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PART I 

MICROWAVE PROPAGATION IN INHOMOGENEOUS MEDIA 

A.  In t roduc t ion  
. 1 2 

In  two prev ious  repor t s  '  on wave  propaga t ion  in  p lasma type  media ,  the  

problem of  microwave  propaga t ion  in  p lasma ad jo in ing  a  conduct ing  sur face  has  been  

descr ibed  in  de ta i l .  In  th i s  s tudy  a  new per turba t ion  technique  for  handl ing  inhomo-

geneous  permi t t iv i ty  grad ien ts  was  der ived  as  descr ibed  fu l ly  in  Reference  1 .  The  de ta i l s  
1  2  

of  th i s  work  wi l l  no t  be  g iven  here  in  th i s  f ina l  repor t  s ince  the  ear l ie r  repor t s  '  are  

se l f -conta ined .  A br ie f  summary  of  resu l t s  ob ta ined  in  th i s  phase  of  the  s tudy  of  wave  

propaga t ion  in  p lasma wi l l  be  g iven  as  i t  per ta ins  to  fur ther  resu l t s  which  a re  to  be  

descr ibed  in  Par t  I I .  

B .  Summary  of  Ear l ie r  Resul t s  

A new method  was  deve loped  for  t rea t ing  wave  propaga t ion  in  inhomogeneous  

media  next  to  a  conduct ing  sur face  conta in ing  a  rad ia t ing  e lement .  The  method  of  

so lu t ion  i s  ana logous  to  the  par t ia l  wave  technique  which  i s  o f ten  used  in  the  quantum 

mechanica l  t rea tment  of  par t ic le  sca t te r ing .  The  ana lys i s  l eads  to  an  in tegra l  recurs ion  

re la t ion  where  no  res t r ic t ions  a re  necessary  wi th  regard  to  the  th ickness  of  the  medium 

layer .  More  genera l  appl ica t ion  of  the  same techniques  may be  made  to  the  s tudy  of  

t ransmiss ion  and  sca t te r ing  proper t ies  of  s imi la r  conf igura t ions  wi th  a  propaga t ing  wave  

inc ident  f rom inf in i ty .  
1  3  

In  the  work  repor ted  '  three  symmetr ies  have  been  cons idered  us ing  ana ly t ica l  

methods .  The  f i r s t  was  an  inf in i te  p lasma-c lad  conduct ing  p lane  wi th  per iod ic  e lec t r ic  

or  magnet ic  sources  on  the  sur face .  The  second ,  an  inf in i te  p lasma-c lad  r igh t  c i rcu la r  

cy l inder  wi th  a  source  para l le l  to  the  symmetry  ax is  o r  wi th  per iod ic  c i rcumferen t ia l  

sources .  The  th i rd  case  was  a  p lasma-c lad  conduct ing  sphere  wi th  a  c i rcumferen t ia l  

an tenna .  In  each  case  the  permi t t iv i ty  may be  a l lowed to  vary  a rb i t ra r i ly  about  a  
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constant  va lue  in  a  di rec t ion perpendicular  to  the  conduct ing surface .  Deta i l s  for  the  

planar  case  wi th  a  s t r ip  antenna were  used to  i l lus t ra te  the  method.  
2  4  

Fur ther  extens ion of  th is  work was  repor ted  '  where  an  ar ray  of  l ine  sources  

was  t rea ted  by the  same technique.  Fur thermore ,  a  computer  program has  been 

descr ibed in  Reference  2  which a l lows the  computa t ion of  the  complex phase  shi f t s  to  

be  made for  an  arbi t rary  perpendicular  var ia t ion  of  the  permit t iv i ty .  Calcula t ions  

were  made of  the  a t tenuat ion and the  radia t ion pat tern  of  an  ar ray  radia t ing in to  a  

lossy  p lasma medium.  

In  summary a  method of  par t ia l  waves  for  analyzing wave propagat ion in  in-

homogeneous  media  has  been developed in  th is  s tudy and has  been appl ied  to  problems 

of  p lasma-clad  conductors  of  d i f ferent  symmetr ies .  Deta i led  ca lcula t ions  for  speci f ic  

problems have been made whereby the  modif ied  radia t ion pat terns  and the  a t tenuat ion 

due to  a  plasma type  medium were  ca lcula ted .  The ut i l i ty  of  the  technique for  o ther  

s imi lar  type  problems has  been indicated .  

In  the  fol lowing sect ion a  fur ther  extens ion of  the  methods  developed here to

fore  wi l l  be  t rea ted ,  the  extens ion being made to  include both  inhomogeneous  and 

nonl inear  proper t ies  of  the  plasma medium.  
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PART II  

PROPAGATION IN NONLINEAR INHOMOGENEOUS MEDIA 

A.  Per turbat ion Treatment  of  Microwaves  in  Inhomogeneous  and Nonl inear  Media  

1 .  Int roduct ion 

A per turbat ion technique for  t rea t ing microwave propagat ion in  inhomo-
1-3  geneous  media  adjoining a  conduct ing surface  has  been developed in  ear l ier  work.  

In  the  fol lowing discuss ion th is  technique wi l l  be  presented in  considerable  deta i l  

wi thout  some of  the  res t r ic t ions  previously  noted and i t  wi l l  be  extended to  include 

f ie ld-dependent  (nonl inear)per turbat ions .  

The e lec t r ic  or  magnet ic  f ie ld  fJ ins ide  the  inhomogeneous  or  nonl inear  medium 

({ .  <  |  < £ e )  i s  found in  terms of  an  approximate  solut ion f J and a  per turbat ion term 

A n ( | ) '  ' - e - /  

|  _ |  A n^)  

The ac tual  and approximate  f ie lds  F^ '  and F^ '  outs ide  the  medium in  f ree  space  

|  ) must  have  the  same funct ional  forms and can only  be  di f ferent  by  a  constant  
6 

fac tor ,  

(2) 
n n  

The f ie lds  must  be  cont inuous  a t  the  boundary  |  so that  A (£ ) = A° .  A knowledge 
e  n e  n 

of  )  then enables  one  to  predic t  the  complete  proper t ies  of  the  radia t ion f ie ld  
6 

and i t  i s  th is  quant i ty  tha t  the  per turbat ion method provides .  The discuss ion wi l l  be  

held  to  the  radia t ion problem and the  res t r ic t ions  g iven by (6)  through (9) ,  Reference  

1 ,  are  no longer  necessary .  



2.  Integra t ion of  the  Different ia l  Equat ions  

From (12)  of  Reference  1 the  approximate  and exact  f ie lds  must  obey the  

re la t ion  

r _ d / n  d x n 1 *2 * 2  _ 

l /n  IT"  y n "dT - i ? ,  = J 5  ( i o  -  *> y n y n d ?  
(3) 

where  

y n = F n ' exp[ lJ l x ] [n ,  t ,e r ( t ) ]d t ]  (4) 

y n =  F n '  6 X P  BJ 5  X 1 e a '  d t .  
(5) 

The permit t iv i ty  e^ l )  of  the  medium can be  a  funct ion of  pos i t ion  and of  the  absolute  

value  of  the  f ie ld  in tens i ty .  

Subst i tu t ing f rom (4)  and (5)  in to  (3) ,  

r  !  d F  '  I d F  '  1  I  ,  h  -  I n  _  I n  1  I -=  I  -  -  -  -  .  . . .1  *  
G ( 5 > [ p n  -gf  "  F n -df  '  2 F n ? n ( x l [ " '  ' a 1  "  X l [ "< 

*1 

1 2  (J  -  «)  F 1  F '  G( l )  d5 
I ]  °  n  n  

(6) 

where  

G( | )  =  exp J  (x-J  [  n ,  t ,  Cq ]  +  x ]  [n ,  t ,  e r ( t ) ] )  d tJ  (7) 

Now choose  ^  =  a n c * ^  =  I  (arbi t rary)  and note  tha t  s ince  A^(^)  = 4? n .  
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(6)  becomes  

"7 I  "  '  n  I ^  '  n  1  I  — I  
[ T n "df"  F „ lT-5 F n ? n ^  "M" '  « '  ' ,<«>!>] ,  

(9) 

=- i [ j^^o-« F n l ? n l G ^ d ^5{ F n ? n l G < 5 )< > < l I " '5 ' e a 1 - X , t n ' 5 ' ^ ) ] ) i 5 e  J 

which  can  be  wr i t ten  in  the  form 

d2? 1 

+ r  aU)  +  p( | )  =  0  (10) 

and  the  genera l  so lu t ion  to  th i s  f i r s t -order  d i f fe ren t ia l  equa t ion  i s  

F  =  
n  

-  ad^  d 
-  e  

J a d ?  

