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ABSTRACT

School of Graduate Studies
The University of Alabama in Huntsville

Degree  Masters of Science College/Dept. Engineering/Mechanical and

in Engineering Aerospace Engineering

Name of Candidate = Hayden Arceneaux

Title High-Order Hybrid Roe-WENO Schemes for

Interface Advective Flux Reconstruction

Numerical solution of partial differential equations using the finite volume
method (FVM) entails calculating the fluxes of conservative variables at the cell faces.
The fluxes are computed through the “reconstruction” of cell-centered variables to
the cell face(s). “Reconstruction” is performed using variables and their gradients
stored at the cell center located to the left and to the right of an interface, leading to
two distinct states of the conservative variables at a face. The resulting discontinuity
in interface flux presents a well-known conundrum in the FVM, particularly when
solving hyperbolic governing equations. For the non-linear, hyperbolic Euler equa-
tions, Godunov recognized that the discontinuity in the left and right reconstructed
states is qualitatively similar to the Riemann’s initial-value problem that involves the
advection of a scalar discontinuity. Godunov developed an “exact” Riemann solver
that enables the calculation of the interface fluxes exactly. The exact solver, however,
is computationally expensive and inefficient leading to the development of a large
variety of “approximate” Riemann solvers. The best-known “approximate” Riemann
solvers are the Roe’s scheme, which is spatially first-order accurate, and the Roe-

MUSCL scheme, which is a second-order extension of the former. Accordingly, the

v



goal of this thesis is to develop a high-order flux calculation scheme that retains the
basic structure of the Roe’s interface flux.

Roe’s interface flux consists of two terms — a central-differenced (CD) flux, and
a diffusive flux that ensures the solution remains monotonic. In this thesis, the high-
order scheme is achieved by augmenting the order of accuracy of both these terms.
For the CD flux term, two approaches are considered. The first involves replacing
the second-order CD flux with a fourth- or sixth-order CD flux obtained from the
cell-centered quantities located on either side of the interface. The second involves
retaining the original form, but increasing the order of accuracy of the left and right
reconstructed states that are inputs to the flux. The latter approach is also adopted
for the diffusive flux. Third- and fifth-order Weighted Essentially Non-Oscillatory
(WENO) schemes are used to reconstruct the left and right states at a cell face, so
that the overall flux scheme may be referred to as a hybrid Roe-WENO scheme. The
developed higher-order scheme is applied to a number of canonical 1-D and 2-D scalar
advection cases. It is seen that a higher-order reconstruction of the states at a cell

face performs better than the fourth- or sixth-order central differencing.
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CHAPTER 1

INTRODUCTION

Numerical schemes with increased accuracy are of high importance. Higher-
order accurate schemes have better resolution of flow features than lower-order schemes.
Higher-order schemes also have the advantage of having the same resolution as lower-

order schemes on a coarser grid.

1.1 Introduction to Shock Capturing Schemes

Modern engineering approaches to fluid dynamics are relying less on exper-
imentation and more on computational fluid dynamics (CEFD). The accuracy of a
CFEFD simulation is heavily influenced by the order of accuracy of the numerical
scheme. Lower-order schemes have increased numerical errors compared to higher-
order schemes. The simplest way to reduce numerical error in lower-order schemes is
to increase the number of cells. However, this comes with additional computational
cost. It is often more computationally efficient to use a higher-order scheme than to
increase the number of cells with a lower-order scheme.

Currently, there are two standard methods of increasing the accuracy of a

simulation: 1) higher-order shock capturing schemes or 2) shock-fitting algorithms.



Shock-capturing schemes involve the discretization of the governing partial differential
equations. Shock-fitting schemes increase the mesh density in regions where a shock
is detected. The content of this thesis focuses on shock-capturing schemes and not on
shock-fitting schemes. More information on shock-fitting schemes can be in [1], [2],
and [3].

Godunov was the first person to recognize that the discontinuous cell face is
similar to the Riemann problem [4]. Godunov’s method solves the Riemann problem
at cell interfaces. Constant piecewise cell-centered data is extrapolated to the cell face,
leading to a discontinuity similar to the one-dimensional shock tube. The analytical
solution for the one-dimensional shock tube is then performed to solve for the flux. For
this reason, Godunov’s scheme is known as an “exact” Riemann solver [5]. Due to the
piecewise constant data assumption, Godunov’s scheme is only first-order accurate.

Godunov’s Riemann solver relies on the analytical solution of the Riemann
problem. However, the analytical solution of the Riemann problem requires a costly
iteration to find the pressure [6]. In an effort to reduce computational cost, approx-
imate Riemann solvers were developed. Approximate Riemann solvers approximate
the analytical solution of the Riemann problem. These schemes are designed to avoid
the costly pressure iteration improving run times.

