan P) -

= pa (3u - 5v cot P)(l + cot 0 tan P) (4.56) 
S S S s 

The above equations can also be obtained by formally multiplying eq. (4.3la) 

through (4.34b) by x, and then taking the limit for x-^0. 
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It is noticed that eq. (4.55) and (4.56) still contain aL/ a and a , 
b I s 

although these equations were derived by assuming frozen flow. It will now 

be shown that, in fact, a =a = a , which means that the conditions for 
b z s 

frozen flow are satisfied. 

Solving eq. (4.56) for a^, one obtains 

r p (3u - 5v cot p)(l + cot 0 tan p) -
a?= ' — - a (4.57) 

L p2(3u2 - 2^2 cot + cot ® tan ^ ̂  S 

Since it can be seen from eq. (4.50) that the square bracket term in eq. (4.57) 

is equal to unity, it is shown that 

a2 = °s (4.58) 

Due to eq. (4.58), in eq. (4.55) can now be replaced by a^, hence 

a r 

°b = pT P2^U2 " 2v2 COt + COt ^ tan ~ Ps^Us " 2vs C°f + 

b"b L 

+ cot 0 tan P) (4.59) 

Eq. (4.49) shows that the square bracket in eq. (4.59) is equal to (p^u^) 

hence 
a = a (4.60) 
b s 

Consequently, due to the boundary conditions (section 2.2), and due to 

eq. (4.58) and (4.60), the condition for frozen flow 

°b = °2 = °s = Q1 (4.61) 

is satisfied. 

Due to the nonlinearity of the equations, a trial and error procedure 

must be used to calculate the remaining flow variables for frozen flow. It 

seems to be convenient to calculate the interface conditions first. It is found 

that eq. (4.50) and eq. (4.52) do not contain any body surface variables. 
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Eliminat ing the  body surface  pressure  f rom the  two y-momentum equat ions ,  a  

th i rd  equat ion which conta ins  in ter face  and shock values  only  is  avai lable .  

Combining these  three  equat ions  wi th  the  equat ion of  s ta te  and the  energy 

equat ion,  there  are  f ive  equat ions  for  the  f ive  unknowns:  TP2 '  u 2 '  

and v  

The f i rs t  s tep  is  to  combine  eq .  (4 .52)  and the  two y-momentum equa

t ions  in  order  to  e l iminate  p  ,  p,  ,  and p_.  The resul t  i s  an  equat ion in  p 0 ,  u 0 ,  
s  b  A .  I t .  

and Combining th is  equat ion wi th  eq .  (4 .50)  in  order  to  e l iminate  u^  or  v^  

a  quadrat ic  equat ion for  e i ther  v^  or  u2  c a n  be obta ined.  El iminat ing u^/  

the  quadrat ic  equat ion for  v^  is  

9  
8Ap2 cot  (3 V2 -  p s  (3u^ -  5v^ cot  (3 ) (8B +14 + 3  cot  9  tan  (3)  ^2  +  

+ p ^ 6v  (u  -  2v cot  (3)  +  (3u -  5v cot  (3)  j 3v  (4  
r s  [  s v  s  s  K /  s  s  r /  I  s  

r p s  i l "  
+ cot  0  tan  (3)  -  4B tan  (3 |  — (3u -  5v cot  p)A -  3u ; j  -  0 

t a p 2 S  S  S ' ' -  (4.62)  

where  
A  =  2  + c o t 9  t a n  | 3  ( 4  6 3 )  

1 +  cot  0  tan  P 

2 2 
g _  6  cot  p  +  6  cot  9  cot  (3 +  cot  9  ^  ̂  

4 + 3  cot  0  tan  P 

Assuming a  value  for  cr  and p2,  where  <  p2 <  (and p^  is  known from 

the  f i rs t  approximat ion) ,  eq .  (4 .62)  can be  solved for  V2.  Since  there  are  two 

solut ions ,  the  correc t  so lut ion must  be  se lec ted  such that  0  < |  v 2 |  £  |  v s  1 •  

Knowing one  obta ins  f rom eq .  (4 .50)  

U 2 3  
P s  .  1  +  cot  0  tan  0  .  «  .  „  
_  (3 U s  -  5v s  cot  P )  2  +  c o t e  t g n g +  2  P  

(4 .65)  
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and from eq. (4.50) and (4.52) : 

- / o  c *  a \  1  +  c o t  9  * a n  P  /  \  .  p2 - ps(3u$ - 5vs cot 3)4 + 3cot9tonp ("s " u2) + P, 

From the equation of state 

T2 PORZ 

(4.66) 

(4.67) 

Having assumed p2, and having calculated T2 as function of and v^, 

there remains the energy equation for a check on p2 

u2 + v2 = 2(ht - h2) (4.68) 

If the energy equation is not satisfied, a new value of p2 has to be assumed. 

The calculation must then be repeated until a consistent set of values of all 

variables at the interface is found. 

With the values at the interface calculated, the body surface variables 

are determined from the remaining equations. Eq. (4.49), (4.51), and (4.54) 

can be combined in order to eliminate p^ and p^. The resulting equation 

can be solved for the body surface velocity as follows: 

u^ = u2 + Ps(l + cot 0 tan 3) [ (v2 - vs)(3u$ - 5v$ cot (3) - 2(u2 

r - u^Xu^ - 2v^ cot (3)cot{3 ] - 2(p2 - ps)cot[3(4 + 3 cot 9  tan |3) 1  J  2 cot(3[ P$(u 

- 2v cot (3)(1 + cot 0 tan {3) - p2(u2 - 2v2cot 3)(2 + cot 0 tan 0) ] 
- 1  

(4.69) 

Solving eq. (4.49) for the surface density, the latter one is 

Pb = — [ p2(u2 - 2v2 cot B)(2 + cot 0 tan (3) - p^ 

b 

- 2v cot (3)(1 + cot0 tan 3) ] (4.70) 

From the y-momentum equation, eq. (4.54), and the continuity equation, 

eq. (4.50), the surface pressure becomes 
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-  p $  + (1  +  co t  9  tan  3)  \  9^2  "  v s )^ u s  "  ̂ v s  c o t  ?)  