P -  c]  (11)  

Subs t i tu t ing  for  a  and  (3 ,  

n  n -

A(?) F 

P(5) F 
j - C t  ( 1 2 )  

-1  ,-S  
P(5)  =  exp  jj2 J (*- j  [n ,  t ,  e j  -  x^n ,  e^ t ) ] )  d t  (13) 

A(l)  = 5  T(0 (*,["< e aI  -  *]["/  5» « r(g)I> (14)  

P( t)  = G( |)P(s)  F_ l 2(e) .  (15) 
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The cons tan t  o f  in tegra t ion  C  is  eva lua ted  f rom one  of  the  fo l lowing  boundary  

condi t ions  on  the  conductor  sur face :  

Case  I :  represen ts  an  E f ie ld  

F n <««> =  F n <*!> 

Case  I I :  represen ts  an  H f ie ld  

dF  

W  '  d ?  =  £ <  

d? 1  
n 

d?  / | j  '  

(16) 

(17)  

3 .  F  as  an  Elec t r ic  F ie ld  
n  

For  Case  I ,  

C E  =  P ^  +  J V ^ J ! ' ( $ ° - * >  E X ' G < l > d «  +  

A U)E n ' l  

ip(l) 

and  

(18) 

? - urI*"«E-'G<"d ' * (^r)1 
n n  e  

The  le f t -hand  s ide  of  (19)  i s  eva lua ted  a t  g^  and  te rms  rear ranged  so  tha t  

=l) L'  + A ( t e > J s " f $ j ]  
* n  *e  

(19)  

= p(g [plb - J"[ei4r £ (io " *> En' fn' G<5) d*] 
r  s i  

(20) 
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Now define 0(|) 

=T~ = eA(6) =S [1 + 0(5)1 (2,) 

e '(e) 

and substitute into (20): 

-Jjerfy j[- <v*)r(e) [!+««] 

e(ee) = —:  • (22) 

1 + A(5e) Je"i4rr 

This is an exact relationship between the actual and approximate fields, as expressed 

through the variable 0(1)o 

At this point 0(|) and ($^ - $)/$q are restricted to values much smaller than 

one so that to first order the integral over the product of these functions may be 

neglected„ 0(|) now represents a perturbation on the original system and 

'£e d|' ^ 

0(6 ) « — ^ (23) 
-»5e d|' 

1 + 
»»b< 

A(5e) J, rTFI 

P(5J 
n = An(5e) = FflT) (' + 0(5e)( ™ ' (24) 

If [n, |g/ eQJ = [n, €r(£e)], then A(|g) = 0 and (23) assumes a 

simplified form0 
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40 as a Magnetic Field 

For Case II, 

nb^n..) 

. dH 
n 

Hn  d|  
+ P(e.) f le (* - *) H 1 H1 G(5)d| 

k i 1 J?i ° n n 

P(ij) 

+ PH^ A(le} 

H 

H l i e  
n 

(25) 

B(e.) + P(e,> ^ + A(D] 
ldH ' 

(26) 

and 

H1  

-=T= p(e) 
H n 

e (|.) /. dH ' 
V-Rl:) ' ' " 

-Wl £a ' \Hn d? 
+ P(5.) P ® (* " «) H ' H ' G(e) d| 

i  « t .  o  n  n  

pU:) 
A(l ) 

P(le) ~VV 

ch 

( H n  l i e  
TTll. ( ~ 4 "Sr(l^(V f) Hn Rn' G(t) d5 + 

A(t) 
H" il Ip(i) 
H1 J 

n ' 

The left-hand side of (27) is evaluated at P and the resultant terms can be 
e 

rearranged to yield 
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H 
I P(! ;)  

[ '  "  BO A ( ? e> +  A ( ? e> I e fTTT 
H 

P ^e> *«,> ( ^T[ .  P ( t l>  £  ( $ o '  « H n R n '  G ^> d *_ 

Def in ing 

H 

H 

A n ( l )  
=  e  

P ( g «r<- |>  r # .  

BliTT ~~e ( ? i '  1 a  Hn d |  
[1  -e te) ]  

(28)  becomes 

"  I ? e r¥T i"i , e  ( $ °~ $ ) ^ ( { ) " +  6 ( 5 ) 1  d |  + p ( 5 i )  i { e  ( i 0 " f ) r ( 5 ) d 5  

(28) 

(29)  

6(1.) = 
"  P ^i ' )  > r 5 e  dp 1  

1  -  BO A ( 5 e> J 5  r (D 

(30)  

This  i s  again  an  exact  re la t ionship .  0( | )  and ($  -  $) /$  are  again  assumed much 
o  o  

smal ler  than one so  tha t  the  in tegra l  over  the i r  product  can be  neglected:  

J"6 Vib if'6 (*o •*)P(?) d5 + p(|) i6 (*0 ~ *)P(I) d5 

6(1 J  «  — ^TTT :  (31)  

'  "  B(S A ( 5 e> +  A <U if  ̂  
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P ( l )  e  ( t . )  
A °  = A  (O = - s tA - l - l  r ( i : )  Mr-nP-  [  1  +  eu  J ]  -1  (32)  n  n  e  B( | . )  e Q  i  \ -  I d |  /  e  

I f  X .  [n ,  | ,  e  ]  =  X.  [  n ,  P ,  e  (£  )  J ,  then  A( |  )  =  0  and  (32)  t akes  on  the  
I a  l e  r  e  e  

s impl i f ied  form used  in  References  1  and  2  .  

5 .  Inhomogeneous  P lasma Shea ths  

The  func t ions  X.  and  $  a re  known func t ions  of  e  ( | )  and  e  ,  ̂ which  for  
I r  a  

a  p lasma a re  in  tu rn  func t ions  of  the  ion iza t ion  dens i ty  n  and  co l l i s ion  f requency  v  

of  the  medium:  

r  f r 1 )  "  r  ^  
r ~  £ o mulu  -  jv( t ) ]  

2 
n e  

e  =  € °  t—r .  (33)  
"a  o  mu [  u  -  jv Q ]  

n Q  and  a re  the  averaged  va lues  tha t  lead  to  the  approximate  so lu t ion  FJ .  The  

f ie ld  per turba t ion  A°  is  a  func t ion  of  the  d i f fe rence  be tween  n( | )  and  n  ,  v( | )  
n  o  

and  V q ,  in tegra ted  over  the  shea th .  The  on ly  res t r ic t ions  on  €^(1)  a re  tha t  

($  -  $) /$  «  1,  A °  «  1.  
o  o  n  

6 .  Nonl inear  Per turba t ions  in  a  Plasma 

The  same per turba t ion  technique  can  a l so  be  appl ied  to  s tudy  nonl inear  

in te rac t ions  in  a  p lasma shea th .  This  nonl inear  "se l f -modula t ion"  occurs  because  

the  e f fec t ive  co l l i s ion  f requency  i s  a  func t ion  of  the  f ie ld  in tens i ty  for  s t rong  f ie lds .  
5  

Ginzburg  demons t ra tes  tha t  

v ' ( l ) =v( 5 )^  (34)  

where  v '  i s  the  modi f ied  co l l i s ion  f requency ,  v  the  smal l - f ie ld  va lue  and  T and  
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T a re  the  e lec t ron  and  ion  tempera tures  in  the  p lasma.  The  equipar t i t ion  of  energy  

requi res  tha t  T  =T when E i s  neg l ig ib le .  

For  u  »  v ( the  h igh  f requency  l imi t ) ,  

2  , -F  I 2  

T -  T =  i -M* (35)  
3mk6u 

k  be ing  the  Bol tzman cons tan t  and  5  the  average  re la t ive  f rac t ion  of  energy  impar ted  

by  an  e lec t ron  to  a  heavy  par t ic le  in  one  co l l i s ion .  Combin ing  (34)  and  (35) ,  one  

obta in  

V  =  V , / l  +  ^ . (36) 
3mkTSu 2  

The approximate  ( l inear )permi t t iv i ty  e  i s  then  per turbed  accord ing  to  (33) ,  where  
a  

(36)  i s  the  modi f ied  co l l i s ion  f requency .  

B.  Ef fec t  o f  F ie ld  Dependent  Conduct iv i ty  on  Radia t ion  Through a  Plasma 

1 .  In t roduc t ion  

In  the  problems cons idered  be low,  the  microwave  source  i s  p ic tured  as  an  

an tenna  on  the  sur face  of  a  miss i le ,  and  i t  i s  des i red  to  f ind  how the  rad ia t ion  f ie lds  

on  th i s  an tenna  a re  a f fec ted  by  the  p lasma shea th  tha t  coa ts  i t .  

In  p r inc ip le  one  could  combine  appropr ia te  boundary  condi t ions  wi th  an  

adequate  descr ip t ion  of  the  p lasma and  obta in  a  genera l  so lu t ion  to  any  problem 

f rom Maxwel l ' s  equa t ions .  However ,  th i s  approach  turns  ou t  to  be  mathemat ica l ly  

in t rac tab le  and  var ious  approximat ions  must  be  in t roduced  in  any  ana lys i s .  These  

approximat ions  lead  to  a  sys tem model  tha t  inc ludes  the  reen t ry  vehic le  i t se l f ,  the  

sur rounding  p lasma shea th  and  var ious  microwave  sources  on  the  vehic le  (F igure  1 ) .  
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1. 1 The vehicle shape is of prime importance in determining the geometrical 

symmetry of the model. High degrees of symmetry are required in order to reduce 

the vector propagation equations for the electromagnetic wave to uncoupled scalar 

equations. Typical vehicle shapes that can be used are planes and cylinders (Figure 2). 

Once the geometry has been established the vehicle surface is usually assumed to be 

a perfect conductor (the conductivity a =ao). 

1.2 The sheath itself must be specified both as to shape and as to electrical 

properties. In order to simplify the vector wave equations as described above, the 

sheath must be symmetrically placed adjoining the conductor. 

The most common treatment of the electrical properties of the sheath is ob

tained by considering the plasma to be a free-space region on which a current density 

J (due to the charged particles) has been superimposed. A phenomenological collision 

frequency v is introduced to take care of all the plasma collision and loss processes. 

The most importanc current term arises from electron motion, since the average ion 

velocities are 1/1860 of the average electron velocities. For a plasma of the type 

described above 

"  =  0 R  +  h = T r r ^ o  ( 3 7 )  
m(u + v ) 

where N is the electron density and u the microwave source frequency. In its 

simplest form the sheath is assumed linear (v is not a function of the field intensities), 

isotropic (a does not depend on the direction of propagation, only on the location in 

space), and homogeneous (v and N are constants independent of location in space); 

a is then a scalar constant. In general the effective permittivity of a plasma is related 

to the conductivity by the equation 

e = £ - — (38) 
O U) v ' 

so that (37) serves to completely specify the plasma of interest. 





-15 -

1.3 The sources must be symmetrically placed with respect to the vehicle 

and the sheath, and are usually long constant-phase apertures or short multipole 

antennas. In this paper electric and magnetic constant-phase apertures will be con

sidered, with emphasis on the latter since such magnetic line source (i.e., a very 

narrow source) can be experimentally simulated by operating a slotted waveguide 

antenna in the TE^Q mode near cutoff. In most studies the source fields are assumed 

to be independent of the surrounding plasma, an approximation that grows success

ively better as the source narrows. 

