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ABSTRACT

The School of Graduate Studies

The University of Alabama in Huntsville

Degree ___Master of Science  College/Dept. Engineering/Aerospace

Title On the Neumann Boundary Condition for the Acoustic-wave Helmholtz

Equation, and the Relationship Between Pressure and Density Fluctuations

Acoustic wave propagation in a duct is governed by the Helmholtz equation,
which can be derived from the fluctuating forms of the mass, momentum, and
energy balance equations (after considering harmonic dependence on time). In
one-dimensional (1-D) domains, the Helmholtz equation is a second-order ordinary
differential equation (ODE), while the fluctuating balance equations are all first-
order ODEs. As a result, one needs two boundary conditions for the spatial
pressure fluctuation p(z) in order to solve the Helmholtz equation, while only one
boundary condition each is needed for p, & and p in case of the fluctuating balance
equations. Accordingly, this study was motivated by two principal objectives.
The first was to develop the exact Neumann (or derivative) boundary condition
at the inlet to a quasi 1-D duct needed to solve the Helmholtz equation. Such
an exact boundary condition would ensure that the spatial pressure fluctuations
p(z) obtained by solving the Helmholtz equation are identical to the p(z) obtained
through the solution of the fluctuating balance equations. The second principal
objective was to determine the exact relationship between the density and pressure
fluctuations, p and p respectively, so that the p(x) calculated using the Helmholtz-
equation p(x) is again identical to the p(z) obtained by solving the fluctuating
balance equations. The exact p-p relation is also compared with the “classical”
relation, namely p = p/e*, enabling us to evaluate the accuracy of the latter.
The Neumann boundary conditions and the p-p relations were developed for five

cases with axially uniform and non-uniform duct cross-sectional areas, as well

xii



as homogeneous and inhomogeneous mean flow properties such as the velocity,
temperature, density and pressure. It is seen that the p = p/® relation is valid only
for the cases with uniform cross-sectional area and homogeneous mean properties.
For the cases with uniform cross-section, inhomogeneous mean properties (with
zero or uniform mean flow), the “classical” p relation suffers from significant errors

both in amplitude and phase.
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Chapter 1

Introduction

The study of duct acoustics has various applications. Of these, one that is of
utmost significance is the exhaust noise from internal combustion engines. A well
designed muffler can reduce this noise either by dissipating the acoustic energy

into heat or reflecting it back by area discontinuities [1].

1.1 Motivation

The behaviour of one-dimensional acoustic fields in ducts with a mean temperature
gradient is a problem of considerable scientific and practical interest. For instance,
there is a need to develop an understanding of the manner in which a mean axial
temperature gradient affects the propagation of sound waves and the stability of
small amplitude disturbances in a duct [2]. Acoustic wave propagation in a duct
is governed by the Helmholtz equation, which can be derived from the fluctuating
forms of the mass, momentum, and energy balance equations (after considering
harmonic dependence on time) [3]. However, deriving the Helmholtz (or wave)
equation from the equations of the vibrating string [4] has been one of the earliest
practices and still finds its importance [5, 6, 7] a century later.

In one-dimensional (1-D) domains, the Helmholtz equation is a second-order
ordinary differential equation (ODE), while the fluctuating balance equations are

all first-order ODEs. Any three acoustic variable could be used to solve the fluc-



tuating governing equations. Dowling et al. [8] used acoustic entropy instead
of pressure and Mawardi [9] used impedance and admittance instead of acoustic
variable. The three acoustic variables chosen in this study are acoustic pressure,
density and velocity. As a result, one needs two boundary conditions for the spa-
tial pressure fluctuation p(z) in order to solve the Helmholtz equation, while only
one boundary condition each is needed for p, 4 and p in case of the fluctuating

balance equations.

1.2 Objectives

This study was motivated by two principal objectives. The first was to develop
the exact Neumann (or derivative) boundary condition at the inlet to a quasi 1-D
duct needed to solve the Helmholtz equation. Such an exact boundary condition
would ensure that the spatial pressure fluctuations p(z) obtained by solving the
Helmholtz equation are identical to the p(x) obtained through the solution of the
fluctuating balance equations. The second principal objective was to determine
the exact relationship between the density and pressure fluctuations, p and p
respectively, so that the p(x) calculated using the Helmholtz-equation p(z) is again
identical to the p(z) obtained by solving the fluctuating balance equations. The
exact p-p relation is also compared with the “classical” relation, namely p = p/c?,
enabling us to evaluate the accuracy of the latter. Five mean flow and duct

geometry cases are investigated.
I Uniform Mean Properties with No Mean Flow
IT Uniform Mean Properties with Mean Flow
ITT Non-Uniform Mean Properties with No Mean Flow
IV Non-Uniform Mean Properties with Uniform Mean Flow

V Non-Uniform Mean Properties with Non-Uniform Mean Flow



Non-uniform temperature gradient has been the focus on several studies [10,
11, 12, 13, 14, 15], but none as extensive as this, where all properties having

non-uniformities is also considered.

1.3 Outline of the thesis

Chapter 2 introduces the quasi 1-D balance equations. These are decomposed
into the mean and fluctuating forms. The equation of state is also defined in the
differential form. The mean balance equations in addition to the mean equation
of the state dictates the mean properties, namely pressure p, density p, velocity «
and the cross-sectional area S.

Chapters 3 and 4 examines the two cases concerning uniform mean properties.
Chapter 3 has zero velocity while chapter 4 considers a spatially uniform velocity.
It was found that the fluctuating pressure-density relation for both the cases is
p = pc?. This is the same as the well-defined Classical relation that was discussed
earlier.

Chapters 5, 6 and 7 investigates the non-uniform mean properties. User-defined
non-uniform mean temperature profiles (both linear and non-linear) are consid-
ered. A linear temperature profile : T'(x) = max + ¢ has been considered based
on the works done by Rani et al. [3] and Sujith et al. [2]. The non-linear profile

4
3

considered is: T'(x) = (ax+b)3, also called the four-thirds profile which is known
to result in solutions for a travelling wave as shown by Subrahmanyam et al. [16].

Chapter 5 assumes zero mean velocity, while chapter 6 assumes a uniform mean
velocity. Chapter 7 is the most generalized case with no assumptions. In these
cases, consisting of non-uniform mean properties, the exact p-p relation differs
from the Classical relation. Due to this, the percentage of error from considering

the Classical p instead of the exact derived p is also investigated. The error for

each of the cases is tabulated in table 8.1.



Chapter 2

Governing Equations

In this study, the following basic assumptions are made regarding the propagation

of acoustic waves.
e The medium is isentropic (and hence adiabatic).
e Viscous dissipation losses are neglected.
e There is no heat generation due to processes such as chemical reactions.