-  4(p^  -  p^Jcot  3  ]  tan  0  (4 .71)  

From the  equa t ion  of  s ta te  

T b =  jgr < 4 - 7 2 > 

Since  the  above  ca lcu la t ions  a re  s t i l l  based  on  an  assumed va lue  of  the  shock  

wave  angle  cr  ,  the  energy  equa t ion  i s  now used  to  ver i fy  th i s  assumpt ion .  

and  u ,  ,  as  ca lcu la ted  above ,  have  to  sa t i s fy  the  re la t ion  
b  

u b  =  2 ( h t "  V  ( 4 - 7 3 )  

I f  eq .  (4 .73)  i s  no t  sa t i s f ied ,  a  new va lue  of  a  i s  chosen .  The  ca lcu la t ion  

must  be  repea ted  by  s ta r t ing  wi th  eq .  (4 .62) .  

4 .3 .2  In i t ia l  Der iva t ives  

The  necess i ty  for  de te rmin ing  the  der iva t ives  of  a l l  var iab les  a t  x  =  0  

ar i ses  f rom the  fac t  tha t  for  the  in i t i a l  va lues ,  which  were  ca lcu la ted  in  the  

prev ious  sec t ion ,  the  sys tem of  eq .  (4 .39)  through (4 .46)  becomes  inde te rmina te ,  

The  reason  for  th i s ,  o f  course ,  i s  the  d i rec t  re la t ion  of  the  a lgebra ic  equa t ions  

(4 .49)  th rough (4 0 56)  wi th  the  nonhomogeneous  te rms  in  the  sys tem (4 .39)  

through (4 .46) ,  respec t ive ly .  

However ,  a  se t  of  l inear  equa t ions  for  the  in i t i a l  der iva t ives  can  be  

der ived  f rom the  sys tem (4 .39)  th rough (4 .46) .  The  inde te rminancy  can  be  

reso lved  by  apply ing  L 'Hospi ta l  ' s ru le to the  A.  ( i  1 ,  2 ,  . . . . ,8 )  in  order  

to  f ind  the i r  l imi t ing  express ions  for  x -*0 .  The  resu l t ing  equa t ions  for  the  

in i t i a l  g rad ien ts  a re  g iven  on  the  fo l lowing  page .  
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4.3 .3  Numer ica l  Procedure  

For  the  numer ica l  eva lua t ion ,  a l l  var iab les  and  the  coord ina tes  were  

nondimens iona l ized  as  fo l lows:  

u ,  v  
'  '  _  < _  p  •  _  p  

u ,v  -  — ;  P 2  ;  p  -  ;  

1 p , U ]  P|  

T h  R T 1  t '  -  l 1  —  h  .  n "  -  '  .  
I -y— / n - —2" / K ~ 2 '  

1  U 1 U 1 

* ' Y  _  u b  

|  /I = ,  where  |  -  (_  ) ;  
I b  x=0 

The  equa t ions  were  then  programmed in  d imens ionless  form;  a l l  ca lcu la t ions  

were  per formed on  the  UNIVAC 1107 h igh  speed  d ig i ta l  computer .  

In  o rder  to  fac i l i t a te  the  numer ica l  eva lua t ion ,  the  problem was  p ro

grammed in  two par t s .  The  f i r s t  par t  cons iders  the  ca lcu la t ion  of  the  in i t i a l  

va lues ,  whi le  the  second  par t  i s  concerned  wi th  the  in tegra t ion  a long  the  body 

sur face .  The  ca lcu la t ion  s ta r t s  by  eva lua t ing  the  condi t ions  behind  the  a t tached  

shock  wave  for  a  g iven  conf igura t ion  and  an  assumed shock  wave  angle  a ,  as  

descr ibed  in  de ta i l  in  Ref .  1 .  Knowing  the  shock  wave  condi t ions ,  the  var iab les  

a t  the  in te r face  and  a t  the  body  sur face  a re  eva lua ted  as  descr ibed  in  sec t ion  4 .3 .1  

of  the  presen t  repor t .  As  i t  was  ment ioned  there ,  the  nonl inear  charac te r  of  the  

per t inen t  equa t ions  necess i ta tes  the  use  of  a  t r ia l  and  e r ror  procedure  in  o rder  to  

ob ta in  the  in i t i a l  condi t ions  a t  the  in te r face  and  a t  the  body sur face .  

Having  comple ted  th i s  f i r s t  par t ,  in i t i a l  g rad ien ts  can  be  ca lcu la ted  by  

reso lv ing  the  sys tem (4 .74)  th rough (4 .81) .  Wi th  in i t i a l  va lues  and  in i t i a l  g ra 

dien ts  ava i lab le ,  the  f low condi t ions  a t  some f in i te  can  be  ca lcu la ted .  From 

th is  po in t  on ,  the  computa t ion  swi tches  over  to  the  sys tem (4 .39)  th rough (4 .46) .  