Once the above model has been formulated, the attenuation and phase shift 

due to the plasma may be computed and comparisons made between theory and experi

ment. As might be anticipated from the extreme nature of the restrictions, the theo

retical calculations are often in poor agreement with the experimental ones. In order 

to improve the correlation, various perturbation techniques can be applied to modify 

some of the general restrictions. Sometimes the modified model may lead to more 

physically-observed results. 

2. Perturbation of the Sheath Properties 

2. 1 Inhomogeneous Plasma. A perturbation method has been described in 

prior work for the study of microwave propagation in inhomogeneous plasma adjoining 

a conducting surface that contains a microwave source, ^ where three symmetries can 

be considered. The first is an infinite plasma-clad conducting plane with periodic 

antennas on the surface. The second is an infinite plasma-clad right circular cylinder 

with a source parallel to the symmetry axis (Figure 3) or with periodic circumferential 

sources. The third case is a plasma-clad conducting sphere with a circumferential 

antenna. For each of these problems the permittivity e may only vary in a direction 

perpendicular to the surface (in general, both N and v will be functions of position 

in the sheath). The case shown in Figure 3 is considered here. 
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The total field is represented by its Fourier series 

+°o 
F(p,0) = £ pm(p) e' (39) 

m=-ao 

where is the Fourier component of an electric field E or magnetic field H, 

p is the coordinate normal to the surface and the constant phase source is in the z 

direction. 

The differential equation that describes the wave propagation in the inhomo-

geneous medium may be written 

d2F dF 
Y + [m, p, er(p)I + X2fm, p, er(p)] Fm = 0 (40) 

dp 

Using the perturbation method referenced above, the field F can be found in terms 1 m 
of an approximate known field F^ corresponding to a homogeneous sheath and a 

correction term A : 
m 

A 
F = F e m (41) 

m m 

The homogeneous sheath with e^p) = eQ = constant is the "zero-order" solution, 

and the perturbation method provide a first order correction term to A^. The results 

are valid when the functions X^ and for the actual permittivity c^p) and the 

functions and X^ for the approximate permittivity €q are first-order approxi

mations to each other. 

The m = 0 Fourier component Fq is found to be of particular interest, having 

no angular dependence. Also, the modification in the m = 0 term due to the plasma 

sheath is the same for the planar case and for the case of a large cylinder. The 

complete field is given by Fq for an electric or magntic current cylinder, and if 

| F(p, 0) |2 is integrated around the cylinder only the m = 0 term will be nonzero. 
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2.2  Example  1 .  Now cons ider  a  spec i f ic  example  of  a  la rge  conduct ing  

cy l inder  wi th  a  cons tan t  phase  magnet ic  source  para l le l  to  the  cy l inder  ax is  and  

on  i t s  sur face  (F igure  3 ) .  The  requi rement  of  a  " la rge"  cy l inder  i s  necessary  because  

for  s impl ic i ty  the  expans ion  

F  (p)  =  H (p)  «  fL  e ' (p  "« /4)  >  ,  (42)  
o  O V Ttp  

has  been  made  for  the  Hankel  func t ion  H^(p) .  The  conduct iv i ty  i s  assumed to  be  of  

a  form cons is ten t  wi th  exper imenta l  resu l t s  

2 
6  N o v o —2(p -  p: ) /T  2 <P "  P; )  

<Kp)  =  2  T  ^  e  +  T  >  ( 4 3 )  
m(w +  v  )  

o  

where  and  V q  are  the  e lec t ron  dens i ty  and  co l l i s ion  f requency  a t  the  conduct ing  

sur face  p  =  p .  and  T i s  about  the  1 /3  th ickness  of  the  p lasma.  

The  a t tenua t ion  produced  by  the  shea th  in  nepers  i s  jus t  the  rea l  par t  o f  

(Eq .  41)  and  on  apply ing  the  per turba t ion  method  one  f inds  th i s  to ta l  a t tenua t ion  

to  be  the  sum of  two te rms ,  one  due  to  the  re f lec t ions  and  "phase-mixing"  f rom the  

grad ien t  in  N and  the  o ther  due  to  d i rec t  hea t ing  losses  (F igure  4 ) .  For  a  zero  

th ickness  p lasma T =  0  both  a t tenua t ion  te rms  a re  zero  as  they  must  be ,  and  for  smal l  
2  3  

values  o f  T  the  phase  mix ing  te rm increases  as  T and  the  d i rec t  hea t ing  te rm as  T .  

The  re f lec t ion  loss  approaches  a  f ixed  va lue  for  th ick  shea ths ,  whereas  the  

hea t ing  losses  cont inue  to  increase  l inear ly .  In  o rder  to  f ind  the  to ta l  f ie ld  pa t te rn  

and  to  comple te  the  example ,  the  o ther  F^  te rms  must  be  computed  in  a  s imi la r  

fash ion  and  the  resu l t s  combined .  

2 .3  Nonl inear  In te rac t ions .  The  same per turba t ion  technique  used  above  

can  a l so  be  appl ied  to  s tudy  nonl inear  in te rac t ions  in  the  shea th .  This  nonl inear  

"se l f -modula t ion"  occurs  because  the  e f fec t ive  co l l i s ion  f requency  i s  a  func t ion  of  

the  f ie ld  in tens i ty  for  s t rong  f ie lds .  Ginzburg  demons t ra tes  tha t :  
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• F* v = vo VT (44) 

where v' is the modified collision frequency, V the small-field value and T 
o e 

and T are the electron and ion temperatures in the plasma. The equipartition of 

energy requires that Te = T when E is negligible. 

For u » v (the high frequency limit), 

e2|E |2 

V T -  ~ ~ 2  < 4 5 >  
3mk 

k being the Boltzmann constant and 6 the average relative fraction of energy im

parted by an electron to a heavy particle in one collision. Combining (44) and 

(45), 

(46) 
2 

3mkT Su 

and for "intermediate" field intensities 

e2 IE |2 
o' v = V. (1 + —j). (47) 

6mkT 6 

This last relation is the one that is used in subsequent analysis. 

2.4 Example 2. Now consider the same m = 0 term as in the problem of 

Section 2.2 but allow for intermediate field intensities so that the collision frequency 
2 _ i 

is given by (47). For this model |Eq| ap and substituting v' for in (43) the 

Field attenuation now produced by the sheath in nepers is 



- 2 1 -

a t ten  (nonl inear )  =  a t ten  ( l inear )  

•'VolVf'i'l2 , rr as' r" .2,..,-2i"/r (l+2r ,dt" i 
'IS "U 7^4' nrr J ( 4 E )  

o o  

where  =  p 1  -  p . ,  |  " = p"  -  p . ,  and  y  i s  the  rec iproca l  o f  p .  t imes  the  f ree  

space  wave  number  k^ .  The  resu l t s  f rom (48)  a re  shown in  F igure  5  for  Y <  1 ,  

where  i t  may  be  noted  the  y  = 0  te rm ( for  which  the  nonl inear i ty  vanishes)  i s  

iden t ica l  in  shape  to  the  d i rec t  absorp t ion  curve  in  F igure  4 .  The  re f lec t ion  

te rm i s  unchanged  by  the  nonl inear  in te rac t ion .  I t  may be  noted  tha t  the  nonl inear  

a t tenua t ion  components  have  a  la rger  percentage  increase  in  va lue  for  th inner  

shea ths  and  tend  to  f la t ten  ou t  sooner  than  do  the  l inear  components .  

3 .  Genera l  Purpose  of  the  Analy t ic  S tudies  

The  resu l t s  above  provide  in  themselves  in te res t ing  c lues  in to  the  loss  

mechanism in  a  p lasma shea th .  F lowever ,  the  appl ica t ion  of  these  resu l t s  should  

a l so  be  cons idered  in  l igh t  o f  the  over -a l l  e f for t  be ing  made  in  th i s  f ie ld  of  s tudy .  

Due  to  the  complexi t ies  involved  any  resu l t s  tha t  c lose ly  para l le l  an  ac tua l  phys ica l  

problem of  in te res t  wi l l  p robably  be  der ived  f rom a  long ,  d i f f icu l t  computer  program.  

But  e s tab l i sh ing  the  va l id i ty  of  such  numer ica l  t echniques  depends  to  a  la rge  ex ten t  

on  compar i son  of  resu l t s  wi th  s impler  ana ly t ic  so lu t ions  of  the  k ind  descr ibed  in  th i s  

paper .  Any ana ly t ic  so lu t ion  tha t  can  be  obta ined  then  serves  double  du ty ,  bo th  as  

a  so lu t ion  in  i t se l f  and  as  a  check  on  a  more  genera l  computer  p rogram.  
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P A R T  I I I  

THE EFFECT OF PLASMA POLARIZATION ON MICROWAVE PROPAGATION 

A.  In t roduc t ion  

In  a  theore t ica l  s tudy  of  microwave  propaga t ion  through p lasma there  a re  

two bas ic  problems bo th  of  which  must  be  adequate ly  so lved  in  any  acceptab le  

descr ip t ion  of  the  phenomenon 0  These  a re :  1)  the  descr ip t ion  of  the  e lec t r ica l  

proper t ies  o f  the  medium in  ques t ion ,  and  2)  the  so lu t ion  of  the  wave  equa t ion  and  

descr ip t ion  of  the  propaga t ion  th rough a  medium of  g iven  proper t ies .  In  the  work  

repor ted  p rev ious ly  (References  1  and  2)  on ly  the  second of  these  problems was  

inves t iga ted ,  tha t  i s ,  methods  of  so lv ing  the  propaga t ion  problem for  a  medium 

whose  e lec t r ica l  p roper t ies  (complex  permi t t iv i ty )  a re  spec i f ied  for  so lu t ion  of  

the  equa t ions .  