With these assumptions, the governing mass, momentum, and energy balance

equations, respectively, are [3]

0(Sp) | 9(Spu)

ot or 0 (2.1)

ou ou dp

d(Sp) dp d(Su)
BT +Su8m +vp o =0 (2.3)

where p is the fluid pressure, p is the density, u is the axial velocity, and S(x) is
the local cross-sectional area. Decomposing flow variables into the respective mean

and fluctuating components [e.g., p(x,t) = p(x)+p'(x,t), where p/(z,t) /p(z) < 1],



the mean governing equations are

dp du dsS

P _
Sy TP TP =0
du dp
P
udx + dx
dp du __dS
Sud— + vSpd vpua =0
and the linearized fluctuating balance equations are
op' _0p' dp , ou’ du ds ds ,
Sat —f—Su%—f—Sau —l—Spa——i-S—p +pd—u +ud—p =0
AL L L
T e i
8p _8p dp _ou/ du , ds _ds ,

(2.4)

(2.5)

In addition to the mean and the fluctuating equations, we also consider the

equation of state given by

P = pRairT

(2.6)

The mean sound speed is related to the mean temperature through é = /v R T

Using this relation, the mean equation of state can be written as

vp = pe’

which in the differential form is

(2.7)

(2.8)

For the five cases considered in the study, we now present the derivation of the

Neumann boundary condition for the Helmholtz equation, as well as the relation

between the density and pressure fluctuations.



Chapter 3

CASE I: Uniform Mean Properties with
No Mean Flow

We start with the most simplified case. We present the mean properties, followed
by the fluctuating properties. The Helmholtz equation is then derived followed by

the derivation of the exact p-p relation pertaining to this case.

3.1 Mean properties

Case I is the most simplified case with maximum restrictions on the mean properties—
temperature T'(z), pressure p(x) and density p(z)—i.e., they are all uniform across
the duct. This case is further simplified by assuming no mean flow, hence the ve-
locity, u(x) is zero. Therefore, the assumptions are

dT dp dp
_o M, dp_

dr 0 dr 7 dx 0 (3.1)

u(z) = 0;
These assumptions (3.1) when applied to the mean balance equations (2.4) and

the differential equation of state (2.8) returns

as_ode
de 7 dz



Thus with the assumptions (3.1), it is found that the cross-sectional area S, and
the mean sound speed ¢, are both uniform across the length of the duct. Since
all the properties are spatially uniform, the functionality of ‘x’ has been dropped

from the properties. The mean properties are thus all algebraic relations

where the mean density p is considered to be 1 kg/m? and the mean temperature
T is 2000 K. The ratio of the specific heats v and the specific gas constant Rg;,

are taken as 1.4 and 287 J/kg-K respectively.

3.2 Fluctuating balance equations

Using the assumptions (3.1) for Case I in equations (2.5), the balance equations

for the fluctuating properties reduces to

ap ou’

o +p @:17 =0 (3.2)
_ou op

pa + % =0 (33)
8p 8u

Considering the harmonic temporal dependence of the three acoustic variables

zwt / _ iwt

p' = pe = Ge™! and p' = pe™t, the fluctuating balance equations become
du
iwp + pdu =0 (3.5)
. dp
pti+ — =10 3.6
iwpt + = (3.6)
odu
— =0 3.7
iwp + pe’ (3.7)

The above sets of equations can be solved with the following inlet boundary



condition
. R R . R Po
p(0) = po;  4(0) =t p(0) = =5 (3.8)

where pp=1 Pa and 49 = 0.01 m/s. Any arbitrary value should not be considered
for the fluctuating inlet density, p(0). This is due to p and p having an algebraic
relation (this will be shown in the derivation of the exact p-p relation (3.12) in
section 3.4).

The p and p obtained from the solution of equations (3.5)-(3.7) will be used as
the benchmark to validate the p from the Helmholtz equation and the p from the

exact p-p relation.

3.3 Helmholtz equation for p

For the development of the Helmholtz equation, we start by deriving the wave

equation. This process involves & [equation (3.3)] — 42 [equation (3.4)], giving
82p/ 1 a2p/

ox? ¢ ot?

=0 (3.9)

The Helmholtz equation is obtained by removing the temporal dependence in the

wave equation (i.e., p’ = pe™?).

d?p  w?
42 + gp =0 (3.10)

The Dirichlet boundary condition for the Helmholtz equation is identical to that of
the fluctuating balance equations (p(0) = pp). The Neumann boundary condition

can be obtained effortlessly from Equation (3.6).
e (3.11)

The boundary condition (BC) in (3.11) is the exact Neumann BC for the



Helmholtz equation. We now derive the exact relation between p and p.

3.4 Exact relation between p and p

Now, to get the exact relationship between p and p, we manipulate the fluctuating
balnce equations. The process involves = [equation (3.7)] — [equation (3.5)]. The
following relation is developed.

(3.12)

>
I
Ul

Having obtained the exact relation between p and p, we now solve for p using
two approaches. The first involves solving the Helmholtz equation for p, and the
second consists of solving the fluctuating balance equations (3.5)-(3.7). The latter
serves as the benchmark for the former.

This relation will be referred to as the “Classical” relation between p and p
throughout this study. This relation also sets the basis for comparison for the

cases involving Non-Uniform Mean Properties.

3.5 Fluctuating Property Plots

We present the pressure and density fluctuations, p and p, obtained by solving
the fluctuating balnce equations (3.5)-(3.7), as well as the Helmholtz equation
(4.10) in figure 3.1. These equations are solved at a frequency w = 500 rad/s.
All fluctuating profiles have been non-dimensionalized with its respective mean
property to removes any specificity towards a particular initial mean value.

In figure 3.1a, we compare two p profiles. The p profile labelled “Helmholtz”
is obtained from solving the Helmholtz equation (3.10). The p profile labelled
“Conservation” is obtained by directly solving the fluctuating balnce equations
(3.5)-(3.7). These two solutions are essentially identical, validating the Helmholtz
equation solution. In figure 3.1b, we compare the Helmholtz and the Conservation

p. The Helmholtz p is essentially solving equation (3.12) using the p obtained from



solving the Helmholtz equation (3.10). Both the p profiles are indistinguishable

and perfectly coincide with each other.

6
1.5><10

1+
05F

. Conservation
¢ Helmholtz

QllQ, o
-0.5}F
-1F
15 . ' ' . '
0 1 2 J 4 3] 6
z (m)

(a) Non-Dimensionalized Fluctuating Pressure Profile

Conservation
¢ Helmholtz

%1078

QI of
-1F
2 ) y 6
z (m)

(b) Non-Dimensionalized Fluctuating Density Profile

Figure 3.1: Fluctuating Property Profiles of Case I
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Chapter 4

CASE II: Uniform Mean Properties

with Uniform Mean Flow

Case II is the final case investigating uniform mean properties. We begin by pre-
senting the mean properties, followed by the fluctuating properties. The Helmholtz
equation is then derived followed by the derivation of the exact p-p relation per-

taining to this case.