The most popular approximate Riemann solver is Roe’s Riemann solver. Roe’s
scheme was based on a linearized Jacobian solved using Roe-averaged states. The
scheme is based on left- and right-moving waves. These waves are averaged by the left-
and right-cell face to produce Roe’s flux. Roe’s scheme is a flux-difference scheme.

Another popular approximate Riemann solver is the Harten Lax van Leer (HLL)



solver. The HLL scheme assumes two waves from the cell center and estimates the
wave strength. The HLL scheme was modified to account for the contact surface
giving the Harten Lax van Leer Contact (HLLC) scheme. The flux vector splitting
technique [7] discretizes the equations based on the direction of information propa-
gation.

Roe’s original method has been modified throughout the years to improve the
scheme. In Roe’s original paper [8], he pointed out an issue with expansion waves
causing a shock that satisfies the Rankine-Hugoniot condition. The expansion shock
is non-physical and violates the entropy condition. Harten [9] fixed this by adding
numerical dissipation in the region where expansion shocks would be present. In [10],
van Leer replaces the piecewise-constant slope of the original Godunov scheme with
a linear slope that increased the order of accuracy to second order.

The Monotonic Upwind Scheme for Conservation Laws (MUSCL) scheme is
used in most commercial CFD packages. The MUSCL scheme is relatively sim-
ple to implement on both structured and unstructured grids. Instead of using the
piecewise-constant left- and right-states of Godunov, van Leer used a piecewise-linear
reconstruction. He also introduced flux limiters to keep the scheme Total Variation
Diminishing (T'VD) in regions of strong gradients. The implementation of the MUSCL
scheme for unstructured grids is shown in [5] and [11]. The MUSCL scheme’s order
of accuracy can be increased to third order on unstructured grids as shown in [12].

Harten, Engquist, Osher, and Chakravarthy [13] extended this idea to have
smooth stencils that were higher-order accurate by ignoring stencils that go through

regions of high gradients. The Essentially Non-Oscillatory (ENO) scheme was further



developed by Liu, Osher, and Chan assigning weights to the stencils to avoid costly
“if” statements [14]. A convex combination of these weights results in the Weighted
Essentially Non-Oscillatory (WENO) scheme. WENO is more robust than the ENO
scheme as it avoids a costly “if” statement. Extensions to n'"-order accuracy can be
achieved easily in WENO schemes.

Improvements to the WENO scheme have been made using characteristic re-
construction [15]. A compact Characteristic Reconstruction WENO (CRWENO)
scheme has also been developed to have spectral-like accuracy [16]. One disadvan-
tage of the WENO scheme is that it has high, computational cost on unstructured
grids. The WENO scheme was designed to be used with orthogonal grids. Exten-
sion to unstructured grids is not as simple as the MUSCL scheme. Some examples
of unstructured WENO schemes are in [17] and [18]. Because of the complexity
of extending the WENO scheme to unstructured grids, it is not commonly found in

commercial CFD software.

1.2 Motivation for Higher-Order Shock-Capturing Schemes

The goal of this thesis is to develop a high-order flux calculation that retains
the basic structure of Roe’s interface flux. Traditionally, the Roe scheme is made
higher order by using reconstruction of the cell-face values. The CD and diffusion
terms in Roe’s scheme are left unmodified. A high-order flux is evaluated by utilizing
a hybrid Roe-WENO scheme.

For the CD-flux term, two approaches are used. It can be shown that the

CD flux is identical to a second-order central differencing about the cell face. For



the first approach, a fourth- or sixth-order CD replaces the CD term. For the second
approach, the reconstructed values about the cell face calculates the CD. The diffusion
term uses reconstruction to obtain higher-order accuracy. The third- and fifth-order
WENO scheme is chosen for the reconstruction procedure. Thus, a new hybrid Roe-
WENO scheme is developed. The new scheme is applied to the 1- and 2-D linear

advection equation.

1.3 Approach

Roe’s flux consists of two terms - a CD flux and a diffusive flux that allows
for the solution to remain monotonic. In this thesis, a high-order scheme is achieved
by increasing the order of accuracy of both of these terms. The first method replaces
the second-order CD flux with a fourth- and sixth-order CD flux obtained from the
cell-centered quantities for each side of the cell face. The second method retains Roe’s
original form, but increases the accuracy of the left- and right-reconstructed states.
The diffusive flux also increases the accuracy of the reconstructed states on the left-
and right-cell face.