In  Par t  I I  above ,  one  phase  of  the  f i r s t  p roblem,  tha t  o f  descr ib ing  the  

e lec t r ica l  p roper t ies  o f  the  medium,  has  been  t rea ted .  That  i s ,  in  the  case  of  

s t rong  f ie lds  the  e f fec t ive  co l l i s ion  f requency  be ing  a  func t ion  of  the  f ie ld  in ten

s i ty  causes  the  e f fec t ive  permi t t iv i ty  to  become modi f ied  by  the  change  in  co l l i s ion  

f requency .  The  per turba t ion  technique  was  ex tended  to  inc lude ,  in  a  cer ta in  

approximat ion ,  such  nonl inear  e f fec t s .  

In  th i s  par t  o f  the  presen t  repor t  another  aspec t  of  the  microwave  propaga t ion  

problem for  p lasma type  medium is  inves t iga ted ,  th i s  par t icu la r  aspec t  hav ing  been  

ignored  by  most  inves t iga tors  in  the  subjec t  though i t s  impor tance  has  no t  been  d is 

counted .  The  problem which  wi l l  be  s tud ied  in  the  fo l lowing  i s  tha t  of  de te rmin ing  

the  cont r ibu t ion  to  the  complex  permi t t iv i ty  of  an  induced  polar iza t ion  vec tor  due  

to  e lec t ron ica l ly  exc i ted  a tomic ,  ion ic  and  molecular  components  of  the  p lasma.  

This  p roblem i s  par t icu la r ly  s ign i f ican t  for  very  h igh  f requency  propaga t ion  where  
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s tandard  approximat ions  for  p lasma permit t iv i t ies  become a t  bes t ,  somewhat  dubious ,  

and contr ibut ions  f rom species  o ther  than the  f ree  e lec t ron dis t r ibut ion may become 

important  o 

B.  S ta tement  of  Problem 

In l ight  of  the  current  in teres t  in  very  h igh f requency propagat ion through 

plasma,  i t  i s  necessary  to  inves t igate  more  c lose ly  the  e lec t r ica l  proper t ies  of  the  

plasma medium in  f requency ranges  where  of ten  used approximat ions  begin  to  break 

down.  In  ca lcula t ing the  complex permit t iv i ty  of  a  plasma for  microwave s tudies  

one should  consider ,  in  addi t ion  to  the  conduct iv i ty  due  to  the  presence  of  f ree  

e lec t rons ,  the  poss ib i l i ty  of  an  appreciable  plasma polar iza t ion term due to  the  

presence  of  a  very  large  number  of  a toms,  molecules ,  and ions  in  h ighly  exci ted  

s ta tes .  S ince  e lec t rons  in  a tomic  or  molecular  exci ted  s ta tes  a re  very  weakly  

bound,  the  resul tant  exci ted  a tomic  or  molecular  sys tem is  very  eas i ly  polar ized 

by the  e lec t r ic  f ie ld  of  the  incident  e lec t romagnet ic  wave and thus  exhibi ts  a  

very  large  induced d ipole  moment .  S ince  the  f requency dependence of  the  resul tant  

polar iza t ion term in  the  complex permit t iv i ty  may be  qui te  d i f ferent  f rom the  f ree  

e lec t ron contr ibut ion,  the  d ie lec t r ic  proper t ies  of  the  medium may be  changed 

appreciably  f rom those  predic ted  by neglect ing the  polar iza t ion terms.  Thus  the  

quest ion of  the  magni tude  of  a  plasma polar iza t ion term in  h igh f requency micro

wave propagat ion through plasma seems to  warrant  some a t tent ion in  order  tha t  i t s  

poss ib le  impor tance  in  such problems be  ascer ta ined.  

1 0  Plasma Components  

The problem as  refer red  to  above is  very  complex for  a  rea l is t ic  p lasma 

composed of  typica l  gases ,  say  a i r  for  example ,  a t  typical  p lasma temperatures .  

For  the  sake  of  d iscuss ion,  le t  us  consider  a i r  a t  a  densi ty  p  of  .1  p Q  (P Q ~ s tandard  

a tmospher ic  densi ty)  and in  a  temperature  in terval  of  5000 to  15,000 °K„ The 

resul tant  p lasma is  very  compl ica ted  in  i t s  make-up,  consis t ing  of  a  mixture  of  
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^ 2 '  ̂ 2 '  ^ ^  ,  O  ,  N O  ,  a n d  e  i n  v a r i o u s  m o l a r  c o n c e n t r a t i o n s , ^  

M. (see Fig0 6)0 From the curves, the number of particles of a given species per 

cubic centimeter, N., is given by 

N. = 2.55 x 1019 p/p M. (3.1) 
I O I v ' 

Any or all of the atomic, molecular or ionic species may exist in one of an infinite 

number of excited states, where the distribution of excited states at equilibrium would 

be given by the appropriate Boltzmann factor for each state. To calculate the con

tribution to the frequency dependent permittivity of each of these components in various 

excited states would involve a great deal of effort, particularly for molecular species. 

The calculations are meaningful, however, since highly excited electrons become 

more and more analogous to the free electron component in the plasma as the frequency 

of a propagating signal is increased, and thus more important in their contribution to 

the total complex permittivity. 

The program which is undertaken in the following sections is not so ambitious 

as to determine the effect on e of all such constituents in a model plasma, rather 

we will take a much more limited approach and try to answer quantitatively the 

question as to the importance of the simplest systems (the atomic species) and to 

infer from the order of magnitude of the results for the simple case the importance 

of the total contribution from all species and indicate the validity of the problem in 

microwave studies. 

2. The Polarization Vector 

The problem of describing the dielectric properties of a plasma medium 

(other than the contribution from the free electron component) can be attacked on 

a microscopic scale from which a macroscopic description may be derived. Looking 

at the individual elements of the plasma, each atomic, molecular or ionic component 

is affected by the electric field of a propagating wave, the charge distribution of 

each being distorted or "polarized" by the effective field to which it is subjected. 

The result is that a dipole moment p is induced in each particle, the moment being 
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P = a £ o ? eff  < 3 - 2 > 

where  a  is  the  dipole  polar izabi l i ty  of  the  individual  a tomic  or  molecular  species .  

In  genera l  the  d ipole  polar izabi  l i ty  a(v)  is  a  funct ion of  the  f requency and very  

s t rongly  dependent  on the  s ta te  of  exci ta t ion  of  the  a tomic  or  molecular  sys tem.  

As ment ioned above,  the  exci ted  e lec t ron being very  loosely  bound,  is  s t rongly  

polar ized by an  e lec t r ic  f ie ld .  This  leads  to  a  very  large  value  of  a  for  an  exci ted  

sys tem,  and thus  to  a  large  induced dipole  moment  p .  Added to  th is  i s  the  fac t  

tha t  near  an  absorpt ion f requency or  resonance,  a(v)  is  very  s t rongly  f requency 

dependent  and in  fac t  may become sharply  spiked wi th  an  ext remely  high maximum. 

In  the  problem wi th  which we are  concerned,  the  quant i t ies  a(v)  for  the  

a tomic  and molecular  s ta tes  a re  the  microscopic  observable  which must  be  deter 

mined in  order  to  predic t  the  d ie lec t r ic  proper t ies  of  a  plasma.  I f  N is  the  number  

of  a tomic  or  molecular  species  per  uni t  volume,  the  to ta l  polar iza t ion vector  P 

as  contr ibuted by the  species  of  number  densi ty  N is^  

P .  i  = N p  =  a N e  E  
N o  eff  

For  a  mul t icomponent  p lasma the  contr ibut ions  f rom each species  to  P would  add 

ar i thmet ica l ly  to  g ive  the  to ta l  e f fec t ive  polar iza t ion vector .  By not ing tha t  

"P =  € X? where  X is  the  e lec t r ic  suscept ib i l i ty ,  or  wi th  k  =  1 +  X where  K is  

the  speci f ic  induct ive  capaci ty ,  one  can wri te  P  =  €^(k  1)  E and e l iminate  the  

f ie lds  f rom the  equat ion above and get  the  famil iar  Class ius-Mossot t i  re la t ion  for  

the  speci f ic  induct ive  capaci ty .  That  i s  

k  -  1 _  aN _ _X_ (3.3)  
k  +  1 3  X + 3  

This  re la t ion  is  in  fac t  qui te  compl ica ted ,  being temperature  dependent  s ince  the  

dis t r ibut ion of  exci ted  s ta tes  depends  on the  temperature ,  and f requency dependent  

s ince  a(v)  depends  on the  f requency of  the  incident  wave.  Of  course ,  the  complex 
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permittivity e is given by the relation 

e(u) = e (1 + X(u)) +— (3.4) 
o o 

where a is the plasma conductivity and u is the source frequency. 

Summarizing, we note that aside from knowing the number densities N. for 

the plasma components in their various states, knowledge of the real part of the 

macroscopic parameter e depends on knowing the microscopic quantities a. for 

the various plasma components. 

3. The Dipole Polarizability a 

On a microscopic scale one should know the distribution of excited states 

of all plasma species; that is, atomic, molecular, and ionic components, and further 

should know the polarizabi lity of each in these states. With this knowledge the 

macroscopic polarization vector P could be determined to a very high degree of 

accuracy. The problem of calculating dipole polarizabilities a has been well 

formulated for systems in the ground state and many specific examples have been 
g 

worked out which are in good agreement with experiment. However, this state

ment does not apply to such particles in excited states, nor to more complicated 

molecules where calculations are very difficult. 
3 

In principle, the frequency dependent polarizabi lity tensor is given by 

= 3 Laxx(v) + ayy(v) + azz(v)] (3.5) 

In the limit as v becomes zero, a(v) becomes the usual average polarizabi lity a , 

or a(0). For any atomic or molecular system in its ground state the quantities a..(v) 

may be determined from the oscillator strength sum rules. From time dependent 
* 

perturbation theory the expression is easily shown to be 

f(x) .(e2/a )2 

- °o ? - x2 2 2 <3-6> 
xx I (e - e.) - h v 

q I 

* Atomic units are utilized throughout this section. Unit of length is the Bohr 

radius a (.53 x 10"® cm). 
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Here  f (x)  .  i s  the  osc i l l a tor  s t rength  cor responding  to  a  t rans i t ion  f rom the  s ta te  
q i  8  

q to  the  s ta te  j  under  the  inf luence  of  x -polar ized  e lec t r ic  d ipo le  rad ia t ion .  