4.1 Mean properties

The assumptions made in Case II affects all the mean properties—temperature
T(z), velocity @(x), pressure p(x) and density p(z)—i.e., they are all uniform
across the duct. Case II differs from Case I in one assumption, i.e., the mean
velocity is uniform in this case, whereas it was zero in Case II. The assumptions

are listed below

du  dT dp  dp
@‘O’ d:(:—o’ da:_o’ de

0; (4.1)

These assumptions (4.1) when applied to the mean governing equations (2.4) and

the differential equation of state (2.8) gives

ds de
o oo
dx o de

Thus with the assumptions (4.1), it is found that the cross-sectional area S,
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and the mean sound speed ¢, are both uniform across the length of the duct. Since
all the properties are spatially uniform, the functionality of ‘x’ has been dropped

from the properties. The mean properties are thus all algebraic relations

P = pPo; T = Ty; M

¢ =\ 7YRuT; P = pRuiT; Myé;

Mo;

I}
I

where the mean density p is considered to be 1 kg/m?, mean temperature 7 is

2000 K and the inlet Mach number is taken to be 0.3.

4.2 Fluctuating balance equations

Using the assumptions (4.1) for Case II, the fluctuating balance equations (2.5)

reduces to

L a4 p=— =0 (4.2)

ﬁa + ﬁﬂ% + % =0 (4.3)
op)  _op ou'

Considering the harmonic temporal dependence of the three acoustic variables

p = pet v = ae™t and p' = pe™t, the fluctuating balance equations become

dp _da

jwp+u—+p— =0 4.5
Wwp + U+ P (4.5)
. da  dp
ot + pu— + — =0 4.6
WP P T g (4.6)
.. _dp _,du
— — =0 4.7
zwp—l—udx—l—pc o (4.7)

The above sets of equations can be solved with the following inlet boundary

12



condition
. R R . R Po
p(0) = po;  4(0) =t p(0) = =5 (4.8)

where py = 1 Pa and 4y = 0.01 m/s. Any arbitrary value should not be considered
for the fluctuating inlet density, 5(0). This is due to p and p having an algebraic
relation (this will be shown in the derivation of the exact p-p relation (4.14) in
section 4.4).

The p and p obtained from the solution of equations (4.5)-(4.7) will be used as
the benchmark to validate the p from the Helmholtz equation and the p from the

exact p-p relation.

4.3 Helmholtz equation for p

For the development of the Helmholtz equation, we start by deriving the wave
equation. This process involves ;& [equation (4.3)] — 42 [equation (4.4)], giving
@Zp/ 1 a2p/ QM azp/

— |72 - — —
(1—-M >(9J:2 c? Ot? ¢ Otox

(4.9)

The Helmholtz Equation is obtained by removing the temporal dependence in

the Wave Equation (i.e., p’ = pe™?).

A% 2iwM dp  w?
1— M) —= — L4+ 5=0 4.10
( >dx2 ¢ dx * E2p ( )

The Dirichlet boundary condition for the Helmholtz equation is identical to that of
the fluctuating balance equations (p(0) = pp). The Neumann boundary condition

can be obtained from Equation (4.6).

dp du
£ = —iwpt — ﬁﬂﬁ (4.11)

Equation (4.11) consists of a % term that needs to be replaced by p and 4. This

13



process removes the necessity to calculate derivatives to solve for the Neumann

boundary condition. i[equation (4.7)] — [equation (4.6)] provides the necessary

relation.
d jw M? H
de (M2 —1)u \ pu

Substituting the 9% relation (4.12) in equation (4.11), we get the Neumann bound-

ary condition for the Helmholtz equation (4.10).

Ppow . iw]\Z/g R
- 413
T )

(M§ —1)

dp B
dx =0 N

The boundary condition (BC) in (4.13) is the exact Neumann BC for the

Helmholtz equation. We now derive the exact relation between p and p.

4.4 Exact relation between p and p

To get the exact relationship between p and p, we manipulate the fluctuating

balance equations. The process involves Z [equation (4.7)] — [equation (4.5)]. The

following relation is developed.
(4.14)

>
|
U]

This is the exact relation between the fluctuating density and pressure for
Case II. Using the p profile from the Helmholtz equation, the "Helmholtz” density

profile can now be obtained. It should be noted that the p-p relation for Cases I

and IT are identical.

4.5 Fluctuating Property Plots

We present the pressure and density fluctuations, p and p, obtained by solving the

fluctuating balance equations (4.5)-(4.7), as well as the Helmholtz equation (4.10)

in figure 4.1. These equations are solved at a frequency w = 500 rad/s.
In figure 4.1a, we compare two p profiles. The p profile labelled “Helmholtz”

14



is obtained from solving the Helmholtz equation (4.10). The p profile labelled
“Conservation” is obtained by directly solving the fluctuating balance equations
(4.5)-(4.7). These two solutions are identical, validating the Helmholtz equation
solution. In figure 4.1b, we compare the Helmholtz and the Conservation p. The
Helmholtz p is essentially solving equation (4.14) using the p obtained from solving

the Helmholtz equation (4.10). Both the p profiles are also identical.

6
10><10 .

Conservation

¢ Helmholtz

z (m)

(a) Non-Dimensionalized Fluctuating Pressure Profile

%1078

/I

(b) Non-Dimensionalized Fluctuating Density Profile

Figure 4.1: Fluctuating Property Plots for Case II
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Chapter 5

CASE III: Non-Uniform Mean

Properties with No Mean Flow

As we transition to the non-uniformities in the mean properties, we start with a
rather simplifying assumption of no mean flow. We begin by presenting the mean
properties, followed by the fluctuating properties. The Helmholtz equation is then

derived followed by the derivation of the exact p-p relation pertaining to this case.

5.1 Mean properties

Case III is the first case to deal with non-uniformities in mean quantities—
temperature T'(z) and density p(x). Here, we are still restricting the mean velocity
of the medium. We also assume a uniform cross-sectional area profile. Thus the

assumptions in this case are

dp ds dT
u=0;, —#0;, —=0, —F#0; 5.1
U Y d,jL' # ) d,jL' Y d:c # Y ( )
Using the above mentioned assumptions (5.1), the mean conservation equations

(2.4) returns

dp
@ _ 2
=0 (5:2)
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Now applying (5.1) and (5.2) to the differential equation of state (2.8), we get the
mean density profile.
1dp  2de

pdx cdx
In the above equations, the speed of sound is obtained using &(z) = \/yRyasT (2)
and the inlet boundary condition to solve the ODE is py = 1 kg/m®. Two profiles

of T'(x) have been considered, which are
e Linear profile, T'(z) = Ty + mx, and
_3 3
e Power law profile, (TO“ + bx)

Here, we considered Ty = 2000 K with m = —25 K/m for the linear case, and
Ty = 1000 K with b = —1 Ki /m for the non-linear case. Every other mean prop-
erty is defined by algebraic relations which are derived from the mean conservation

equations using the above assumptions. The properties are thus

Figure 5.1 presents the mean property profiles obtained for the linear mean
temperature case. The linear temperature profile considered in Case III is shown
figure 5.1a, where we see a temperature decrease of ~7% over a duct length of 5.5
m. Figure 5.1b shows the uniformity of mean pressure along the duct length. The
mean density, shown in figure 5.1c, increases along the duct, while an increase is
exhibited by the sound speed profile in figure 5.1d. Both the trends are weakly

non-linear.
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5.2 Fluctuating balance equations