Figure 1.1 shows a diagram of the different options of creating a high-order
scheme. Roe’s flux is constructed by two terms: a central difference term, and a diffu-
sive term. The CD term can be constructed by two methods: using the reconstructed
values at the left- and right-cell face, or using a higher-order central differencing.
The reconstruction procedures considered are the upwind, MUSCL, WENO3, and
WENOS5 schemes. The higher-order central differencing uses a second-, fourth-, and

sixth-order CD scheme. Only one method is available to make the diffusive term



higher order and that is reconstruction. The same reconstruction schemes used for
the CD term are used for the diffusion term. Combining the higher-order central dif-
ferencing for the CD term with WENO reconstruction for the diffusion term creates

a new hybrid Roe-WENO scheme.

Roe’s Flux

1 1
fr= E(u'n)(ﬂh + qg) _Elu -nl(qr — q1)

| |
Central Difference Numerical Diffusion

1
S+ a0 S nl(gn — )

| Upwind | | muscL | [ wenos | | wenos |

Cell In:ferface Cell C:enter
1
o m) @, +4w) 2 )@+ )
' [ i
| upwind | [ musce | [weno3 | [wenos | | co2 || cpa || cos |

Figure 1.1: Roe Flux Outline

Six different test cases are performed to test the new hybrid Roe-WENO

scheme:

e 1-D Single Discontinuity

e 1-D Half-Sine Wave

e 1-D Square Wave



e 2-D Single Discontinuity

e 2-D Half-Sine Wave

e 2-D Square Wave

Each test case will display how the different schemes handle various numerical
phenomena. The two-dimensional cases are the one-dimensional cases extended to two
dimensions. This allows for direct comparison of the scheme between one-dimension

and multi-dimensional test cases.

1.4 Thesis Outline

Chapter 2 introduces the Roe scheme with a discussion of the linear advection
equation. Then Godunov’s Riemann solver discussed in detail, followed by Roe’s
scheme. The flux averaging is shown and a distinction is made between the CD term
and the diffusive term.

Chapter 3 discusses the MUSCL scheme. Cell face extrapolation is introduced
as a way to obtain higher-order accuracy. Next, the MUSCL scheme is discussed.
The concept of flux limiters and why they are needed is also introduced. Finally, the
coupling of the Roe scheme with MUSCL is discussed.

Chapter 4 proceeds in the same manner as Chapter 3 but for the WENO
scheme. The history of the WENO scheme is detailed and how the scheme evolved
over time. Next, the third- and fifth-order WENO schemes are presented. Finally,

the hybrid Roe-WENO scheme is discussed.



Chapter 5 derives the fourth- and sixth-order CD fluxes. It also shows how
these new fluxes are incorporated into a hybrid Roe-WENO scheme.

Chapter 6 deals with applying the various CD fluxes to test cases. The one-
dimensional discontinuity, sine wave, and square wave are first discussed. The two-
dimensional versions of these test cases are then shown.

Chapter 7 summarizes the findings. First, the one-dimensional results are
presented followed by the two-dimensional results. The higher-order CD flux results
are then discussed. It concludes with a discussion of future work involving increasing

the order of averaging of the entire Roe flux.



CHAPTER 2

ROE SCHEME

Roe’s scheme is the most popular approximate Riemann solver used in modern
CFD codes. Chapter 2 explains Roe’s scheme in detail. Godunov’s scheme is also

introduced as the precursor to Roe’s scheme.

2.1 Linear Advection Equation

A conservation law is an equation of conserved quantities. An example of
conserved quantities includes conservation of mass, momentum, and energy for the
Euler equations. Equation 2.1 shows a one-dimensional hyperbolic-conservation law.
A time derivative is taken of the conserved quantities. The spatial derivative is
taken of a flux constructed from the conserved quantities. A conservative formulation
allows for accurate representation of shocks. However, a non-conservative formulation
does not guarantee shocks can be resolved correctly. As a result, a non-conservative

formulation will fail when shocks are present [6].



The study of numerical methods applied to hyperbolic-conservation laws can
be difficult as additional conserved variables increases the complexity of the solution
method. It is therefore advantageous to study a simple conservation law. Deviations
from the analytical solution are a result of the numerical scheme and not due to the
nature of the equations. Thus, allowing for a direct scheme-by-scheme comparison.
The linear advection equation, Equation 2.2, is the simplest conservation law avail-
able. In the linear advection equation, there is only one conserved variable ¢. The
flux, f, is given as f = aq, where a is the velocity and ¢ is the advected quantity.