This  sys tem i s  then  eva lua ted  by  a  program which  main ly  uses  two subrout ines ,  

namely  a  l inear  equa t ion  so lver ,  and  a  Runge-Kut ta  in tegra t ion  technique  of  

four th-order  accuracy .  The  s tep  s ize  i s  essen t ia l ly  f ixed ;  however ,  i t  can  be  

var ied  in  in te rva ls .  
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SECTION V 

DISCUSSION OF RESULTS 

5 .1  Equi l  ib r ium Flow 

Resul t s  were  ob ta ined  for  f ree  s t ream Mach numbers  ranging  f rom 10  to  25  and  

for  shock  wave  angles  ranging  f rom 20  to  50  degrees .  The  f ree  s t ream tempera ture  

and  the  f ree  s t ream pressure  were  f ixed  a t  T .  =  273.16°K,  and  a t  
-3  -3  

= 1 .01325 •  10  bar  (=  10  a tm) ,  respec t ive ly .  

For  s impl ic i ty  and  genera l i ty ,  the  resu l t s  were  cor re la ted  on  the  bas i s  of  the  

hypersonic  s imi la r i ty  parameter  s in  9^ .  This  cor re la t ion  was  f i r s t  p roposed  and  

used  by  Romig  (Ref .  5 )  and  i s  very  good indeed .  

The  resu l t s  f rom the  presen t  inves t iga t ion  a re  compared  wi th  resu l t s  p rev ious ly  

ob ta ined  wi th  the  method  of  in tegra l  re la t ions  (Ref .  1 )  and  wi th  resu l t s  ob ta ined  by  

Romig  (Ref .  5 ) .  When compar ing  the  graphs ,  i t  should  be  cons idered  tha t  the  presen t  

resu l t s  and  those  of  Ref .  1  a re  based  on  the  same a i r  model  .  Whi le  Romig  bas ica l ly  

used  the  same equa t ions  as  those  in  the  presen t  ana lys i s ,  the  thermodynamic  da ta  

were  no t  d i rec t ly  ca lcu la ted  but  were  taken  f rom more  e labora te  tab les .  

I t  can  be  seen  f rom Fig .  3  through F ig .  8  tha t  the  agreement  of  the  presen t  

resu l t s  wi th  those  ob ta ined  wi th  the  in tegra l  method  is  exce l len t .  Wi th  the  excep

t ion  of  the  sur face  pressure ,  the  in tegra l  method  va lues  of  which  a re  uni formly  about  

two per  cen t  be low the  va lues  f rom the  presen t  Taylor -Maccol I  type  ana lys i s ,  there  

i s  no  measurab le  d i f fe rence  in  the  resu l t s  f rom the  two methods .  Hence ,  any  devia

t ion  of  the  presen t  resu l t s  f rom those  of  Romig  (Ref .  5 )  can  safe ly  be  a t t r ibu ted  to  

the  d i f fe rence  in  the  thermodynamic  da ta  input .  

5 .2  Nonequi l  ib r ium Flow 

With in  the  t ime  which  was  a l lo t ted  to  th i s  cont rac t ,  i t  was  no t  poss ib le  to  ca l 

cu la te  a  la rge  number  of  cases .  However ,  some resu l t s  for  chemica l  nonequi l  ib r ium 
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f low a re  presen ted  in  F ig .  11  th rough 18 .  The  case  for  ze ro  f ree  s t ream d issoc ia t ion  

cor responds  to  a  f l igh t  Mach number  of  =  20  a t  40  km geomet r ic  a l t i tude .  For  

the  second  case  d iscussed ,  the  f ree  s t ream dissoc ia t ion  was  a rb i t ra r i ly  taken  to  be  

=  0 .5 ,  leav ing  a l l  o ther  f ree  s t ream parameters  unchanged .  As  a  mat te r  of  fac t ,  

these  a re  the  same cases  which  were  a l ready  d iscussed  in  Ref .  1  .  The  so lu t ion  of  

the  two-s t r ip  in tegra l  approximat ion  was  jus t  added  to  the  ex is t ing  f igures .  

Jus t  as  the  semi-exac t  p rocedure  and  the  s tandard  one-s t r ip  approximat ion  (Ref .  1 ) ,  

the  two-s t r ip  approximat ion  exhib i t s  bounded  osc i l l a t ions  of  the  so lu t ion  near  the  cone  

t ip  (x  =  0) .  The  prev ious ly  success fu l ly  used  procedure  of  se lec t ing  a  re la t ive ly  la rge  

in i t i a l  s tep  in  o rder  to  e l imina te  or  by-pass  these  osc i l l a t ions  was  unsuccess fu l  for  the  

presen t  cases .  Var ious  combina t ions  of  s tep  s izes  were  t r ied ,  and  the  resu l t  i s  shown 

in  F ig .  11 .  I t  i s  no ted  tha t  the  osc i l l a t ions  have  a  very  d is t inc t  pa t te rn  which  i s  ra ther  

independent  of  the  in i t i a l  s tep  s ize .  The  ampl i tude  i s  in  a l l  cases  less  than  0 .1% of  

the  in i t i a l  va lue .  What  i s  more  impor tan t ,  the  so lu t ion  a lways  converges  a f te r  the  

osc i l l a t ions  have  d ied ,  provided  the  in i t i a l  s tep  s ize  i s  kep t  be low a  cer ta in  maximum.  
-4  

In  our  case ,  th i s  maximum va lue  seems to  be  a round P -  5 .0  • 10  ,  as  can  be  seen  

f rom F ig .  11 .  

I t  may  a l so  be  ment ioned  tha t  some resu l t s  were  ob ta ined  by  us ing  a  Runge-Kut ta  

in tegra t ion  technique  of  th i rd-order  accuracy .  No d i f fe rence  was  found  be tween  the  

so lu t ion  produced  by  th i s  t echnique  and  a  so lu t ion  us ing  the  four th-order  in tegra t ion  

technique .  The  advantage  of  the  th i rd-order  accuracy  technique  then  cons is t s  of  a  

cons iderab le  shor te r  run  t ime  on  the  computer .  