The mean properties dictate the coefficients of the conservation equations for the
fluctuating properties. Applying equations (5.1) and (5.2) on the the fluctuating

conservation equations (2.5), we get

adpl  dp , _ou

E—Fd— +p%=0 (5.3)
ou  op

N)— —_ = 4

7ot Tor =0 (54)
ap ou’

5 TP =0 (5.5)

Considering the harmonic temporal dependence of the three acoustic variables
! ~ S twt

p = pet u = e and p = pe™t, the fluctuating conservation equations

become

dp du
iwp + d—pu + de =0 (5.6)
dp
— =10 5.7
iwpi + (5.7)
,du
— =10 5.8
zwp—irpc dr (5.8)

The boundary conditions necessary to solve the above equations are

A 150 i dﬂ .
p(0) = 2 +— wdx Uo; (5.9)

=0

where py = 1 Pa and 4y = 0.01 m/s. Any arbitrary value should not be considered
for the fluctuating inlet density, 5(0). This is due to p and p having an algebraic
relation (this will be shown in the derivation of the exact p-p relation (5.14) in
section 5.4).

The p and p obtained from the solution of equations (5.6)-(5.8) will be used as
the benchmark to validate the p from the Helmholtz equation and the p from the

exact p-p relation.
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5.3 Helmholtz equation for p

The wave equation for Case III is obtained from equations (5.4) and (5.5). This

process involves £ [equation (5.4)] — % £ [equation (5.5)], giving

Py 1 o

_ - =0 5.10
g7 2o dz ot (5.10)
The Helmholtz equation is obtained by substituting into the wave equation p’ = pe?,
u/ — aeiwt and p/ — ,5€th.
d?p dp 2
P iwLa+ Zp=o. (5.11)

dz? dz c?

Substituting Equation (5.7) for the @ term, we get the final Helmholtz Equation

in terms of only p, which is
— =7+ —=p=0 (5.12)

This equation has the same form that was derived by Sujith et al. [2] for
non-uniform temperature profiles.

The Dirichlet boundary condition for the Helmholtz equation is identical to
that of the fluctuating conservation equations (p(0) = pg). The Neumann bound-
ary condition can be obtained quite effortlessly from Equation (5.7).

j—i = —iwpolo (5.13)

=0

The boundary condition (BC) in (5.13) is the exact Neumann BC for the

Helmholtz equation. We now derive the exact relation between p and p.
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5.4 Exact relation between p and p

We first divide equation (5.8) by ¢® and then subtract equation (5.6) from it. The

following relation is developed.

p  idp
—

H= =+ — 5.14
P=2 + wdx ( )
From Equation (5.7), we get an expression of 4 in terms of p
1 dp
i=—2P (5.15)
wp dx

Thus the final relation, after substituting equation (5.15) to (5.14), is summarized
below

. P D
p= 5 (5.16)

A very similar p-p relation has been derived (replacing the mean density, p with
other mean properties) in various studies [17, 2, 18]. As can be seen, equation
(5.16) is no longer the “Classical” p-p relation (p = p/c®) and this calls for a

comparative study between the Helmholtz and the Classical p profiles.

5.5 Fluctuating Property Plots

We present the pressure and density fluctuations, p and p, obtained by solving
the fluctuating conservation equations, as well as the Helmholtz equation. These
equations are solved at frequencies w ranging from 50 rad/s to 2000 rad/s. How-
ever, the plots presented are for w = 150 rad/s only. The corresponding plots at
the other w values may be found in Appendix A. Study with various values of w
was done to observe how much the “Classical” p deviated from the “Helmholtz”
p-

Two mean temperature profiles — linear and power-law profiles — were con-

sidered to calculate the mean properties and the duct cross-sectional area, which
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are needed as parameters to solve the fluctuating conservation equations and the
Helmholtz equation. Thus, the p and p plots are presented for the two mean
temperature cases.

We present the fluctuation plots first for the linear temperature profile, and
then for the power law profile. We finish this section with an error plot as a

function of w. The error is defined as

Pexact — Pclassical

Absolute Percentage Error = x 100% (5.17)

pexact

and this definition is referred back to in the rest of the non-uniform mean properties

cases IV and V.

5.5.1 Linear Temperature Profile: T(x) = Ty + mx

The spatial profiles of the pressure and density fluctuations, p and p, are shown
in figure 5.2. In figure 5.2a, we compare the p profiles obtained by solving the
Helmholtz equation and the fluctuating conservation equations. The two solutions
are essentially identical. In figure 5.2b, we compare three profiles of p. The p
profile labeled “Helmholtz” is obtained from the exact p-p relation (5.16), with p
from the Helmholtz equation. The p profile labeled “Conservation” is obtained
by directly solving the fluctuating conservation equations (5.6)-(5.8). Finally, the
“Classical” profile is calculated from p = p/c*, with the Helmholtz p. First, we see
in figure 5.2b that the Helmholtz p is indistinguishable from the Conservation p,
thereby validating the former. However, we see that the Classical p profile shows
negligible differences with these two. The errors in the Classical p are quantified
as a function of frequency w in figure 5.3. We observe that the peak error is ~5%.
The error initially increases till w = 300 rad/s, then monotonically decreases till w
= 1000 rad/s. The error subsequently reduces to ~0.5% for higher values of w. It
can be deduced that in Case III, for the linear temperature profile, the Classical

approximation performs accurately across higher values of w.
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5.5.2 Non-Linear Temperature Profile : T(z) = <T04 + bx) ’

For the power-law profile, figure 5.4 illustrates the fluctuating properties, p and p.
Figure 5.4a shows that the Helmholtz and Conservation p are in excellent agree-
ment. In figure 5.4b, the Helmholtz and the Conservation p are indistinguishable

as well. The Classical p is also is excellent agreement.
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Figure 5.4: Fluctuating Properties for four-thirds temperature distribution

The errors between the Classical and Helmholtz p are presented as a function
of w in figure 5.5. The peak error is ~3% at w = 200 rad/s and reduces to

~0.25% over our range of w considered in this study. It can thus be stated that
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the Classical approximation performs accurately across all values of w.
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Chapter 6

CASE 1V: Non-Uniform Mean

Properties with Uniform Mean Flow

As we continue with the non-uniform mean properties, we add a mean medium
velocity, albeit uniform, in addition to the rest of the conditions considered in
Case III. We begin by presenting the mean properties, followed by the fluctuating
properties. The Helmholtz equation is then derived followed by the derivation of

the exact p-p relation pertaining to this case.