(e .  -  e  )  <t | f  ,  u  t  ><t ,  p  <1'  >  
f (x)  .  =  2  I 1  5  X  I  I  *  1  •  (3 .7)  

q i  (e  / a o ) (ea Q )  

In  the  express ion  for  the  osc i l l a tor  s t rength  f (x)^ . ,  the  quant i t i es  ^  and \ | i .  a re  

the  wave  func t ions  for  the  sys tem in  s ta tes  q  and  |  respec t ive ly .  The  te rm i s  

the  x  component  o f  the  d ipole  moment ,  p  =  I  e .  x . ,  where  e  i s  the  charge  and  
X | i i 

x.  the  coord ina te  o f  the  i ^  par t ic le ,  and  the  summat ion  i s  ex tended  over  a l l  o f  the  
i 

charged  par t ic les  in  the  sys tem inc luding  nuc le i .  S imi la r  express ions  ob ta in  for  

a  and  a  .  
yy zz  

The  express ion  (3 .1)  for  the  pola r izab i l i ty  a (v)  of  an  a tomic  or  molecular  

sys tem has  very  l imi ted  appl icab i l i ty  for  the  problem of  in te res t  to  us  here .  F i r s t ,  a s  

i t  i s  wr i t t en  i t  appl ies  on ly  to  sys tems  in  the i r  g round s ta te ;  secondly ,  the  summat ion  

is  over  a l l  the  in f in i te  number  of  exc i ted  s ta tes  and  such  summat ions  can  only  be  

approximated  in  p rac t ice ;  f ina l ly ,  the  osc i l l a tor  s t rengths  K x )^ j  a r e  di f f icu l t  to  

obta in  wi th  re l iab le  accuracy ,  thus  p lac ing  a  severe  l imi ta t ion  on  the  accuracy  of  

ca lcu la t ions  made  f rom Eq.  (3  7 ) .  Thus ,  we  need  a  more  t rac tab le  express ion  for  

the  po la r izab i l i ty  i f  a  la rge  number  of  exc i ted  s ta te  ca lcu la t ions  a re  to  be  made .  

Before  l eav ing  th i s  equa t ion ,  l e t  us  no te  tha t  Eq .  (3 .6)  has  a  minimum for  ze ro  

f requency  and  gradua l ly  increases  wi th  v  to  the  poin t  where  hv  i s  equa l  to  the  

energy  d i f fe rence  be tween  the  ground and  the  f i r s t  exc i ted  s ta te .  Thus ,  for  micro

wave  f requenc ies ,  a (0)  represen ts  a  minimum for  the  f requency  dependent  po la r iz 

ab i l i ty .  

Wi th  the  observa t ion  tha t  the  zero  f requency  va lue  of  a (v)  represen ts  a  

minimum in  th i s  quant i ty  for  microwave  f requenc ies  we  wi l l  make  the  fo l lowing  

s impl i f ica t ions  for  the  purposes  of  ca lcu la t ion :  1)  Ca lcu la te  the  s ta t ic  po la r izab i l i ty  

a(0)  for  ce r ta in  spec i f ic  spec ies  in  severa l  exc i ted  s ta tes .  This  p roblem wi l l  be  
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formula ted  in  the  fo l lowing  sec t ion  in  a  t rac tab le  form.  2)  Ut i l i ze  the  resu l t s  a t  

zero  f requency  to  infer  the  impor tance  of  the  po la r iza t ion  vec tor  in  p lasma for  

microwave  p ropaga t ion  ( for  s imple  a tomic  sys tems) .  3 )  Es t imate  the  cont r ibu t ion  

f rom more  compl ica ted  sys tems  where  ca lcu la t ions  become more  d i f f icu l t .  

C .  Method  of  Calcu la t ion  

The  e lec t ron ic  po la r izab i l i ty  of  an  a tomic  sys tem,  whether  i t  be  neut ra l  o r  

ion ized ,  may be  de te rmined  by  a  per turba t ion  ca lcu la t ion  on  the  Har t ree-Fock  wave  
9  

func t ions  for  the  sys tem in  ques t ion .  This  p roblem has  been  formula ted  by  Sternhe imer  

and  spec i f ic  examples  have  been  worked  out  and  publ i shed  in  the  l i t e ra ture  for  neu t ra l  
g  

and  ion ic  spec ies  in  the i r  ground s ta tes .  In  th i s  sec t ion  we  wi l l  cons ider  th i s  method  

as  appl ied  to  exc i ted  s ta te  sys tems  and  spec i f ic  examples  wi l l  be  g iven  in  the  fo l lowing  

sec t ion .  

Assume tha t  the  wave  func t ions  for  the  unper turbed  sys tem a re  known,  whether  

in  the  ground s ta te  o r  some exc i ted  s ta te ,  and  tha t  the  Schroedinger  equa t ion  for  each  

e lec t ron  of  the  sys tem is  

H i| f  '  =  e  '  ij i  ' .  (3 .8)  
o  o  o  o  

Here  H i s  the  unper turbed  Hami l ton ian  and  e  '  the  energy  of  the  i* ' 1  e lec t ron  in  the  
o  o  

Har t ree-Fock  equa t ions .  Now assume tha t  an  e lec t r ic  f ie ld  i s  p roduced  by  a  uni t  

charge  - e  a t  a  la rge  d i s tance  R f rom the  nuc leus  a long  the  pos i t ive  z -ax is .  I f  R i s  

the  d i s tance  in  un i t s  o f  the  Bohr  rad ius  a  ,  the  d ipole  par t  o f  the  poten t ia l  energy  in  
o  

Rydberg  un i t s  i s  g iven  by  the  express ion  

=  (2 /R^)  r  COS 0 .  (3 .9)  

Here  0  i s  the  angle  be tween  the  pos i t ion  vec tor  r  o f  the  i*h  e lec t ron  and  the  z -ax is .  

We now cons ider  the  po ten t ia l  as  a  smal l  per turba t ion  on  the  Har t ree-Fock  so lu t ions  

for the isolated atom. Denote the perturbation of one of the H.F. functions ijf ' by 
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the  symbol  X .  and  the  f i r s t  order  change  in  energy  by  e^ .  The  Schroedinger  equat ion  

to  the  f i r s t  order  in  the  per turbat ion  i s  g iven  by  

( H  + H J U 1  + X . )  =  ( e 1  + e 1 ) ( t j  +  X . ) .  ( 3 . 1 0 )  
1  o  i  o  1 o  

The  t erm E^,  f rom s tandard  f i r s t  order  per turbat ion  theory ,  i s  g iven  by  

° °  ^  >  , ,  ,  ; 2  2  
e i  =  /  /  /  H.  i| f  1  r"  dr  s in  6  6<p 

o  o  o  1  a  
(3 .11)  

2  
Since  H,  i s  l inear  in  cos  ©whi le  i f  i s  an  even  funct ion  o f  cos  0 ,  the  in tegra l  over  

1 o  
0  vanishes  in  the  above  express ion ,  thus  y ie ld ing  =  0 .  Ut i l i z ing  equat ion  (3 .8 ) ,  

equat ion  (3 .2 )  i s  reduced  to  

(H -  e  ' )  X.  =  -  H,  •  '  (3 .12)  
x - I 1  o o  o  

The  so lut ion  to  th i s  equat ion  determines  the  per turbat ion  X.  o f  the  wave  funct ion  ^  .  

The  unperturbed  funct ions  are  de f ined  such  that  

•  '  =  R(r)  Y™ (0 ,  4>)  
o  

oo  i t  2 i r  ,  : , o  o  0 0  ?  
/ f f U  I  r  s i n Q d G d (j> = f u (r )  dr  =  1  (3 .13)  
o  o  o  °  o  °  

i 2  i  
The  f i r s t  order  per turbat ion  o f  the  dens i ty  [  i |^  +  X. ]  i s  g iven  by  2 if X.  

>r  the  i f ^ e lec tron .  From th i s ,  the  induced  d ipo le  moment  in  the  per turbed  a tomic  

<s tem,  ind icated  as  p .  .  ,  i s  g iven  by  
r  ind-z  

p .  =  2  e  I  /  IS  U X.)  .  r  cos  0  r^  dr  s in  0  d0d0  (3 .14)  
ind-z . ^o o o o i nlm 

nlm 

here  we  use  the  subscr ipts  n lm to  denote  an  orb i ta l  o f  pr inc ip le  quantum number  n  

av ing  angular  momentum quantum numbers  Xand m.  The  dens i ty  i | (  '  X .  depends ,  
2 ° ' 

f  course ,  on  n im.  The  e l ec tr ic  f i e ld  E i s  g iven  by  - e  /R ,  so  that  the  po lar izab i l i  I i t  v  
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defined as the induced dipole moment per unit field is given by 

2 oo TT 2TT ? 2 
a = p. , /E = 2R I f f f (i|f X.) ° r cos 0 r dr sin 0 d0d<£ (3.15) 1 Z nJm ° ° ° ° 1 

The integrals in the expression for a can be reduced to radial integrals, and 

the inhomogeneous partial differential equation (3.12) may be reduced to a radial 

equation by expressing the unperturbed functions as in Eq. (3.13) and the perturbation 

X. in a similar fashion, that is, as products of radial functions multiplied by a spherical 

harmonic. To this end we write Eq„ (3.12) in detaiI. 