F ig .  12  and  13  show the  var ia t ion  of  the  shock  wave  angle  and  the  cone  sur face  

ve loc i ty  wi th  d i s tance  f rom the  cone  t ip .  As  in  a l l  the  o ther  f igures ,  the  x-coord ina te  

was  nondimens iona l  i zed  by  the  re laxa t ion  length  a t  x  -  0 .  Except  for  the  shock  wave  

angle  in  the  case  wi th  f ree  s t ream d issoc ia t ion ,  the  two-s t r ip  so lu t ion  i s ,  fo r  a  suf f i 

c ien t ly  la rge  d i s tance  away f rom the  t ip ,  c loser  to  the  equi l ih r ium f low so lu t ion  than  

the  one-s t r ip  so lu t ion  i s .  In  cont ras t  to  the  var ia t ion  of  the  remain ing  var iab les  (p^ ,  
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P^/ a ^ /  a r , d  Tj_^) ,  f o r  t he  shock  wave  ang le  o  and  the  su r face  ve loc i ty  u^ ,  the  semi -

exac t  p rocedure  seems  to  y ie ld  a  so lu t ion  which  does  no t  appraoch  the  equ i l ib r ium 

f low so lu t ion  a s  we l l  a s  in  the  case  o f  t he  s t andard  one- s t r ip  o r  the  two-s t r ip  so lu t ion .  

However ,  i t  shou ld  be  kep t  in  mind  tha t  a l l  t h ree  me thods  g ive  resu l t s  wh ich  a re ,  fo r  

l a rge  enough  x ,  we l l  w i th in  1  % of  the  equ i l  ib r ium f low so lu t ion .  Numer ica l  ca l cu 

la t ions  a re ,  by  the i r  ve ry  na tu re ,  sub jec t  t o  a  ce r t a in  e r ro r ;  and  i t  may  no t  be  wise  

in  th i s  case  to  r a t e  any  pa r t i cu la r  so lu t ion  h igher  than  the  o the r  one  s ince  a l l  o f  t hem 

fa l l  ve ry  c lose  toge the r .  In  o the r  words ,  t hey  a re  a l l  be l i eved  to  be  co r rec t  wi th in  

the  l imi t s  o f  p robab le  e r ro r s  due  to  the  numer ica l  i n t eg ra t ion .  

The  p ressu re  d i s t r ibu t ion  a long  the  cone  su r face  i s  shown in  F ig .  14 .  A  peak  a t  

the  cone  t ip  i s  fo l lowed  by  a  d ras t i c  d rop ,  and  a f t e r  a  s l igh t  ove rexpans ion  the  p ressu re  

s t ays  nea r ly  cons tan t  a long  the  su r face .  The  two-s t r ip  so lu t ion  i s  c lose r  to  the  equ i l ib 

r ium f low so lu t ion  than  the  one- s t r ip  so lu t ion  i s ,  bu t  s t i l l  no t  a s  c lose  as  the  semi -

exac t  so lu t ion .  Bu t  aga in ,  a l l  t h ree  so lu t ions  a re  ve ry  c lose  toge the r .  

The  su r face  dens i ty  and  the  degree  o f  d i s soc ia t ion  a long  the  cone  su r face ,  shown 

in  F ig .  15  and  16 ,  r e spec t ive ly ,  exh ib i t  ve ry  s imi la r  d i s t r ibu t ions .  C lea r ly ,  fo r  l a rge  

x ,  the  semi -exac t  so lu t ion  i s  c loses t  t o  the  equ i l ib r ium so lu t ion .  Ne i the r  the  s t andard  

one- s t r ip  nor  the  two-s t r ip  so lu t ion  i s  a s  good  in  th i s  s ense .  I t  i s  o f  pa r t i cu la r  in t e res t  

t o  compare  F ig .  16  o f  th i s  r epor t  w i th  F ig .  9  of  Ref .  3 .  There  the  va r i a t ion  o f  t he  

v ib ra t iona l  exc i t a t ion  a long  the  su r face  o f  a  wedge  i s  shown.  As  one  would  expec t ,  

the  genera l  behav io r  o f  t he  degree  o f  v ib ra t iona l  exc i t a t ion  i s  ve ry  s imi la r  t o  the  

one  o f  t he  degree  of  d i s soc ia t ion  in  the  p resen t  case  o f  the  f low pas t  a  cone .  

The  su r face  t empera tu re  i s  p resen ted  in  F ig .  17 .  Whi le  fo r  l a rge  x  the  one -

s t r ip  so lu t ion  undershoo t s  t he  equ i l ib r ium so lu t ion ,  the  two-s t r ip  so lu t ion  y ie lds  t em

pera tu res  which  a re  h igher  than  fo r  equ i l ib r ium f low.  

F ina l ly ,  i n  F ig .  18  the  nonequ i l  ib r ium shock  l aye r  th i ckness ,  ob ta ined  f rom the  

semi -exac t ,  s t andard  one- s t r ip  and  two-s t r ip  me thods ,  a re  compared  wi th  the  f rozen  

f low and  the  equ i l ib r ium f low so lu t ions .  I t  i s  obse rved  tha t  fo r  a l l  nonequ i l  ib r ium f low 
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ca lcu la t ions  the  shock  wave  s ta r t s  wi th  the  same angle  as  for  f rozen  f low.  Far ther  

downst ream f rom the  t ip ,  the  nonequi l  ib r ium f low shock  wave  is  a lways  bracke ted  

by  the  f rozen  shock  wave  on  the  ou ts ide  and  by  the  equi l ib r ium shock  wave  on  the  

ins ide .  