6.1 Mean properties

Case 1V investigates the effect of an uniform mean medium velocity «, in addition
to the non-uniformities in mean temperature T'(x) and density p(z). Thus the
assumptions in this case are

di 4,

dT
— =0; —— 40, 1
20 7% o (6.1)

Using the above assumptions in the mean conservation equations (2.4), we find
that the mean pressure and the cross-sectional area are also uniform across the

duct.
dp ds
D _ 0: _

— — =0: 6.2
dx "o de ’ (6.2)
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Now applying (6.1) and (6.2) to the differential equation of state (2.8), we get the
mean density profile.
1dp  2de

pdx cdx
In the above equations, the speed of sound is obtained using &(z) = \/yRyasT (2)
and the inlet boundary condition to solve the ODE is py = 1 kg/m®. Two profiles

of T(x) have been considered in Case III. These are
e Linear profile, T'(z) = Ty + mx, and
_3 3
e Power law profile, (TO“ + bx)

Here, we considered Ty = 2000 K with m = —25 K/m for the linear case, and
Ty = 1000 K with b = —1 Ki /m for the non-linear case. Every other mean prop-
erty is defined by algebraic relations which are derived from the mean conservation
equations using the above assumptions. The properties are

o) = RT@; 5= G- M () =~
P | c(a)

Figure 6.1 presents the mean property profiles obtained for the linear mean
temperature case. The linear temperature profile considered in Case IV is shown
figure 6.1a, where we see a temperature decrease of ~7% over a duct length of 5.5
m. Figure 6.1b and 6.1c shows the uniformity in mean pressure and velocity along
the duct length. The mean density, shown in figure 6.1d, increases along the duct,
similar to that of Case III. A decrease in the mean sound speed is observed along
the duct in figure 6.1e. Due to the decrease in sound speed and the uniformity in
the medium velocity, the Mach number profile increases along the duct, as seen in

figure 6.1f. The profiles in figures 6.1d,6.1e and 6.1f are weakly non-linear.
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6.2 Fluctuating balance equations

The conservation equations for the fluctuating properties, i.e. equations (2.5), are

reproduced below

o dp  dp, O

E—Fﬂ@—Fau +[)8I:O (6.3)
ou __ou  Op
pa + pua—x + 97 0 (6.4)
op’ op’ ou’
e T R (6.5)

ot ox or

Considering the harmonic temporal dependence of the three acoustic variables
p = pet, u' = et and p' = pe™!, the fluctuating conservation equations

become

. _dp dp.  _du
zwp+ud +dxu+pdx_0 (6.6)
da dp
iwpt + ﬁﬂé + d—i =0 (6.7)
.. dp _,du
iwp + u£ + 'OCQd_Z =0 (6.8)

The inlet boundary conditions for the fluctuating conservation equations are

p(0) = po;  a(0) = do;  p(0) = po; (6.9)

where py = 1 Pa, 1y = 0.1 m/s and pp = 0.0001 kg/m?3. The p and p obtained from
the solution of equations (6.6)-(6.8) will be used as the benchmark to validate the

solution to the Helmholtz equation.
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6.3 Helmholtz equation for p

The wave equation for Case IV is obtained from equations (6.4) and (6.5). This

process involves - [equation (6.4)] — % £ [equation (6.5)], giving

oy 10%  dpou 0%/ dpouw  u 0%
—=—= 4+ —— 4+ pu U—— — — =0 6.10
0z Zoe Tdcot o o T 2@ owon (6.10)
The Helmholtz equation is obtained by substituting into the wave equation p’ = pe?,
u/ — aeiwt and p/ — ,5€th.
d?p  wMdp w? d?a dp da dp
— — — + =D+ pu— +U—— Fiw—1u = 6.11
da? c dx+ é2p+pudx2 +udxdx+wdxu (6.11)

We still need to eliminate u and its derivatives so as to obtain the Helmholtz
equation in terms of p alone. We start by finding @. This requires the following

process: =[equation (6.7)] — Z[equation (6.8)]
i=—pt 2L (6.12)

da

The expression for §* is obtained from rearranging equation (6.8) which is

da w u dp

—=—=p—- = 6.13
dx ﬁézp pc? dx (6.13)
% can be found by taking the derivative of above equation.
d*a  d w u dp
— = |l-—=p—-=— 6.14
dz?  dx { ﬁé2p pc? dx] (6.14)

Thus once these expressions, i.e., equation (6.12), (6.13) and (6.14) are substituted

into equation (6.11), we get the Helmholtz equation only in terms of p

d?p dp )
041@4-062@‘1‘043]9:0 (6.15)
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where aq, as and ag are all complicated functions of x. The analytical forms of
these coefficients are rather long and involved, and are not presented here.
The Dirichlet boundary condition for the Helmholtz equation (6.15) is identical

to that of the fluctuating conservation equations (p(0) = py). The Neumann

is obtained from equation (6.12).

1 iM,
=1 i ( Opo — zwpou(J) (6.16)

boundary condition g

dp

dx

=0

The boundary condition (BC) in (6.16) is the exact Neumann BC for the Helmholtz

equation. We now derive the exact relation between p and p.

6.4 Exact relation between p and p

We first divide equation (6.8) by ¢® and subtract equation (6.6) from it, which

gives
dp dp w . udp

PSPy = Lop 6.17
pr+udx dz v= c2p+62dx ( )

To eliminate @ from the above equation, we use the fluctuating momentum equa-

tion (6.7)
iuda ¢ dp
p=—ty LD 6.18
“ w dzx + wp dz ( )
where ¢ from equation (6.8) is
da iw . u dp

oo — 6.19
dx ﬁézp pc? dx (6.19)

Substitution of the resulting u and % into equation (6.17) yields the desired

relationship between p and p.

R dzx

dp ' M dp M i(1—M*dp\ dp
b+ @ p—(m p>ﬁ+( - M) )—p)—p (6.20)
c pw dx

Having obtained the exact relation between p and p, we now solve for p using

two approaches. The first involves solving the Helmholtz equation for p, and the
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second consists of solving the fluctuating balance equations (6.6)-(6.8). The latter

serves as the benchmark for the former.

6.5 Fluctuating Property Plots

We present the pressure and density fluctuations, p and p, obtained by solving
the fluctuating conservation equations, as well as the Helmholtz equation. These
equations are solved at frequencies w ranging from 50 rad/s to 2000 rad/s. How-
ever, the plots presented are for w = 150 rad/s only. The corresponding plots at
the other w values may be found in Appendix B.

Two mean temperature profiles — linear and power-law profiles — were con-
sidered to calculate the mean properties and the duct cross-sectional area, which
are needed as parameters to solve the fluctuating conservation equations and the
Helmholtz equation. Thus, the p and p plots are presented for the two mean
temperature cases.

We present the fluctuation plots first for the linear temperature profile, and

then for the power law profile.