9q  9q _

E + CL% =0 (22)

The linear advection equation has a simple solution, and is found using the
method of characteristics [6]. Equation 2.3 gives the method of characteristics solu-
tion, where qq is the initial condition. The initial value, g9, of Equation 2.3 remains
constant. Any deviation from the initial condition is thus a result of the numerical
scheme selected. As a result, the linear advection equation is most often the first

equation used to test a new numerical scheme.

q(z,t) = qo(x — at) (2.3)

The linear advection equation has a numerical solution in the form of Equa-
tion 2.4 [6]. The time step and grid spacing are At and Ax respectively. Equation 2.4
assumes that the standard Euler time integration scheme. Other time integration

schemes are available such as Runge-Kutta or implicit schemes, such as the Beam-

10



Warming scheme [19]. However, implicit schemes are more difficult to implement.
The choice of how to evaluate the flux, f, has a large effect on the accuracy and

convergence of the scheme selected.

n+1 Al

G =a + 5 iy — fil (2.4)

2.2 The Riemann Solver of Godunov

There are many numerical schemes available to discretize a hyperbolic-conservation
law. The most famous of these schemes is the Godunov Riemann solver [4]. The Rie-
mann problem contains a left and right state of a discontinuous quantity, shown in
Figure 2.1. Godunov was the first to see that the left and right states at a cell face

resembles the Riemann problem.

qr

qL

Figure 2.1: 1-D Riemann Problem for the Linear Advection Equation
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The Riemann problem for the linear advection equation results in a single wave
emanating from the discontinuity. Using the method of characteristics as discussed in
the previous section, the derivation of an analytical solution emerges. Godunov was
the first to recognize that the discontinuity left and right of a cell face is conceptually
similar to the Riemann problem. He proposed using the analytical solution of the
Riemann problem to determine the flux at a cell face. Godunov assumed constant
piecewise data so that the cell-face quantities are equal to the cell-center quantities.
Figure 2.2 shows a representation of the piecewise-constant data. It shows, that at

the cell face, ¢ + %, there is a local Riemann problem.

i+l

-

dx

Figure 2.2: Configuration for the One-Dimensional Godunov Solver

As a result of Godunov’s scheme treating the cell-face data as a local Riemann
problem, it becomes an “exact” Riemann solver [5]. Because the cell-face values
are discontinuous, Godunov’s method captures shocks very accurately. However,

due to the piecewise-data assumption, Godunov’s scheme is only first-order accurate.

12



Additionally, the analytical solution of the Riemann problem for the Euler equations
requires an iterative procedure to evaluate the pressure making Godunov’s scheme
computationally expensive.

While Godunov’s method was designed to solve the Euler equations, the
scheme can be used to solve any conservation law. For example, the Godunov scheme
can be applied to the linear advection equation. Solving the local Riemann problems,
RP(qi-1,q;) and RP(q;,git1), gives values for the fluxes shown in Equation 2.5 and

Equation 2.6.

fi-’r% = aqi (25)

= agi—1 (2.6)

The solution of the linear advection equation using Godunov’s method, shown
in Equation 2.7, recovers the upwind scheme. The upwind scheme is very diffusive
resulting in smearing of shocks and other flow features. The order of accuracy in-
creases when changing the piecewise-constant data assumption to a function. The
computational expense reduces when using an approximate Riemann solver, e.g. the
Roe Riemann solver.

n+1 n aAl n n
. pr— . —_— . —_ . 2_
qz qz + ﬁﬂ? [qz—l qz] ( 7)
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2.3 Roe Riemann Solver

In order to avoid the costly pressure iteration in Godunov’s method, approx-
imate Riemann solvers were developed. Approximate Riemann solvers approximate
Godunov’s exact method allowing for reduced computation times. The most widely
used approximate Riemann solver is the Roe Riemann solver. Roe’s scheme contains
both accuracy and computational efficiency, which is the reason it is widely used.

The Roe Riemann solver approximates the Jacobian flux. Equation 2.8 shows

the conservation law written with the Jacobian flux.

dq dq
ot "o

0 (2.8)

Where A is the Jacobian flux matrix. A self-similar solution will exist if
the eigenvalues of A are all real, and the eigenvectors are complete. Roe proposed
to approximate the Jacobian flux matrix with a constant coefficient-linear system.
The approximate Jacobian flux is constructed of Roe-averaged states. The linearized
Jacobian replaces A with A. These Roe-averaged states are taken from the left- and

right-cell faces. The numerical flux can then be obtained and is given by Equation 2.9

and Equation 2.10.

Fipn =Pt ) @AKY (2.9)
<0

Fpi = Fr—)  a\KY (2.10)
\i>0



Where F7, g is the left or right flux, &; is the wave strength, \; are the eigen-
values of the linearized Jacobian, and K@ is the right eigenvector of the conserved
equations. Left-moving waves make up Equation 2.9 while right-moving waves make

up Equation 2.10. A simple averaging of the two fluxes gives Equation 2.11.