5 .3  Conclus ions  

F i r s t ,  equ i l ib r ium f low of  d i ssoc ia t ing  a i r  pas t  a  c i rcu la r  cone  has  been  ca lcu

la ted  by  in tegra t ing  Taylor -Maccol I  s  equa t ions .  The  resu l t s  were  compared  wi th  

those  of  p rev ious  ca lcu la t ions  us ing  Dorodni t syn ' s  method  of  in tegra l  re la t ions  and  

a l so  wi th  Romig ' s  resu l t s .  The  fo l lowing  conc lus ions  can  be  drawn:  

1)  The  Taylor -Maccol I  ana lys i s  y ie lds  the  same resu l t s  as  the  method  of  in tegra l  

re la t ions .  Both  p rocedures  use  i t e ra t ive  schemes  in  o rder  to  produce  a  so lu t ion  for  a  

par t icu la r  cone  semi-ver tex  angle .  

2)  A compar i son  of  the  presen t  resu l t s  wi th  those  of  Romig  conf i rms  the  exce l len t  

agreement  of  the  s impl i f ied  a i r  model ,  used  in  Ref .  1  and  in  th i s  repor t ,  wi th  more  

de ta i led  and ,  therefore ,  more  complex  a i r  models .  

3 )  As  fa r  as  inv isc id  f low is  concerned ,  the  method  of  ca lcu la t ion  presen ted  in  

th i s  repor t  i s  appl icab le  for  any  f l igh t  conf igura t ion  where  s in  9^  £  12 .  

Second,  nonequi l  ib r ium hypersonic  f low of  a i r  has  been  ca lcu la ted  by  us ing  the  

two-s t r ip  in tegra l  method  and  cons ider ing  nonequi l  ib r ium d issoc ia t ion  of  oxygen .  The  

presen t  resu l t s  were  compared  wi th  so lu t ions  prev ious ly  ob ta ined  by  us ing  the  s tandard  

one-s t r ip  method  and  a  one-s t r ip  semi-exac t  p rocedure .  The  fo l lowing  conc lus ions  

can  be  drawn:  

1)  In  the  presen t  appl ica t ion ,  the  two-s t r ip  in tegra l  method  y ie lds  a  so lu t ion  

which  i s  be t te r  than  the  one-s t r ip  so lu t ion  in  the  sense  tha t ,  for  l a rge  d i s tances  away 

f rom the  t ip ,  the  two-s t r ip  so lu t ion  approaches  the  equi l ib r ium so lu t ion  c loser  than  

the  one-s t r ip  so lu t ion  does .  
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2)  In  genera l ,  under  the  same f l igh t  condi t ions ,  the  one-s t r ip  semi-exac t  

procedure  (Ref .  1 )  y ie lds  resu l t s  which  a re  s t i l l  c loser  to  the  equi l ib r ium so lu t ion  

than  e i ther  the  s tandard  one-s t r ip  or  the  two-s t r ip  so lu t ion .  This  i s  impor tan t  i f  the  

t remendous  amount  of  work  i s  cons idered  which  was  necessary  in  o rder  to  produce  

in  par t icu la r  the  equa t ions  for  the  two-s t r ip  approximat ion .  

3)  I t  was  found  tha t  the  so lu t ion  ob ta ined  f rom the  two-s t r ip  in tegra l  method  

exhib i t s  the  same bounded  osc i l l a t ions  near  the  t ip  of  the  cone  which  were  prev ious ly  

observed  in  the  s tandard  one-s t r ip  method  and  in  the  semi-exac t  p rocedure .  For  a  

proper  a r rangement  of  the  in tegra t ion  s tep  s izes ,  these  osc i l l a t ions  do  not  seem to  

have  any  measurab le  in f luence  on  the  so lu t ion .  Never the less ,  i t  i s  r ecommended  

tha t  addi t iona l  s tud ies  be  under taken  in  order  to  f ind  a  proper  procedure  to  e l imina te  

these  osc i l l a t ions .  
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Fig. 12 Shock Wave Angle a for Nonequilibrium Cone Flow (9 = 25°, - 6390 m/sec, 

T = 250°K, Pl = 3.9957 • 10~3 kg/m3) 
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Fig. 13 Surface Velocity u^ for Nonequilibrium Cone Flow (0 - 25°, -6390 m/sec, 

T, = 250°K, p] = 3.9957 • 10"3 kg/m3) 
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Fig. 14 Surfoce Pressure for Nonequilibrium Cone Flow (0 = 25°, u^ -6390 m/sec, 

T1 = 250°K, P] = 3.9957 • 10 3 kg/m3) 
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Fig. 15 Surface Density for Nonequilibrium Cone Flow (0 = 25°, = 6390 m/sec, 

T = 250°K, p] = 3.9957 • 10"3 kg/m3) 



Fig. 16 Surface Dissociation a, for Nonequilibrium Cone Flow (9 - 25°, u. -6390 m/sec, 
-3 3 T] = 250° K, p] = 3.9957 • 10 kg/m ) 
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Fig. 17 Surfoce Temperature for Nonequilibrium Cone Flow (9 = 25°, =6390 m/»ec, 

T, = 250°K, p, =3.9957 • 10-3 kg/m3) 
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Fig. 18 Shock Layer Thickness y# for Nonequilibrium Cone Flow (0 = 25°, 

u, =6390 m/nc, T, = 250°K, p, =3.9957 • 10~3 kg/m3) 
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APPENDIX A 