6.5.1 Linear Temperature Profile: T'(z) = Ty + mx

The spatial profiles of the pressure and density fluctuations, p and p, are shown
in figure 6.2. In figure 6.2a, we compare the p profiles obtained by solving the
Helmholtz equation and the fluctuating conservation equations. The two solu-
tions are essentially identical, validating the Helmholtz equation solution. In figure
6.2b, we compare three profiles of p. The p profile labeled “Helmholtz” is obtained
from the exact p and p relation (6.20), with p from the Helmholtz equation. The p
profile labeled “Conservation” is obtained by directly solving the fluctuating con-
servation equations (6.6)-(6.8). Finally, the “Classical” profile is calculated from
p = p/c, with the Helmholtz p. First, we see in figure 6.2b that the “Helmholtz”

p is indistinguishable from the “Conservation” p, thereby validating the former.
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However, we see that the “Classical” p profile shows significant differences with
these two, both in amplitude and phase. The errors in the Classical p are quanti-
fied as a function of frequency w using equation (5.17) in figure 6.3. We observe
that the peak error is ~175%. For w < 500, the error decreases monotonically
with w, and subsequently oscillates around ~2.5%, eventually asymptoting to this
value. Thus, we deduce that in Case IV for linear mean temperature profiles, the

“Classical” approximation performs better at higher frequencies just like in Case
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(a) Non-Dimensionalized Fluctuating Pressure Profile
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3 x10 . .
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(b) Non-Dimensionalized Fluctuating Density Profile

Figure 6.2: Fluctuating Properties for linear temperature distribution
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6.5.2 Non-Linear Temperature Profile : T(z) = (TOZ + bx)3

For the power-law profile, figure 6.4 illustrates the fluctuating properties, p and p.
Figure 6.4a shows that the Helmholtz and Conservation p are in excellent agree-
ment. In figure 6.4b, the Helmholtz and the Conservation p are indistinguishable
as well. The Classical p is however, in complete disagreement with the other two
profiles for w = 500 rad/s. The errors between the Classical and Helmholtz p
are presented as a function of w using equation (5.17) in figure 6.5. The peak
error for the power law profile is ~150% for w ~ 150 rad/s. The error reduces
monotonically till w ~ 500 rad/s. Post w > 1000 rad/s the error asymptotes at

~60%. This shows that the Classical assumption can yield incorrect p profiles.
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Chapter 7

CASE V: Non-Uniform Mean Properties

with Non-Uniform Mean Flow

We begin by presenting the details of the spatially varying mean properties, fol-

lowed by the analysis of the fluctuating properties.

7.1 Mean properties

Case V is the most generalized case with no simplifying assumptions made regard-
ing the mean property profiles — p(z), @(x), p(z), and T(x). The duct cross-
sectional area, S(x), is also regarded as an arbitrary function of axial location x.

Therefore, we have

dp ,  dau , dp , dT ,  dS

As in Cases III and IV, two profiles of mean temperature T'(z) are considered.

These are
e Linear profile, T(z) = Ty + ma, and
_3 3
e Power law profile, (T o + bx>

Having specified T'(z), the profiles of the remaining mean properties and of

the duct cross-sectional area can be determined uniquely by solving the mean
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conservation equations (2.4) coupled with the differential form of the equation of

state (2.8). The four governing equations are reproduced below.

dp da __dS

du dp
pli— + -2 =0
Sﬂ@—i— S_@—l- _ﬂg—o |
dz ’ypdx P de
dp  ,dp . de
5—05—20,0@—0

In the above equations, the speed of sound is obtained using ¢(z) = \/YRyasT ().
The following inlet boundary conditions are used for solving the system of mean

equations.

¢o = \/7RyusTo: My =0.3; (0) = Myéo; (7.3)

p(0) = po = 1 kg/m”; p0) = =2 5(0) = 0.2 m? (7.4)

It should be noted that for a given inlet temperature Ty, not all values of m
and b in the two T'(x) profiles will yield smooth and continuous mean properties.
Here, we considered Ty = 2000 K with m = —25 K/m for the linear case, and
Ty = 1000 K with b = —1 Ki /m for the non-linear case. The relatively high
inlet temperatures were also considered so as to obtain stable solutions to the
mean governing equations (however, it should be mentioned that an exhaustive
investigation of the Tj values necessary for a stable solution was not undertaken).
We now present the mean property profiles obtained through a numerical solution
of equations (7.2), performed using Mathematica®.

Figure 7.1 presents the mean property and cross-sectional area profiles obtained
for the linear mean temperature case. The linear profile considered in Case V is
shown figure 7.1a, where we see a temperature decrease of ~7% over a duct length
of 5.5 m. Figure 7.1b shows the mean pressure variation along the duct length. We

observe a significant decrease of ~22% in the mean pressure. Furthermore, this
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is the only case (in Cases I through V) where the mean pressure varies along the
duct. The mean density, shown in figure 7.1c, decreases along the duct, as opposed
to cases III and IV in which density decreases. The variation of mean pressure and
density with x is only weakly non-linear. The variation in cross-sectional area and
mean velocity, shown in figures 7.1e and Figure 7.1f, is evidently non-linear. The
decrease in the mean velocity is in accordance with the increasing mean pressure

along the duct.

7.2 Fluctuating balance equations

The governing equations for the fluctuating properties, i.e. equations (2.5), are

reproduced below.

oy’ _0p' dp ou’ du ds ds
Sm—l—S 8x+5_ —|—Spa —|—S p pd—u —|—ud—p—0 (7.5)

ou'’ du ou' dﬂ op
pat+u—p+pua—+p +%—O (7.6)

op _op' dp , ou' du ds ds
SE) SaerS u+’ySpa +’ySdp+’ypdu+'yudp—O (7.7)

Considering the harmonic temporal dependence of the three acoustic variables

p = pet, u' = et and p' = pe™!, the fluctuating conservation equations
become
dp da S\ . _da (,dp dS\.
Sua (ZWS+Sd —l—ua)p S,od ( a—kpa =0 (7.8
4 da [ da\. di.
1 + pu— + (zwp + pd—> U+ Uh= 0 (7.9
du dp ds dp du ds
i+ Sast 5= 1
vSpd <Sd +7pd )u+5ud (zw5+75d +7ud )p 0 (7.10)

The inlet boundary conditions for the fluctuating conservation equations are

p(0) = po;  @(0) = do;  p(0) = po (7.11)
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where py = 1 Pa, 1y = 0.1 m/s and pp = 0.0001 kg/m?3. The p and p obtained from
the solution of equations (7.8)-(7.10) will be used as the benchmark to validate

the solution to the Helmholtz equation.

7.3 Helmholtz equation for p

The wave equation for Case V is obtained from equations (7.6) and (7.7). This

process involves & [equation (7.6)] — % £ [equation (7.7)], giving

0% 10% dp 1dp pdS\ o0 d du\ ou
p_p+(p p b >u+(_p+2pdz)a_

or? @ o de  cdx Sdx) Ot d
ou u 0% du 0p' vdu  ~yu dS\ o

T el B Y 7.12

Proar ~ 2 owot T dz Oz (02 de  S¢? da:) ot (7.12)
The Helmholtz equation is obtained by substituting into the wave equation p’ = pe™?,
u = ae™t and p' = pe™

d?p  wM dp N w?  dwydu  dwyudS N __8211+

_— —_— u_

da? ¢ dx 2 2 dr S& dx pEp 0x?