1 1 m ~ 5 o

i=1

Fiy

1

The first term in Roe’s flux is a central differencing about the cell face, i +
%. The second term is a diffusive term that adds numerical viscosity to the flux.
Roe initially developed this method to solve the Euler equations, however, they are
applicable to any conservation law. For the linear advection equation, the complexity

of Roe’s flux reduces to give Equation 2.12.

fuoy = 3Unt )= 5 el (an - a0) (2.12)

Where |a] is the linearized Jacobian and gy, is the advected quantity on the
right and left states. For the linear advection equation the Jacobian is evaluated to

be a as shown in Equation 2.13.

of
ol (213)
For more complex systems of equations, such as Euler’s equations, the Jacobian

has more complexity. Substituting for f; and fr in the linear advection equation leads

to Equation 2.14.
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a a
1= §(QL +qr) — §(QR —qr) (2.14)

fi-‘r

If constant piecewise cell-centered data is used, the Roe flux reduces to Equa-

tion 2.15.

The results of Equation 2.15 show that for the linear advection equation, the
Roe scheme is identical to the Godunov scheme. Since the Godunov scheme is also
identical to the upwind scheme, this means that the Roe scheme is identical to the
upwind scheme for the linear advection equation with constant piecewise-cell data.
Note this is only true for the linear advection equation. For more complex equations
(such as the Euler equations), the linearized Jacobian will be different.

Roe’s scheme has first-order accuracy, the same as Godunov’s method. Tradi-
tionally, to increase the order of accuracy of Roe’s scheme, the underlining assumption

of piecewise constant-cell states must be reevaluated.

2.4 Temporal Scheme

A third-order Total Variation Diminishing (TVD) Runge-Kutta is used for the
time integration as shown in Equation 2.16 through Equation 2.18. The TVD Runge-
Kutta scheme has the advantage of avoiding spurious oscillations in the temporal
domain. The higher-order accuracy of the scheme reduces numerical error compared

to the first-order Euler method. Because of these advantageous properties, Jiang and

16



Shu [20] used this numerical scheme when analyzing the WENO scheme. The third-
order Runge-Kutta (RK3) scheme works by having two time steps between the actual
time step giving the temporal stencil two additional points and is able to obtain a

more accurate solution.

¢V = ¢ + AtL(q") (2.16)
o 3 1 1
@ — 2+ ZoW) L ZALL(6™M 2.17
q 14t 5d g (') (2.17)
1 ) 2
g = gqn + gq(Z) + gAtL(q(Q)) (2.18)
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CHAPTER 3

ROE-MUSCL SCHEME

The Roe scheme can be improved by increasing the order of accuracy of the
left- and right-cell face values used in Roe’s flux. The order of accuracy at the cell
face increase by extrapolating the values from cell-centered data to the right and left
of the cell face. The most commonly used scheme for cell-face reconstruction is van

Leer’s MUSCL scheme.

3.1 Cell-Face Extrapolation

The accuracy of Riemann solvers is generally limited to the accuracy of the
cell-face values. The assumption of piecewise-constant values for the cell faces is a
first-order reconstruction about the cell face. Higher-order schemes must use higher-
order reconstruction at the cell face. Developing higher-order reconstruction methods
is non-trivial due to the nature of higher-order numerical methods for hyperbolic
problems. Near strong gradients, higher-order methods have oscillations which are
non-physical. Godunov’s theorem states that “Linear numerical schemes for solving
partial differential equations, having the property of not generating new extrema,

can be at most first-order accurate” [4]. Godunov’s theorem is the reason high-order
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methods for solving hyperbolic problems is not trivial. A solution is considered TVD

if Equation 3.1 holds true.

TVt <TV{" (3.1)

There are a number of ways to make higher-order schemes TVD. One com-
monly used method is to use numerical dissipation in regions of strong gradients.
First-order schemes are TVD due to the large amount of numerical dissipation. There-
fore, by adding numerical viscosity in regions of high gradients, those regions will be-
come TVD, while the rest of the solution retains higher-order accuracy. The MUSCL
scheme uses this method to ensure that the solution remains monotonic. Another
way to achieve monoticity is via a non-linear scheme, which is similar to the WENO

approach.