2r. 
[-V, + Vu c(r.) -  e ' ]  X. = --4 cos e (3.16) i HF i o i ^  o 

In this equation Vuc is the Hartree-Fock potential for the i^ orbital whose unper-
HF .  j  

turbed eigenvalue is e . In order to separate this equation we write i|r and X as 
o 0 1 

P . (r) m 

• ' = R ,M Y.m (0, 0) = — Yt (6, *) 0.17) 
0 nJL * r 

and 

0.18) 
1 . r I-.! 1 

Jt ,m 

The above equation then separates into the following radial equation 

[4 - * VHF« " 'J ] " 75 V'>' (3'"' 
dr r K 

We note that the constants which appear in Eq. (3.18) are determined by the 

Clebsch Gordon coefficients which occur in the angular integrations. These coeffi

cients vanish unless JL' = X ± 1 fori^Oandl1 =1+1 for JL= 0. Thus, the solutions 

to two radial equations (3.19) are required in order to determine the radial functions 
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U n A _^ ,  o f  the  per turba t ion  X.  o f  a  g iven  orb i ta l  ( for  s - s ta tes  on ly  one) .  The  nota t ion  

for  the  rad ia l  func t ions  of  the  per turba t ion  of  an  nV orb i ta l  i s  tha t  due  to  

Sternhe imer .  I t  ind ica tes  an  orb i ta l  o f  f i .  charac te r  be ing  per turbed  to  a  s ta te  of  
A rn-m 1  9 

angular  momentum JL 1 .  The  coef f ic ien ts  Cj^_^  have  been  tabula ted  by  S te rnhe imer .  

The  d ipo le  po la r izab i I i ty  due  to  the  cont r ibu t ion  f rom an  nJL s ta te  may now be  wr i t ten  

(m 1 )  2 0 0  1 1  2TT m '  m  

°n l - l ' = 2 R  {  {  {  U nl - l , ( r )  P nt ( r )  Y A'  ( 0 ' ^  Y l  < 9 ' r  c o s  0  

2 m* 
•  d r  s in  0  d0  d$  =  2R K .  /  U n ,  ( r )  P  .  (r )  r  d r  

J^—• f .  o  a .  nx  
(3 .20)  

m m-*m 
where  i s  a  cons tan t  which  i s  the  product  of  t imes  the  cons tan t  which  

occurs  f rom the  angular  in tegra l  in  Eq .  (3 .20) .  These  a re  a l so  tabula ted  by  S te rnhe imer .  

I f  we  ind ica te  by  the  nota t ion  a(n i -*A- ' )  the  cont r ibu t ion  to  the  d ipo le  po la r i -

zab i l i ty  of  an  n i l  orb i ta l  undergoing  exc i ta t ion  to  s ta te  JL ' ,  then  the  to ta l  d ipo le  

po la r izab i l i t i es  for  the  a tomic  sys tem can  be  wr i t ten  

a-TOT =  E  N n l  a(nW) (3 .21)  
' O T  ni l '  

where  N n ^"  i s  the  number  of  e lec t rons  in  the  n l  subshe l l .  We note  tha t  the  above  
3  °3  

equat ions  g ive  a  in  un i t s  o f  a^  .  To obta in  a  in  un i t s  o f  A the  resu l t s  mus t  be  mul t i -

p l ied  by  0 .529 3  = 0 .148 .  

We fur ther  no te  tha t  in  cons ider ing  a  sys tem in  an  exc i ted  s ta te  one  can  s im

pl i fy  Eq .  (3 .21)  by  not ing  tha t  for  the  exc i ted  orb i ta l  the  cont r ibu t ion  to  the  sum i s  

very  la rge  as  compared  to  the  cont r ibu t ion  f rom o ther  e lec t rons .  Consequent ly ,  on ly  

one  te rm in  the  to ta l  cont r ibu t ion  to  a  need  be  cons idered ,  namely  tha t  o f  the  exc i ted  

e lec t ron ,  a l l  o thers  be ing  negl ig ib le .  Thus ,  un l ike  the  problem of  de te rmin ing  the  

ground s ta te  po la r izab i  l i t i es  where  the  cont r ibu t ion  to  a  f rom severa l  o rb i ta l s  i s  o f ten  

impor tan t ,  the  de te rmina t ion  of  a  for  exc i ted  s ta tes  depends  on ly  on  de te rmin ing  the  

unper turbed  e igenfunc t ions  for  the  exc i ted  sys tems  and  de te rmin ing  the  f i r s t  o rder  

per turba t ion  of  the  exc i ted  orb i ta l  ( f rom Eq.  (3 .19) )  and  per forming  the  in tegra l  in  Eq .  

(3 .20) .  
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D.  Resu l t s  for  Oxygen  and  Ni trogen  

Deta i l ed  ca lcu la t ions  for  a tomic  oxygen  and  a tomic  n i trogen  have  been  made  

for  severa l  low ly ing  exc i ted  s ta tes .  We note  that  the  determinat ion  o f  the  d ipo le  

po lar izab i l i ty  o f  an  a tomic  sys tem in  any  s ta te  Y requires  a  knowledge  o f  the  unper

turbed  Hartree -Fock  wave  funct ions  for  the  sys tem in  the  g iven  s ta te .  With  these  

funct ions ,  Eq .  (3 .19)  may  be  so lved  and  the  perturbat ions  X. of  the  Hartree -Fock  

funct ions  thereby  determined .  With  these  so lut ions ,  both  ^  and X. maybe  ut i l i zed  

in  the  express ion  (3 .20)  for  de termin ing  the  po lar izab i l i ty  a  in  the  part i cu lar  s ta te  

n lm.  

1 .  The  Unperturbed  So lut ions  

In  Rydberg  un i t s  the  Hartree -Fock  equat ion  for  the  i^  orbi ta l  o f  the  H.F .  

determinant  can  be  wr i t ten  

[ -V . 2  + V(r . )  -  A(r . )J  V .  {? . )  =  E.  t  (rj )  (3 ,22)  

where  V(r . )  i s  the  sum o f  the  nuc lear  and  e lec tron ic  cou lomb potent ia l s  

v ( r i ) =  +  \ K ) d \  ( 3 - 2 3 )  

i  K  ik  

and  the  exchange  potent ia l  i s  g iven  by  

A (r )  • . (? ; )  =  I  [ /  •: (F! )  t k ( r k )  2- +. (r k )  ^(r.) dTk] i (r.) (3 .24)  
k  ik  

In  the  present  ca lcu la t ions  the  exchange  in tegra l s  A(r . )  are  rep laced  by  the  

convenient  approx imat ion  due  to  S la ter  which  i s  an  average  exchange  potent ia l  for  

a l l  e l ec trons .  One  further  modi f i ca t ion  was  made  on  the  exchange  term,  th i s  be ing  

to  wr i te  the  S la ter  exchange  term wi th  a  var iab le  coe f f i c i ent ;  that  i s ,  

7  1 /3  _  
A ( r ; )  • . ( r . )  =  X •  61^  I  * k  ( r . )  ^ (Fj ) ]  • . ( r . )  (3 .25)  

where  X i s  a  var iab le  parameter .  
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The equation can be reduced to radial equation by writing the function 

Pn^ri^ m 
i(0 = Y, ( 6, </>) 

i ,  *  
(3.26) 

Equations (3.22) then separate leading to the radial equation 

.2 
[72 + V<'i> " ̂  " Vri>] W = 6i° Pnl<ri> ^3-27' 

dr. r. 

10 

In solving these equations the coefficient X was varied until the eigenvalues were 
s 

in agreement with experimental values to within one or two percent. For excited 

states the experimental values were taken to be the weighted average of the config

uration. 

2. The Perturbation Calculations 

In the present calculations the unperturbed wave functions for the atomic 

system were obtained from a program originally written by Herman and Skillmann, 

which was modified to yield the variable term in the Hartree-Fock-Slater (H. F,S.) 

equations as discussed above. The output of the program furnished the functions V(r), 

A (r), Cl° and P 4(r) in equation (3.19), which could then be solved for the pertur-
s 1 nJL 

bations U , of a given orbital whose radial function is P .. For a given value 
nl—1 nJL 

of R, equation (3.19) was integrated by the Numerov process for inhomogeneous 

equations as described by Hartree, over the same r mesh as that of the H.F.S. 

program which furnished the unperturbed functions. The integration in the inner 

region was started by noting, as did Sternheimer, that for r ~ 0 the inhomogenous 

term on the right side is negligible as compared to the potential terms on the left. 

The solution may thus be started by a series expansion near the origin and con

tinued by numerical integration. With this procedure there is an arbitrary constant 
A' +1 

in the starting values, this being the value of (U^^./r )r_Q. For the inhomo

geneous equation (3.19), this parameter in the starting conditions must be determined 

in order to satisfy the boundary conditions; that the solution to (3.19) be exponentially 
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i'+l 
decreasing at infinity. The value of (UN^_£I/R )Q was varied automatically in 

the coded program until two values were found which enclosed the correct one. The 

choice was then narrowed by successive solutions until an accuracy of five to six 

significant figures in the starting value was achieved. The calculations were performed 

on the Univac 1107 computer at the University of Alabama Research Institute. 

The total dipole polarizabi lity for both oxygen and nitrogen in their ground 

states was calculated from the equations for the two outermost shells of the H.F.S. 

system. However, as mentioned above, in the case of an excited system only the 

perturbation of the excited orbital need be considered in the calculation of the 

polarizability, all other contributions being completely negligible by comparison. 

With the perturbed functions determined from Eq. (3<. 19) the dipole polari-

zabilities were determined by carrying out the numerical integration of Eq. (3.20). 

3. Numerical Results 

In this section numerical results of dipole polarizability calculations for 

excited states of atomic oxygen and nitrogen are presented. Calculations have been 

made for the ground state and for several excited states of both atoms. The unper

turbed Hartree-Fock-Slater functions for the various states were obtained ad described 

above by varying the Slater exchange term until the calculated eigenvalues of the 

excited electron agreed with the experimental value to within one percent. The experi 

mental value in all cases was taken to be the weighted average for the excited config

uration. Thus the eigenvalues and the polarizabilities correspond to those for the 

average of a given excited configuration of the atomic system. 