_dp ot o dp iwdp  iwpdS  _d*u dpda) .
o) 22 R edhe Sl et -y
(“ e ) +( Yo Pl Sar P Tara)"

da dp da]® _d%
it —- i— | p=0 7.13
Yz do * ([dx} +ud:z:2> P (7.13)
We still need to eliminate p and @ so as to obtain the Helmholtz equation in terms

of p alone. We start by finding @. This requires the following process: [equation

(7.9)] - [g& x equation (7.10)]

dz

(1_M2)i+adﬂﬁ_<sz_'_’y£/fdu+'yM2dS>p
: (7.14)

’lL

< is obtained by dividing equation (7.10) by vSp as follows.

The expression for

da - (in + 7Sd“ + yud )p Su (S + 7]335)
— = z — z (7.15)
dx vSp
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To obtain 3271;‘, we first use u from (7.14) in (7.15) and then take a derivative,

which yields the following expression.

®i _ d |- (WS 985 Toug) P - Sug; — (Sg+w) b g

In equation (7.14), the expression for @ contains p on the right-hand side, which
needs to be eliminated as well. However, an explicit expression relating p to p

cannot be obtained for Case V due to the presence of the ﬂ%% term in equation
(7.13) [note, however, that we could accomplish this for the less general Cases
[-IV]. To make further analytical progress, we are obliged to use an approximate
relation, which in our study is

(7.17)

>
Il
Ul

This is the only assumption made in deriving the Helmholtz equation for Case V,
and is, in fact, the only simplification used for the fluctuating properties among
all five cases. It will be seen that this assumption does not significantly affect
the fluctuating pressure profile as the fluctuating density is over five orders of
magnitude smaller than the fluctuating pressure.
Now substituting equations (7.14)-(7.17) into (7.13), we get the Helmholtz
Equation in the desired form, shown below.
d*p dp R
51@‘1‘52@4‘53]0:0 (7.18)
where &1, & and &3 are all complicated functions of x.
The Dirichlet boundary condition for the Helmholtz equation (7.18) is identical

to that of the fluctuating conservation equations (p(0) = py). The Neumann

boundary condition % is obtained from equation (7.14).

dp 1 M,y dp potip dS . _da R
— e — - - — WPon — Dn— Un—
de|,_, (1—Mg) co dx|,_,  So dx|,_, PO POy o0 0
da . iwMy  yMyda yMZdS .
—_— — — 7.19
g T ( o o o, 8 ar) )P (19
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The inlet pressure, velocity and density fluctuations py, @y and py are identical

to those in equation (7.11). The boundary condition (BC) in (7.19) is the exact

Neumann BC for the Helmholtz equation.

We now derive the exact relation between p and p.

7.4 Exact relation between p and p

We first divide equation (7.10) by ¢* and subtract equation (7.8) from it, which

gives
, du _dS\ . __dp dp  Sdp\ .
wsS  ySdu yudS\ . Sudp
(7 Zdr —a) Pt (020

To eliminate « from the above equation, we multiply (7.8) with &, and subtract

it from (7.9). This gives us

dp _ z2dp (= w2dS) 5

. dz u dz (lwu + S dm) P

U= ""4;  puds —du (7.21)
Ugy t5q — WP — Py,

Substitution of the resulting @ into equation (7.20) yields the desired relationship

between p and p.
(7.22)

513—5 + Bap = 533—]; + Bap
where the coefficients 31, §2,83 and (4 are all functions of . The analytical forms
of these coefficients are rather long and involved, and are not presented here.

Having obtained the exact relation between p and p, we now solve for p using
two approaches. The first involves solving the Helmholtz equation for p, and the

second consists of solving the fluctuating balance equations (7.8)-(7.10). The latter

serves as the benchmark for the former.
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7.5 Fluctuating Property Plots

We present the pressure and density fluctuations, p and p, obtained by solving the
fluctuating balance equations, as well as the Helmholtz equation. These equations
are solved at frequencies w ranging from 50 rad/s to 2000 rad/s. However, the
plots presented are for w = 150 rad/s only. The corresponding plots at the other
w values may be found in Appendix C.

Two mean temperature profiles — linear and power-law profiles — were consid-
ered to calculate the mean properties and the duct cross-sectional area, which are
needed as parameters to solve the fluctuating balance equations and the Helmholtz
equation. Thus, the p and p plots are presented for the two mean temperature
cases.

We present the fluctuation plots first for the linear temperature profile, and

then for the power law profile.

7.5.1 Linear Temperature Profile: T(x) = T + mx

The spatial profiles of the pressure and density fluctuations, p and p, are shown
in figure 7.2. In figure 7.2a, we compare the p profiles obtained by solving the
Helmholtz equation and the fluctuating balance equations. The two solutions
are essentially identical, validating the Helmholtz equation solution. We can also
deduce that the approximation p = p/c* used to derive the Helmholtz equation
in Case V has negligible effect on the accuracy of the p solution. In figure 7.2b,
we compare three profiles of p. The p profile labeled “Helmholtz” is obtained
from the exact p and p relation (7.22), with p from the Helmholtz equation. The
p profile labeled “Conservation” is obtained by directly solving the fluctuating
balance equations (7.8)-(7.10). Finally, the “Classical” profile is calculated from
p = p/c2, with the Helmholtz p. First, we see in figure 7.2b that the “Helmholtz”
p is indistinguishable from the “Conservation” p, thereby validating the former.

However, we see that the “Classical” p profile shows small differences with these
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two, both in amplitude and phase. The errors in the Classical p are quantified as a
function of frequency w in figure 7.3. We observe that the peak error is ~150%. For
w < 1000, the error decreases monotonically with w, and subsequently asymptotes
at around ~60%. Thus, we deduce that in Case V, the “Classical” approximation
does not perform well in the range of w considered.

Conservation
¢ Helmholtz

2><1O'4 . :

QI
6
(a) Non-Dimensionalized Fluctuating Pressure Profile
-4
1
9 x 10 . .
Conservation
¢ Helmholtz
1 .
o Classical
QI 0 l
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_2 'l 'l
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(b) Non-Dimensionalized Fluctuating Density Profile

Figure 7.2: Fluctuating Properties for linear temperature distribution
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7.5.2 Non-Linear Temperature Profile : T(z) = (TOZ + bx)3

For the power-law profile, figure 7.4 illustrates the fluctuating properties, p and
p. Figure 7.4a shows that the Helmholtz and Conservation p are in excellent
agreement. This further demonstrates that the simplification p = p/c® made
in deriving the Helmholtz equation for Case V does not significantly affect the
accuracy of the Helmholtz p. In figure 7.4b, the Helmholtz and the Conservation
p are indistinguishable as well. The Classical p is in reasonably good agreement
with the other two profiles for w = 500 rad/s. The errors between the Classical
and Helmholtz p are presented as a function of w in figure 7.5. The peak error
is ~180% for w < 500, and for large w oscillates about ~45%. Here too, like
the linear temperature profile, the Classical relation doesn’t perform well over the

entire range of w.
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Chapter 8

Conclusions

The two principal objectives of this thesis were the derivation of

e Neumann (derivative) boundary condition for pressure fluctuations at the

inlet to a duct.

e Exact relation between density and pressure fluctuations.