3.2 Monotonic Upwind Scheme for Conservation Laws

The MUSCL scheme of van Leer replaces the piecewise-constant data of Go-
dunov’s method with piecewise-linear functions shown in Figure 3.1. By assuming
piecewise-linear functions, the Riemann problem is evaluated for second-order ac-
curacy resulting in more precise solutions. There are several options available for
piecewise-linear functions. Equation 3.2 and Equation 3.3 are general functions for

linear reconstruction [21].
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Figure 3.1: Configuration for the One-Dimensional MUSCL Scheme

oy = i+ O (1= R0~ gin) + 3 (1 9)(0i0s — 00 (32
n 1 1
G 1 =i+ ¢[1(1 +6)(q — qi-1) + 1(1 — £)(qir1 — @) (3.3)

Where ¢ is a limiter used to increase the numerical viscosity in regions with
strong gradients, and modifications to x changes the type of gradient (e.g. upwind or
central). Different values of x will result in different formulations based on how the
gradients are determined. For k = —1, the MUSCL scheme results in a fully upwind
scheme; x = 0, a second-order Fromm scheme; and « = 1, a central-differencing

scheme [21]. For the linear advection equation, the MUSCL scheme behaves best
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when x = 1. The finite-difference approach using x = 1 results in piecewise-linear

functions given by Equation 3.4 and Equation 3.5.

¢
qiLJr% =q;+ §(Q¢+1 — ) (3.4)
R_ ¢
Gy =@+ 5(%’ = Gi-1) (3.5)

The limiter, ¢, bounds the slope of the piecewise-constant function so that
the solution remains TVD. There are a number of different limiters possible such as
van Leer’s [22] or van Albada’s [23]. The most diffusive limiter is the minmod limiter
developed by Roe [24]. The overly diffusive minmod limiter is better at keeping the
solution TVD than other limiters, however at the cost of extra numerical diffusion.

Equation 3.6 gives the mimmod limiter.

® = max(0,min(1,7)) (3.6)

Where r is a ratio of forward and backward gradients and is a smoothness

measurement of the gradient. For the finite-difference method, Equation 3.7 evaluates

_ qi — 4i—1 (3'7)

r., 1
i+i
qi+1 qi

Since r is a smoothness measurement and ¢ is dependent on r, it can clearly

be seen that, if the solution is smooth, ¢ will be equal to one, and there will be no
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limiting. If there is a strong discontinuity in the solution, then ¢ will trend toward
zero making that part of the solution first-order accurate. The MUSCL scheme allows
for high-order accuracy in smooth parts of the solution, and adds numerical diffusion

in areas of strong gradients keeping the solution TVD and higher-order accurate.

3.3 Roe-MUSCL

By pairing the Roe scheme with the MUSCL scheme, the Roe scheme becomes
second-order accurate. MUSCL-reconstructed values replace the left and right states
resulting in more accurate cell-face values for the local Riemann problem. Therefore,
the Roe-MUSCL scheme is a more accurate representation of the flux at the cell face.
A variety of reconstruction schemes are available to increase the order of accuracy of
the Roe scheme. For example, the WENO scheme extends the Roe scheme to third-

and fifth-order accuracy.
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CHAPTER 4

ROE-WENO SCHEME

Increased order of accuracy makes higher-order schemes more desirable. The
MUSCL scheme achieves this by increasing the Roe scheme to second-order accu-
rate. However, some applications require accuracy beyond second order. The WENO
scheme was developed to be a high-resolution scheme and be extended to n*-order

accuracy.

4.1 Weighted Essentially Non-Oscillatory Scheme

The WENO scheme is a more robust and efficient ENO scheme. The ENO
scheme evaluates stencils and determines which is the “smoothest”. The smoothest
stencil is chosen to approximate the fluxes at cell boundaries. The ENO scheme avoids
spurious oscillations at discontinuities because it uses the smoothest stencil. The
accuracy of the ENO scheme stems from the higher-order stencils used to evaluate
fluxes. A disadvantage of the ENO scheme is that the stencil selection process is
rather cumbersome. This is a result of the stencil selection process requiring multiple

logic statements which are computational expensive. Also, in smooth regions of the
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solution, two stencils are computed. The ENO scheme only uses one of these stencils
while the other stencil is calculated without improvement of accuracy.

The original WENO scheme reduces the computational expense of the ENO
scheme for cell-averaged values. Each cell is assigned a stencil and a convex com-
bination of the stencils is performed to get a new stencil. Each stencil is assigned
a weight that goes to zero if a discontinuity is present. If the stencil is located in
a smooth region, the weight reaches its optimal value. The WENO scheme avoids
the computationally inefficient logic statements of the ENO scheme as well as spuri-
ous oscillations near discontinuities. The convex combinations also cancel truncation
errors to increase the order of the WENO scheme.

Further WENO refinement was achieved via Jiang and Shu [20] selecting a
different smoothness measurement. The refined WENO scheme extrapolates cell-face
quantities. The WENO scheme of Jiang and Shu is based on the cell-face fluxes and
not the cell-centered values. The order of accuracy of the flux-based WENO scheme
is 2r — 1, where r is the number of points used in the stencil. This is a significant
improvement of the cell-centered WENO scheme with an order of accuracy of r + 1.