THERMODYNAMIC FUNCTIONS 

Enthalpy:  

h  =  288 0 188 £ 12467a + 0 .315aT + 3 .5T 

(1 -  a)476.7  x  2678.1  1  '  , A _ n  

7273 ft _ ] e3390A _ u - k9 -

Pressure Equi l ibrium Constant:  

,  - 5 9 3 6 6  -228A , -326A1 2  
3/2  /  T 1 T  5  + 3e  + e  /  ,  

K =  A T 7  i  1  -  e  e  . I I ^ Q Q / T  ( A _ 2 )  
P P I 3  +  2e  

5  2" 
A  = 2.444056 •  10  for  K N/m 

p P -

= 2.412096 for  K atm 
P • 

Concentrat ion Equi l ibrium Constant:  

2270 59366 , -228/T -376ft 2 

1/2  I T T '  5  +  3e  +  e  , A  
K = AT 7  | l  -  e -  -H390A 
c  c  I  3  +  2e  

28 r  „ r part ic les  
=  1 .770379 •  10  for  K ; ^~  A = 1 .770379 •  10  tor  K ; :  T  

c C L rn 

Dissociat ion Rate  Constant:  
59366 

, _ d T r 16.5238 + 41a 
d T "e 4.7619 +a _ (A-4) 

3  I  
A d  = 6.004334 •  10"' 2  for  l< d  [  "f e  s e c  ]  

The above express ions  were taken from Ref .  1 .  
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APPENDIX B 

SHOCK WAVE RELATIONS FOR FROZEN 
COMPOSITION ACROSS THE SHOCK 

T = 
u.j sin o 

1 + 
R Z i T i  

u2sin2a 
(u] sin a) - 2(hs - h^) 

RZ 
(u1 sin a)2 - 2(hs - h^) ] 

P]u1 sin a 

7 (u] sin a) - 2(hs -

P. = 

u -

v = 

P T s X / s 
p ] ( p 1 ) ( r )  

, i 

r ̂ 
— sin a sin P + cos o cos P 

n 
— — u ̂  sin a cos P + cos a sinP 

P c — 12 dx 

dT 
s 

37 

dp 
s 

37 

dp i 
—r~ = RZ(pT.C, + p T C0) -r-d x  s ^ s  1 1  1  s  T  d x  

dUs _ r da 
dx U1 3 dx 

dy , s^ _ r da 
dx U1 4 dx 

(B— 1) 

(»-2) 

(B-3) 

(B-4) 

(B-5) 

(B—6) 

(B-7) 

(B-8) 

<B-9) 

(B-10) 
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where the dimensionless functions C. are: 

Cj - 2u^ cos a 

- < h s - h , )  

2  /  . 2  
(u^ sin CT) - sin CT Y(u^ sin CT) - 2(H^ - H^) 

2  T - ) 1  j T l  ' ( R Z l  - 2 S V ( U 1  s i n " > 2  -  2 ^  -  K , )  
u, sin a'J L 

1 

I RZ1T1 + sina i 1 + 

' u.j sin a 
v}- '  (B-ll) 

C„ = 
u^ cos cr 

(u-J sin CT) - 2(h$ -

2 . 

+ 
sin a(T^SsC^ - sin a cos cr) 

f (u1 sin CT)2 - 2(h_ - h^ ] 

2 
C~ - ( 1) (sin a cos (3 + cos cr sin (3) - ( ) sin CT sin (3 

(B—12) 

(B-13)  

P1 2 
C . - ( 1) (sin CT sin (3 - cos CT COS (3) + ( —) sin CT COS (B-l 4) 

I 
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APPENDIX C 

COEFFICIENTS AND FUNCTIONS IN 
EQUATIONS (4.39) THROUGH (4.46) 

a„ = "b (c-U 

a12 = "Vb (C"2) 

a13 " "pbLb -P, L, (C-3) 

a18 ~ ~ub0 + ^ cot 9)(pius^2 + Psu 1^3^ (C-4) 

a24 " u' 
2 

cu_ -

a28 

a31 '~Vb ' Mb 

(C-5) 

25 "P2S2 ^ 

(C"7) 

(C"8) 

u2C5(plusC2+psulC3) (C"9) 

RZ. T. + u,2 (C-10) 

°32 = pb<RZb " 2Sb> (C"n) 

a33 = pb(RbTb " 2Lb> (C"12) 

a38 = " ̂  +5 cot 0) t psRZsTlCl + P|<RVs + U^C2 + 2psUlUsC3' (C-13) 

a44 = RZ2T2 + u2 <C"14> 

a45 = p2(RZ2 " 2S2) (C"15) 
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°46 P2^^2 ~ ^2^ (C-16) 

°47 = -2P2v2 (C"17) 

°48 = C5 [ PsRZsTlCl + Pi (RZsTs + us2)C2 + 2psVsC3>] (C"18) 

a58 = (1 +S c°te)(Pi"sVsC2 + psVsC3 + psulusC4) (C"'9) 

"64 " 4'2 <C"2°I 

a65 = ~P2V2S2 (C"2,) 

<C"22) 

°67 = P2(U2 " v2> <C"23) 

J68 = u2C5(prsVsC2 + psUlVsC3 + psU^C4> (C"24) 

(C—25) 
a71 aUab 

(C-26) 

(C—27) 

(C-28) 

(C-29) 

(C-30) 

°RA = °0AaO + PoUO (C"31) 

°72 a12ab 

°73 = a13ab+pbUb 

°78 °18as 

a84 " a24a2 

a85 _ a25a2 

"8 6  =  a 2 6 a 2  '  V T 2  

°87 ~ a27a2 (C—32) 

a88 = a28as (C"33) 