As an illustration of the effect of the perturbing field on an excited state 

wave function, Figure 7 shows the unperturbed 4p radial function of oxygen along 

with the radial perturbation and The solutions for the 

radial equations exhibit a behavior similar to that reported by Sternheimer. Thus 

the nodes of the radial function U correspond in number to the orbital next 

higher in energy than nl having 11' angular momentum. However, unlike the case 
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of  ground s ta te  sys tems where  np s  and np -*  d ,  a lso  nd -*  p  and nd -*  f  contr i 

but ions  to  the  polar izabi l i ty  have opposi te  s ign and tend to  cancel  each other  to  

some extent ,  the  s i tua t ion is  somewhat  d i f ferent  in  tha t  the  contr ibut ions  n l -*  A'  

where  V = I  -  1 are  not  necessar i ly  opposi te  in  s ign to  the  case  where  A'  =  A +  1 ,  

thus  the  two contr ibut ions  in  fac t  add together  ra ther  than cancel  each other .  This  

behavior  can be  expla ined f rom a  physica l  argument  s imi lar  to  that  g iven by Stem-

heimer  for  ground s ta te  ca lcula t ions .  That  i s ,  in  the  ground s ta te ,  contr ibut ions  

n i  -*  A' and nA'  -*A tend to  cancel  each other  and should  cancel  exact ly  in  the  

case  of  a  f i l led  shel l  nA s ince  the  t rans i t ion  nA'  -*•  1  would  correspond to  a  non-

physica l  s i tua t ion where  an  e lec t ron is  exci ted  in to  a  c losed shel l  which i s ,  of  course ,  

forbidden by the  Paul i  Pr inciple .  However ,  in  the  case  of  an  exci ted  orbi ta l  the  

t rans i t ions  nA.-*  A 1  are  not  forbidden for  A 1  = !±1 since  nei ther  of  the  neighbor ing 

angular  momentum s ta tes  corresponds  to  a  c losed shel l .  Thus ,  the  contr ibut ion f rom 

A' = A -  1 need not  have  the  opposi te  s ign as  tha t  for  A' = A + 1,  and in  fac t  th is  

proves  to  be  the  case  as  can be  seen in  Tables  I  and I I .  

In  Tables  I and  II  a re  shown the  s ta t ic  d ipole  polar izabi l i t ies  of  oxygen 

and of  n i t rogen respect ively  in  the i r  ground s ta te  and in  each of  severa l  exci ted  

s ta tes .  In  the  tables ,  the  f i rs t  column gives  the  exci ted  conf igura t ion for  the  a tomic  

sys tem.  The next  column gives  the  exper imenta l  e igenvalues  for  the  average  of  the  

given conf igura t ion corresponding to  the  ionizat ion potent ia l  as  zero  energy ( in  

e lec t ron vol ts ) .  In  the  th i rd  column is  shown the  separa te  contr ibut ions  to  the  d ipole  

polar izabi l i t ies  f rom the  two modes  of  exci ta t ion  (one for  s -s ta tes)  in  a tomic  uni ts .  

Final ly ,  in  column four  a re  shown the  ca lcula ted  dipole  polar izabi l i t ies  in  each 

s ta te  ( in  A 3 ) .  For  the  ground s ta te  a  compar ison is  made wi th  exper imenta l  va lues ;  
O 3  

that  i s ,  for  oxygen the  ca lcula ted  value  for  the  ground s ta te  i s  .762 A and the  
o  Q °  3  

exper imenta l  va lue  is  .77  ± 06 A whi le  the  values  for  n i t rogen are  1 .08 A 

theore t ica l  and 1 .13 ± 06 A 3  exper imenta l .  The agreement  wi th  exper iment  in  both  

cases  i s  very  good.  A compar ison of  theore t ica l  va lues  for  the  exci ted  s ta te  polar i 

zabi l i t ies  i s  not  poss ib le  s ince  no such values  are  avai lable  in  the  l i te ra ture .  Thus ,  
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TABLE I 

OXYGEN POLARIZABILITIES 

Config. £j (ev) 
Contributions to 

Polarizabi lity 
a £ 3  

2P4 Ground State .762 (.77) 

2P3 3S 4.3298 472.12 46.58 

2P3 3P 2.7833 p-d 1109.7 77.1 

2P3 4S 107449 7316.8 721.9 

2P3 3D 1.5249 d-f 4374.2 
d-p 3837.2 

410.3 

2P3 4P 1.3041 p-d 4969.7 
p-s 196.8 

333.3 

2P3 5S .9430 53834.5 5311.6 

2P3 4D .8619 d-f 509811. 
d-p 39605. 

31743. 
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TABLE II 

NITROGEN POLARIZABILITIES 

Config. £. (ev) Contributions to 
Polarizability oA3 

2P3 Ground State 1.08 (1.13) 

2P2 3S 400973 595.65 58.77 

2P2 3P 2.6728 p-d 1359.40 
p-s 9.95 

89.09 

2P2 4S 1.6712 9937.38 980.4 

2P2 3D 1.5461 d-f 4175.9 
2220.2 

334.8 

2P2 4P 1.2906 p-d 9032.9 
2362.2 

521.9 

2P2 5S .9165 66715.2 6627.0 

2P2 4D .8713 d-f 408452. 
d-p 20763. 

25005. 
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an est imate  of  the accuracy of  the calculated values  must  be  obtained by a  cr i t ical  

examinat ion of  the theoret ical  method.  I t  i s  wel l  known that  dipole  polar izabi l i t ies  

obtained by the Sternheimer method for  Hartree-Fock type systems are  extremely 

sensi t ive to  small  inaccuracies  in  the unperturbed H.F.  wave funct ions.  The same 

cr i t ic ism,  of  course,  appl ies  here .  In order  to  obtain an est imate  of  the effect  of  

inaccuracies  in  the H,F.  funct ions on the calculated polar izabi  l i t ies ,  the  calculat ions 

were repeated for  a  given s ta te  with a  set  of  funct ions obtained by varying the ex

change term sl ight ly  in  order  to  produce an eigenvalue for  the exci ted orbi ta l  which 

differed from the experimental  value by about  3%. It  was found that  this  change in  

the unperturbed funct ion produced about  a  15% change in  the calculated value of  a .  

Thus the method is  indeed very sensi t ive to  small  changes in  The only recourse 

under  the circumstances is  to  ut i l ize  the most  accurate  unperturbed system that  one 

can obtain.  In  the present  calculat ions the cr i ter ion which was used to  def ine a  good 

H.F.  wave funct ion was that  which yielded an eigenvalue which differed by no more 

than 1% from the weighted average experimental  value for  a  given configurat ion.  This  

method is ,  of  course,  subject  to  error .  The values  l is ted in  Tables  I and II  are  est imated 

to  be accurate  to  about  15%. Though this  could possibly lead to  an appreciable  error  

in  detai led calculat ions,  the accuracy is  more than adequate  for  the  purpose of  deter

mining the importance of  wave propagat ion,  which is  our  intended purpose here .  

Having obtained the microscopic  var iables  a .  for  several  s ta tes  of  the  two 

species ,  neutral  a tomic oxygen and ni t rogen,  our  object ive is  to  determine the macro

scopic  var iables ,  K,  X or  e  which appear  in  Maxwell ' s  equat ions and thus to  est imate  

effects  in  microwave propagat ion problems.  As mentioned ear l ier ,  the Classius-

Mossot t i  re la t ion yields  the electr ic  suscept ibi l i ty  X for  a  simple medium through the 

relat ion 

X =  aN 
X +3 3 

or  the specif ic  induct ion capaci ty  through K = 1 +X.  In this  equat ion N is  the  

number densi ty  of  molecules  of  polar izabi l i ty  a. For a  plasma medium of  the type 
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of interest to us here the problem is complicated by the fact that there are many 

different species in the medium each of which have a different number density and 

a different polarizability, these being the various atomic, molecular, and ionic 

species in their multitude of excited states. Thus, on a macroscopic scale, one 

must take the various contributions to the specific inductive capacity from the 

various species present, taking into account their number densities and dipole 

polarizabilities. For a given plasma component, say atomic oxygen for example, 

one can calculate the average polarizabi lity a as a function of temperature T, 

very simply if thermodynamic equilibrium is assumed. That is, the number density 

of atoms in an excited state represented by energy E. and by ground state energy 

Eq at a temperature T is related to the number Nq at zero temperature by the 

appropriate Boltzmann factor 

-(E. - E )/kT 
NF = N e 1 ° (3.28) 

E. o 
i 

where NE. is the number at temperature T, and k is Boltzmann's constant. If one 

knows the polarizabi lity of the state E., one can determine the average polarizability 

of atomic oxygen at temperature T by the expression 

_  |  >% * 1 ( 3 . 2 „  

T " % N. 
I i 

which is a temperature dependent polarizability for the species. The Classius-

M o s s o t t i  r e l a t i o n  t h e n  y i e l d s  X  o r  K ,  i . e .  

= ' + I aT N (3.30) 
K ?TN 

1 3" 

For a multi-component mixture of gases this process could be repeated for each 
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contr ibut ing species .  In  the present  work this  is  done for  oxygen and ni t rogen.  The 

resul ts  can be used to  est imate  contr ibut ions from al l  species .  

In  Figure 8  the specif ic  induct ive capaci ty  for  zero frequency of  a tomic oxy

gen and ni t rogen is  shown as  a  funct ion of  temperature  over  a  range from 6000 to  

15,000 degrees  Kelvin.  Each is  assumed to  be a t  s tandard atmospheric  pressure. for  

purposes  of  comparison.  From the f igure i t  can be seen that  the electr ic  suscept ibi l i ty  

X changes by more than two orders  of  magni tude over  the temperature  range shown.  