The WENO scheme is essentially non-oscillatory which means any oscillations
in the solution will be small and almost undetectable. In contrast to the MUSCL
scheme, the WENO scheme reduces the dispersion error where as the MUSCL scheme
adds numerical viscosity. Unlike the MUSCL scheme, the WENO scheme does not be-
come first-order accurate when strong gradients are detected. Therefore, the WENO

scheme provides better resolution of shocks than the MUSCL scheme.
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The stencil points, S, are chosen by Equation 4.1, where £k = 0,1,...,7 — 1,

and r determines how many stencils.

Sk = (Tjrk—rt1s Tjph—rt2s s Tjpk) (4.1)

The order of accuracy scales as 2r — 1 so that increasing the number of stencils
results in an additional two orders of accuracy. The r values used in this study are
r = 2 for a third-order WENO scheme, and r = 3 for a fifth-order WENO scheme.

The stencils are given by Equation 4.2.

r—1
G (G0, - Gro1) = Y _ a9 (4.2)
=0

Where a ; is the coefficient and g, is the quantity in the cell center. The
number of stencils depends on the value of r, and the number of points in each stencil
is a function of r. With Equation 4.2, the basis for making 2r — 1 order accurate
schemes is complete. The coefficients for the stencils are given in Table 4.1 and the

coefficients for the optimal weights are given in Table 4.2.

Table 4.1: Stencil Coefficients for WENO Scheme based on Paper by Shu

_1 3
2 0 5 5
1 1
1 2 2
: 1 _I 1
30 3 6 6
_1 5 1
1 6 6 3
1 5 _1
2 3 6 6
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Table 4.2: Coefficients for the Optimal Weights for WENO3 and WENO5 Scheme
based on Paper by Shu

The WENO scheme differs from the MUSCL scheme in that the reconstructed
states are polynomial and not linear functions. Figure 4.1 shows the structure of
the WENO reconstruction stencils. The convex combination of the stencils creates
non-linear functions. The use of these non-linear functions allows the WENO scheme
to obtain higher-order accuracy. Because the functions are polynomials, additional

stencils are added to increase the order of the scheme.

[

w

i+1

i 4=

Figure 4.1: WENO Reconstruction
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4.1.0.1 WENO3

The simplest WENO scheme used is the third-order WENO scheme (WENO3).
The value of r is given as r = 2 resulting in two stencils. Figure 4.2 describes the
stencils for the right-cell face. Here two stencils, with optimal weights, make up the

complete stencil.

Q1‘

i-1 i i+1
Figure 4.2: Configuration for the WENO3 Scheme

Equation 4.3 and Equation 4.4 gives the right face, ¢%, of the WENO3 scheme

smoothness indicator, 1.5.

1S, = (Qi+2 - Qi+1)2 (4-3)

185 = (qiy1 — @:)° (4.4)

Equation 4.5 and Equation 4.6 give the attached stencil weights.
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W == (4.5)

g

= —=— 4.
Wa ZUZ ( 6)
Equation 4.7 and Equation 4.8 give the a values.
Gy
= 4.7
NS, (4.7)
C!
2 (4.8)

2T e 18,2

Table 4.2 shows the values for the optimal weights, C. The parameter ¢ is
used to avoid dividing by zero by setting it to le —6. Equation 4.9 and Equation 4.10

give the stencils.

3 1

G = §Ui+1 - §Ui+2 (4.9)
1 1
G2 = §Ui - §Ui+1 (4.10)

Multiplying the weights and the stencils yields the convex combination of

stencils, ¢, in Equation 4.11.

C]ﬁ% = w1q1 + Waq (4.11)
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The left cell-face is reconstructed symmetrically about the right. The WENO3
scheme has third-order accuracy, which means its order of convergence is higher than
the MUSCL scheme. Increasing the accuracy of the WENO scheme is straight forward

and detailed in the next section.

4.1.0.2 WENOS5

The fifth-order WENO scheme (WENOJ5) uses one more stencil point and one
more stencil than the WENO3 scheme. Since the order of accuracy scales as (2r — 1),
the total order is fifth order. The Roe scheme used with the fifth-order WENO scheme
is done in a similar manner as Shen, Wang, and Zha [25]. Figure 4.3 shows the stencil

for the WENOS5 scheme.

i-2 i-1 i i+1 i+2

Figure 4.3: Configuration for the WENOb5 Scheme

Equation 4.12 through Equation 4.14 show the three WENOS scheme smooth-

ness terms.
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13 1
15y = ﬁ(%‘q =24 + 1) + Z(Qi—l — 4g; + 34i11)° (4.12)
13 5 1 >
5 = ﬁ(%‘ — 2i41 + Gira)” + Z(% — Git2)” (4.13)
13 2 1 2
15; = E(Qiﬂ = 2Git2 + Qiv3)” + Z(3Qi+1 —4Gi2 + Git3) (4.14)