56 

A = ± 1 
5 

f 2p^^{2 + 6 cot 0) - 3psus(l + 6 cot 9) - p^u^ ] tan p 

+  4  [  p  v  ( 1  + 5  c o t  0 )  -  p 0 v 0 ( 2  +  5  c o t  0 )  ]  -  p L u L  
s s z z / b b 

+ ps us (1 + cot 0 tan p) 1 (C-34) 

= _ 2 r 1 
- \ X-x '.6 

A = 1 1 ' i r i 
x ! 6 

f 2psUsC5 " p2u2 1 2 tan P + 2p2v2 " 5psVsC5 ' "psUsC6 " ^U2C7. 
(C-35) 

[ 2(p^ + fyj^X2 + 6 cot 0) - 3(ps + P$u2)(l +5 cot 0) 

- (p^ + P^u^) 1 tan P + 4f Psusvs0 + 5 cot 3) ~ P2U2V2^2 + ^ cot 3 

~ Ps ~ PbUb + (Ps + PsUs)(1 + cot0tanp) I 

I 
(C-36) 

A = i r i 
A4 x 5 [2(ps + Psus2)C5 " (p2 + P2U2>1 2 tanP + 2p2u2v2 " 5psusvsC5 

2 + 8 cot e - (ps + psUs )C6 " (p2 + T 2 )C7 <C"37) 

^5 ~ x 5 K ^PSUSVS^ + ^ cot0 ) - 2p^u^\/^(2 +5 cot 0) ] tan 3 - 4f p^ 

+ (ps + Ps\^] + 5 cot ~ ^p2 + p2V2^2 + 5 cot 3) 1 

1 " 1 

+ (p - p, ) cot 0 - p u v (1 + cot 0 tan p) 
S D S S S 

A6 ~ T [ S- ([2psUsVsC5 " P2U2V21 2 tan P + 2 + 6 ctt 9 " 5<Ps + PsV?)C5 

(C-38) 

+ 2 \ (2p2 + pJcot 9 

2(P2 + P2V2 ) j + O  ,  c  7 ~ q —  - p u v C ,  -  p 0 U 0 V « C - ,  2 + 5 cot 0 rsss6 r2 2 2 7 (C-39) 
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*7 T" [ 5 f2P2U2°2^2 + 8 COt ^ ~ 3psUsas^ + 8 COt ^ ~ PbUb°b ' ta° ^ 

+ 4 [p v a (1 + 6 cot 0) - p2v2a2(2 + 8 cot 0) ] | - Pbubab 

+ u  a _ ( l  +  c o t  0  t a n  w l + «  b ^Pb^b ~ psfs° + 8 COt 0^' s s s 
(C-40) 

= U1 [ J. ( [2psUsasC5 - P2u2a2] 2 tan? + 2p2v2a2 - 5psva C5) - p^a^ 
(C-41) 

L 

~p2u2a2C7 
+ u2 I f^f2 + PsfC51 

C .  0  =  1 , 2 ,  3 ,  4 )  a r e  g i v e n  i n  A p p e n d i x  B ,  

_ 1 + 5 cot 0 
5 ~ 2 + 6 cot 0 

1 + cot 0 tan ? 
6 2 + 8 cot 0 

_ 2 + cot 0 tan (3 
7 2 + 5 cot 0 

(C-42) 

(C-43) 

(C-44) 
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APPENDIX D 

COEFFICIENTS AND FUNCTIONS IN 
EQUATIONS (4.74)  THROUGH (4.81)  

b l l  =  3 u b  

b !0  =  -12 u 

b ,«  = -
1 3  ub 

b = 2(a  + l ) (2v 2cot!3-u 2 )  

(D-l)  

3 pb $b (D-2)  

3 PbLb (D-3)  

(D-4)  

-  9/  +  n  P 2 $ 2  ( D" 5 )  

15 "  2 ( a + 1 )  

P2L2 (D-6)  
b ,6  = 2 (°+ 1 ) -^  

b = 2(a + 1)  — (v,  + 2u 2cotP)  ( D" 7 )  

u  2 

b 1 g  = a  [  p , (U s  -  4v s  cot  P)C 2  + p^Cg -  4^0,  cot  f> C 4  1 

_  [  2p 2u 2 (3a + 1)  -  P s U s (7a -  1) -  2^  + 4 cot0 (p^ 

"  p2 v2 }  ]  +  —V- [  t 2 p2U2 ( a  +  0  "  3 a Ps"s  _  Vb 1  , a n  P  

2 s in  (3 

4op s Vs  -  4(a + l )P 2v 2  j  ( D" 8^ 

b 2 4  = 2(2u 2  -  v 2  cot  (3)  (D~9) 

P 0S 0  
b, e  = -  4 -LL (D-10)  

25 
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P2b2 
b26 = "4  (D-ll) 

p2 
b27 ~ " 2  ~~2 (2v2  +  u2 co* P) (D-12) 

u 

b28 ^ [ Pl(2u s  - 5v$  cot P)C2  + 2p sUlC3  - 59^, cot p C4  

1 

sin 2 (3 (a + 1) 
1 

[ 2(5a - l)P sU s  - 8ap2u2  - cot 0 (Sp^ - 2p2v2) 

+ 2— [ ^4psus  t an  P " 5psvs) " P2^2u2 t an  P " 2v2^ .1 (D~13) 
2 sin (3 

b31 = 2RTbZl + 3ub (D",4) 

b32 = 2Pb(RZ1 " 3Sb) (D-,5) 

b33 = 2Pb<bRTb " 3Lb> (D"16) 

b34  = 2(a + l)f u2(2v2  cot p -  u2) -  RT^ I (D-l7) 