Two facts  are  very s ignif icant  about  the resul ts  shown in  Figure 8 .  These are:  

1)  The s ta t ic  suscept ibi l i t ies  shown are  a  lower l imit  to  the frequency depen

dent  suscept ibi l i t ies  which are  s ignif icant  to  microwave problems.  From Eq.  (3 .6)  for  

a (v)  i t  i s  obvious that  for  cer ta in  frequencies  resonances wil l  appear  which increase 

the value of  X by a  very large amount .  

2)  The second point  which should be made is  that  the s ta t ic  polar izabi l i t ies ,  

and thus the resul t ing suscept ibi l i ty  X,  are  much smaller ,  in  general ,  for  a tomic species  

such as  oxygen and ni t rogen than i t  would be for  molecular  species  which commonly 

appear  in  a tmospheric  plasma.  That  is ,  the curves for  ^2 '  ^2 '  ^O'  e* c*'  w ' "  

correspondingly larger  due to  weaker  binding in  molecular  systems.  

The frequency dependent  polar izabi l i ty  a(v)  for  oxygen and ni t rogen may now 

be obtained in  an approximate way from Eq.  (3 .6)  by ut i l iz ing the s ta t ic  value obtained 

by the method of  Sect ion C to  determine the sum of  the osci l la tor  s t rengths  of  Eq.  (3 .6) .  

That  is ,  one can t reat  the energy denominators  in  Eq.  (3 .6)  as  being important  only in  

the region near  a  resonance.  Thus,  in  a  region where hv is  of  the order  of  the difference 

between the energy s ta te  e  and any one of  the higher  s ta tes  e . .  As the frequency v 

increases  from zero,  the f i rs t  resonance wil l  exis t  when hv approaches the difference 

between e and the next  higher  exci ted s ta te .  T a k i n g  into account  only the f i rs t  term 

in Eq.  (3 .6)  for  this  case we can thus approximate a(v)  by 

a(0)  (e  -  e.)^  
/ a - q  1 (3. 3 1 )  

a ( v )  -  -  2 ,2  2  
(c  -  e.)  -  h v  

a  » 



z 0 l  X X  
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This yields the approximate frequency dependence of a(v) near the first discontinuity 

in the frequency curve. It is obvious that the appearance of a large polarizability 

at a given frequency will depend on the spacing of the levels and e. for the 

atomic or molecular species in question. 

The value of a(v) from Eq. (3.31) for oxygen and nitrogen is shown in Figure 9 

over a frequency range which includes two resonances for these species. The corres

ponding values of the susceptibility at selected temperatures and frequencies are 

s h o w n  i n  F i g u r e s  1 0  a n d  1 1 .  

From the figures it can be seen that the excited species in a plasma medium 

can make a significant contribution to the electrical properties of the medium at 

some frequencies. For the results obtained here, we see that contributions from the 

atomic states are more important at very high frequency; that is, in the infrared 

region of the spectrum. This, however, is not an insignificant result in the light 

of recent work on utilizing infrared devices for communication purposes. The main 

objective which we should like to achieve here, however, is to determine the effect 

of plasma polarization for very high frequency microwave propagation. In order to 

estimate these effects we must investigate the contributions from molecular species 

in the plasma. 

E. Extension to Other Systems 

In this section we carry out the third step in the program outlined in Section 

B-3 above. That is, we have 1) calculated the static polarizability a(0) for certain 

specific species in several excited states; 2) these results have been used to infer the 

frequency dependent polarization vector in a plasma due to atomic species; 3) in this 

section we endeavor to estimate the contribution from more complicated systems utilizing 

the results already obtained. 
Let us continue to assume for the sake of argument that the plasma of interest 

is generated from atmospheric gases. By referring to Figure 6, we then see that the 

species of interest for the present considerations are the molecules Or Nj, NO and 

possibly a low concentration of the negative ions of these species, which were not 
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Fig.  9  Frequency dependent  polar izaJ l i ty  a(v)  as  c  funct ion of  f requency v  
for  oxypen ana  ni t rogen in  two of  the i r  exci ted  s ta tes  
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considered in  the  data  of  Figure  6 .  As ment ioned ear l ier ,  ca lcula t ions  s imi lar  to  those  

which have been carr ied  out  here  for  a tomic  sys tems,  a re  very  d i f f icul t  for  the  mole

cular  species ,  owing to  the  complexi ty  of  the  molecular  wave funct ions .  

In  order  to  obta in  reasonable  es t imates  for  the  contr ibut ions  f rom these  mole

cular  species  to  the  polar iza t ion vector  of  the  plasma,  we wi l l  make a  compar ison of  

two physica l  proper t ies  of  these  species  wi th  those  of  oxygen and ni t rogen for  which 

ca lcula t ions  have been made.  The physica l ly  s igni f icant  quant i t ies  a re  the  ground 

s ta te  polar izabi l i t ies  and the  exci ted  s ta te  energy levels ,  both  of  which are  known from 

exper iment .  With  these  quant i t ies  we can es t imate  the  exci ted  s ta te  polar izabi l i t ies  

of  the  molecular  species .  The data  of  Table  II I  a re  useful  for  th is  purpose .  Shown 

in  the  table  are  the  ground s ta te  polar izabi l i t ies  and the  f i rs t  exci ted  level  for  O,  N,  

0 2 ,  N 2  and NO.  

TABLE II I  

Atom or  
Molecu le  

1st  Exci ted Level  
(ev)  

Polar izabi l i ty  
a (*3) 

Ionizat ion 
Potent ia l  (ev)  

O 9.15 .77 13.614 

N 10.3 1.13 14.54 

°2  7.9 1.57 12.5 

N2 
6.1 1.74 15.5 

NO 5.4 1.70 9 .5  

Firs t  we note  f rom Table  I I I  tha t  the  ground s ta te  s ta t ic  polar izabi l i t ies  of  the  

three  d ia tomic  molecules  a re  about  a  fac tor  of  two larger  than that  of  a tomic  oxygen.  

From Figure  8  we see  that  in  O and N the  re la t ive  magni tudes  of  the  polar izabi l i t ies  

remain  fa i r ly  constant  a t  h igher  temperatures .  Thus  we would  expect  the  magni tudes  

of  a^ .  for  these  molecules  to  be  a t  leas t  a  fac tor  or  two larger  a t  e levated  temperatures .  
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The second and more  impor tant  point  to  note  about  the  molecular  species  is  

the  c lose  spacing of  energy levels  in  molecular  s ta tes ,  and the  lower ing of  the  ioni 

zat ion potent ia l  in  Oj  and NO from that  of  O or  N.  Both  of  these  character is t ics  

tend to  increase  the  polar izabi l i ty  of  the  exci ted  s ta tes  for  these  species  to  values  

which are  greater  than those  of  the  a tomic  s ta tes  of  O and N.  Taking NO for  example ,  

the  f i rs t  e lec t ronical ly  exci ted  s ta te  l ies  a t  5 .4  ev above the  ground s ta te  compared 

to  9 .15 and 10.3  ev  for  O and N respect ively .  Thus  a  very  large  polar iza t ion vector  

a t  a  much lower  temperature  would  resul t  for  these  molecular  s ta tes .  Looking a t  the  

values  in  Table  I and II  for  O and N,  we could  expect  an  increase  in  the  polar izabi l i ty  

of  perhaps  a  fac tor  of  ten  over  tha t  of  N in  the  f i rs t  exci ted  s ta te  and even more  for  

the  c lose ly  ly ing levels  of  h igher  exci ta t ion .  

One other  fac tor  which is  even more  s igni f icant  in  th is  compar ison comes f rom 

an inspect ion of  Eq.  (3 .31)  for  the  f requency dependent  polar izabi l i ty  a(v). We note  
2 2 2 

tha t  the  f requency dependence is  de termined by the  energy denominators  (c^  -  e. )  -  h v 

Thus the  appearance  of  a  resonance in  the  denominator  depends  on the  energy spacing 

e  -  € which,  in  the  case  of  molecular  s ta tes ,  i s  much c loser  together .  The resul t  of  
q  i  .  

this  i s  tha t  such resonances  as  shown in  Figure  9  appear  a t  much lower  f requencies  in  

molecular  gases .  Whereas ,  in  the  case  of  the  a tomic  species  O and N such ef fec ts  were  

seen to  l ie  in  the  infrared region of  the  spect rum,  for  exci ted  molecular  s ta tes  the  quan

t i t ies  e  -  €.  a re  much smal ler  and correspond in  f requency to  very  long infrared and 
q 1 

radio  f requency regions .  

Thus ,  we can expect  tha t  the  value  of  X(v) f rom Eq.  (3 .30)  in  the  temperature  

range of  a  typical  a tmospher ic  p lasma wi l l  become s igni f icant  for  very  h igh f requency 

propagat ion.  The s t rong f requency dependence of  a(v) in  a  near  resonance s i tua t ion 

would  make a  t remendous  d i f ference  in  the  dispers ive  proper t ies  of  the  plasma med.um.  

F;  Conclus ions  

The resul ts  obta ined in  the  present  appl ica t ion are  in tended only  to  yie ld  an  

es t imate  of  the  impor tance  of  the  bound s ta te  e lec t rons  of  a  plasma medium to  the  

e lec t r ica l  proper t ies  for  h igh f requency propagat ion.  The resul ts  for  molecular  species  
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are  merely  qual i ta t ive  in  nature  as  was  our  in tent ion s ince  a  deta i led  ca lcula t ion 

for  very  compl ica ted  sys tems would  require  a  great  deal  of  ef for t .  The resul ts  obta ined 

here  do indicate ,  however ,  tha t  such an  effor t  would  indeed be  jus t i f ied  in  v iew of  

the  apparant  magni tude  of  these  ef fec ts  on the  problem of  microwave propagat ion in  

p lasma.  Thus ,  i t  would  seem that  th is  problem which has  received l i t t le  a t tent ion 

from a  theore t ica l  or  an  exper imenta l  s tandpoint  wel l  deserves  fur ther  inves t igat ion.  
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