As indicated in Table 8.1, five 1-D ducts were considered with axially uniform and
non-uniform cross-sectional areas, as well as homogeneous and inhomogeneous
mean flow properties such as the velocity, temperature, density and pressure. For
each case, the acoustic-wave Helmholtz equation was derived from the fluctuating
forms of the mass, momentum and the energy balance equations. The spatial
pressure fluctuations p(x) were obtained using two approaches — by solving the
fluctuating balance equations, and the Helmholtz equation. For each of the five
cases, the exact p-p relation was used to calculate p, where p was obtained from
the Helmholtz equation (it may be noted that the p(x) obtained using the afore-
mentioned two approaches are practically identical). The “exact” p was then
compared with that obtained using the “classical” definition p = p/c?.

Cases I and II have the same uniform mean flow properties, but differ in that
the former has zero mean velocity, while the latter has a non-zero uniform mean
velocity. For these cases, the exact p is seen to be identical to the classical p.

In Cases III, IV and V, the mean temperature and density are both axially

varying. Case III has zero mean flow and uniform mean pressure. Case IV has
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uniform mean flow and uniform mean pressure, while Case V has non-uniform
mean flow and mean pressure. Cases III and IV have uniform cross-section, but
Case V has an axially varying cross-sectional area. For these three cases, the exact
p was found to be a function of w as well. The exact and classical p profiles were
compared with p obtained by solving the fluctuating balance equations. For Case
IIT (with both linear and non-linear mean temperature profiles), we observe that
the error in the classical p relative to the exact p varies inversely as the frequency
w. In the range of w values considered (50 < w < 2000 rad/s), the maximum
error is ~5% for the linear case, and ~3% for the non-linear case. For both
temperature profiles, the error initially increases, before decreasing monotonically
with w, asymptoting to ~0.5% for the linear profile, and ~0.25% for the power-
law profile of temperature, at higher values of w. It can be deduced that in Case
11, the classical p-p relation performs reasonably well across all w for both the
temperature profiles considered.

For Case IV (with both linear and non-linear mean temperature profiles), we
observe that the error in the classical p relative to the exact p again varies inversely
as the frequency w. The maximum error at w = 150 rad/s is ~175% for the
linear case, and ~150% for the non-linear case. For the linear temperature profile,
the error asymptotes to to ~2.5%, while for the non-linear temperature profile,
the error asymptotes to ~50%. Thus, we see that in Case IV, the classical p is
significantly different from the exact p for the non-linear temperature profile.

For Case V, we observe that the peak error is ~150% for the linear temperature
profile and ~180% for the non linear temperature profile at w = 50 rad/s. For
the linear temperature profile, the error reaches ~50%, while for the non-linear
temperature profile, the error oscillates around ~50% for large w. Thus, in Case
V, the classical p-p performs better at higher frequencies for both linear and the

non-linear mean temperature profiles.
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Table 8.1: Comparison of each case

CASE

TITLE

ERROR (~%)

T(x) = 2000 - 25z

RN

T(x) = (10002 - x>§

Lowest ‘ Highest

Lowest ‘ Highest

Uniform Mean
Properties with
No Mean Flow

NA

IT

Uniform Mean
Properties with
Uniform Mean Flow

NA

IIT

Non-Uniform Mean

Properties with
No Mean Flow

0.5 )

0.25 3

IV

Non-Uniform Mean
Properties with
Uniform Mean Flow

2.5 175

70 150

Non-Uniform Mean
Properties with Non-
Uniform Mean Flow

60 150

20 180
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Appendix A

Supporting Plots for CASE 111

A.1 Linear Temperature Profile

A.1.1 Pressure fluctuations across the duct
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Figure A.1: Pressure Fluctuations for linear profile - case III
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A.1.2 Density fluctuations across the duct

$10°

¢ (m) ¢ (m)
(a) w =50 rad/s (b) w =100 rad/s

$ 107 x10

¢ (m) ¢ (m)
(¢) w =150 rad/s (d) w =200 rad/s

Figure A.2: Density Fluctuations for linear profile - case 111
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A.2 Four - Thirds Temperature Profile

A.2.1 Pressure fluctuations across the duct
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Figure A.3: Pressure Fluctuations for non-linear profile - case 111
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A.2.2 Density fluctuations across the duct
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Appendix B

Supporting Plots for CASE IV

B.1 Linear Temperature Profile

B.1.1 Pressure fluctuations across the duct
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Figure B.1: Pressure Fluctuations for linear profile - case IV
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B.1.2 Density fluctuations across the duct
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B.2 Four - Thirds Temperature Profile

B.2.1 Pressure fluctuations across the duct
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Figure B.3: Pressure Fluctuations for non-linear profile - case IV
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B.2.2 Density fluctuations across the duct
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Figure B.4: Density Fluctuations for non-linear profile - case IV
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Appendix C

Supporting Plots for CASE V

C.1 Linear Temperature Profile

C.1.1 Pressure fluctuations across the duct
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Figure C.1: Pressure Fluctuations for linear profile - case V
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C.1.2 Density fluctuations across the duct
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Figure C.2: Density Fluctuations for linear profile - case V
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C.2 Four - Thirds Temperature Profile

C.2.1 Pressure fluctuations across the duct
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Figure C.3: Pressure Fluctuations for non-linear profile - case V

80



QYR

QYR

¢ (m)
(g) w =350 rad/s

) X 10'4 .
Conservation

I L Helmholtz

0 o
QY F

It

3t

-4

¢ (m)
(i) w = 450 rad/s

QY

QY

QY

~ do o A o —~ o oo

(f) w =300 rad/s

Conservation
0 Helmholtz

w10

(h) w =400 rad/s

Conservation
0 Helmholtz

0

¢ (m)
(j) w =500 rad/s

Figure C.3: Pressure Fluctuations for non-linear profile - case V

81



QY

QY

w10t

4

3.

2.

1.

0

At

2t

-3 !

0 1 2 3 4 5 6
z(m

(m) w = 1500 rad/s

QY

QY

do rO A o —~ PO o

~ do o A o —~ o oo

o
—_—
o
w
o~
<
[=>)

¢ (m)
(n) w = 2000 rad/s

Figure C.3: Pressure Fluctuations for non-linear profile - case V

82



C.2.2 Density fluctuations across the duct
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Figure C.4: Density Fluctuations for non-linear profile - case V
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