2S2 b35  = 2(a + l)p2  [ — (u2  - v2  cot P) -  RZ^ ] (D-l8) 

2 L 2 b^ - 2(a + l)p2  [ —— (u2  - v2  cotP) - bRT2  1 (D-l9) 

v? b^7  = 4(a + l)p2 [ — (u2  - v2  cot P) + u2  cot p |  (D-20) 

b38  =  (° + 1  )RZipsT]Ci + f (a + 1) RZ1T s  + au> s  - Av^ cot p) ] p^* 2ap s(u_ 

-  4v scot P)u ]C3  - 4ap su lUscot 3 £ [ 2(P2  +  p2u^ (3a  +  ]) 

" (P s  + P su$2) (7a -  1) -  2(pb  + pbu2) + 4 cot6(p suv s  - P^u^) ] 

+ ^— [ F2(p2 + P2u2^a + ^ " 3a^ps + psUs2) " ^b + PbUb^ ' tan ^ 
2 sin P '  

+  4 [ p u  v ^ a -  f ^ u 2 v 2 ( a  +  l ) ] J  ( D - 2 1 )  
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2 

J2 ( 2 u 2 - v 2 c o t 3 ) +  R T ,  

f S 2  ,  .  .  ,  .  .  2 a  +  1  

i 4 <v2cot p~ ̂  + 2irj 

r v 2  ,  .  _  .  ,  
p2 i JT 2 2 

1 

z , ;  
(D—22) 

R Z , ]  (D-23) 

bRT2 (D-24) 

3! (D-25) 
J 

. + 1)RZ.T + u a(2u ' I s  s  s  - 5vs cot 3) | PjC2 

+ psa(4os - 5vs cotp)0lC3 - 5apsulUs cot (3 C4 ] - (a + 1)sin2p [ 2(ps 

+ psus2) (5a - 1) - 8a(p2 + p2u2) + cot 0(2p2u2v2 - 1 

f [5^T (Ps+Psus2)"2(P2 + P2U2)]tan3 

s  s  

2 sin p >• 

(a + 3)RT^Z^ cot p 

(a + 3)Rp^Z^ cot p 

+ 2P2U2V2 " aT7 PsUsVs 
(D-26) 

(D—27) 

(D—28) 

(a + 3)RbTbpb cot p (D"29>) 

2(a + 1) [ v2(u2 - 2v2 cot p) - 2RT2Z1 cot p] (D-30) 

!" -iL2 + 2RZ. cot 3 " (D-31) 

I 
(D—32) 

- 2(a + l)p T + 2RZ cot 0 
t- » u 2 I 

r V2^2 - 2(a + l)p2 f —— + 2RbT2 cot p 

2 
V 2  - 2(a + l)p2 [ — - (u2 - 4v2 cot P) j (D-33) 
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b58 (4a cot 3 - cot 0)RZ p T C + [ av (4v cot p - u ) + (4a cot3 
•  S I  I  s  s  s  

- cot 0)RZ T ] pC0-apu vC0 + ap (8v cot 3 - u )u.C . 
I s  1 2  s l s o  s  s  s  i  4  

~ irTTT [ (7° " 1)psVs _ 2(3a + 1 )P2U2V2 + 4 cot 9 [ (P2 
i r 

P2V2) ~ (Ps + Psv^)' . + —^5— i [ 3ap u v . 2 l s s s 2 sin (3 
- 2(a + l)p2<J2V2 ] tan p - 4 [ p^ + (p^ + p^ ) a 

- (P2 + P2v2^a + ^ j 

61 

62 

b63 

a + 3 

b52 
a + 3 

b53 
a + 3 

b64 = 2 [ (a + l)v2(v2 cot p - 2u2) + 2aRT"2Z1 cotp i 

b65 = 4P2 [(a+1) \ S2 + aRZl cotM 

b66 = 4p2 [(a + 1) 4 + abRT2cotH 

67 

68 

4(^(0 + l)f — -(u2 - v2 cot (3) ] 

(D-34) 

(D-35) 

(D-36) 

(D-37) 

(D-38) 

(D-39) 

(D-40) 

(D—41) 

- (4a + 1)PST1RZ1 cot P C] + p, [avs(2u$ - 5vs cot p) - (4a + IJRZJT cot 0 ]C2 

+ 2apsUlvsC3 + 2aps(us - 5v$ cot 8)u,C4 - [ Sap^ 

- 2 cot 0 (p2 + P2v2) + 5 cot 0 (ps + p$v2) - 2(5a - 1 Jp^^ j 
+ [ [ P2u2v2(a + 1) - 2apsusvs ] 2 tan P 

- pb + 5a(ps + p$v$2) - 2(a + 1) (p2 + P2v2 ) 1 
2 sin2 P 

(D-42) 
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b71 = blf , (D-43) 

b72 = bl2al (D"44) 

b73 ~ b 13a 1 +3pb"b (D-45) 

b74 ~~ b14al (D-46) 

b75 = b15al (D"47) 

b?6 = 2(a+l)p2; + (2v2 cot 3 - i^) j (D-48) 

b77 = b 17° 1 (D"49> 

b78 = b18al (D"50) 

b84 " b24al (D"5,) 

b85 = b25°, l <D"52) 

b86 = 2p2 [ (2u2 " v2 cot p) - 2 A1 ] (D-53) 

b87 = b27al (D"54) 

b88 = b28°l <D_55) 

B7 = pbfb " psfs° (D-56) 

B8 = p2f2+ th psfs (D_57) 

where 
I 

a = 1 + cot 9 tan P (D-58) 
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