Equation 4.15 through Equation 4.17 yield the smoothness measurements used

to compute the a values in the optimal weights equations.

ap = (8_’_0%0)2 (4.15)
= (szrC—IlSW (4.16)
ay = (gfj—;&)? (4.17)
Equation 4.18 through Equation 4.20 show the optimal weights, C.
wo = % (4.18)
wy = % (4.19)
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(65)

= —= 4.2
w2 204 ( 0)
Equation 4.21 through Equation 4.23 yield the stencils.

1

qo = 6(—Ui_1 + 5Uz + 2Ui+1) (421)
1

G = E(ZUi +5Uiy1 — Uiyo) (4.22)

1
Qg2 = E(llUi+1 —TU;p0 + 2Ui+3) (423)

Equation 4.24 shows the convex combination of the right cell-face values. The

left cell-face value is constructed symmetrically about the right.

Qﬁr% = Wo(o + w1q1 + Wag2 (4.24)

4.2 Roe-Weno

The WENO scheme increases the accuracy of the Roe scheme in the same
manner as MUSCL reconstruction. Since WENO is higher order than the MUSCL
scheme, it has less truncation error leading to more accurate results. In addition the
solution to the Riemann problem at the cell face is a better representation of the flux

through the cell, since the reconstructed values are higher-order accurate.
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CHAPTER 5
MODIFICATION TO ROE’S SCHEME

An increase to the order of accuracy of the Roe scheme requires modifications.
The most popular modification is to increase the order of accuracy of the extrapolated
left- and right-state values similar to MUSCL and WENQO. Most attempts to modify
the scheme ignore the central-differencing term as the extrapolated values left and
right states are absorbed in the fluxes. Since the central-differencing term is only order
O(Az?), improvements to the order of accuracy can be made with little computational

cost.

5.1 Proof of Second-Order Accuracy

Equation 5.1 gives the second-order central differencing.

1
Feps = §(FL + Fr) (5.1)

If a first-order extrapolation is used such that the value of a cell is considered
constant throughout the cell, then the equation is in the finite-difference form as

shown in Equation 5.2.
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1
Feps = §(E + Fii1) (5.2)

Taylor series expansion of the fluxes shows the order of accuracy of Equa-

tion 5.2 leads to Equation 5.3 and Equation 5.4

A
Fip=Fips + 7“"‘2—}'; +0(A22) (5.3)
Ax OF
P— 1 = A 2 .
Fi=Fy - & 5= + 08 (5.4)

Using Equation 5.3 and Equation 5.4 to solve for F;_ 1 leads to Equation 5.5.

1
iy = §(Fz + Fiy1) + O(A:L‘Q) (5.5)

N[

Equation 5.5 indicates the CD term in the Roe scheme is of second-order
accuracy. The same procedure shows F;_1 is also second-order accurate. Since this is a
central difference about the cell face, the order of accuracy is limited to even numbers.

Reconstruction schemes do not modify the CD term in Roe’s flux. Consequently, a

new higher-order central differencing about the cell face will be developed.

5.2 Derivation of a Fourth-Order Central-Differencing Scheme

The next CD derived is a fourth-order CD which has the advantage of less

dispersion error than the second-order scheme. A fourth-order accurate central dif-
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ferencing is derived again by using Taylor series expansions given by Equation 5.6

through Equation 5.9.

3 oF 9 282F 27 383F 4
Fio = FH_% + éA"E% + gAIL‘ @ + 4—8AIL‘ % + O(Ax ) (56)
1., OF 1 PF 1 Pr
F.=F —Ar— 4+ — AP — + — AP —— Az’ .
w =Lyt A YRR G T RAT g TOB) (BT)
1. OF 1 Pr 1 Pr

“Ar—— 4 2 A8 — — AT + O(Ax?) (5.8)
T X

3 or 9 O*F 27 Pr
L =F 1 — S Ap— + A8 — — AP — Azt .
i, FH% 5 x8m+8 x88m2 Ir mam3+0( x%) (5.9)

There are four equations and four unknowns which leads to a system of alge-

braic equations. Solving the set of equations algebraically gives Equation 5.10.

F,

1
1= 1—6(—E~_1 +9F; + 9Fiy1 — Fiyo) + O(Az?) (5.10)

N[

Equation 5.10 is a fourth-order CD about the cell face, i + % Feops has
a lower discretization error than its second-order counterpart and will have lower
computational cost (at least for multi-component fluxes) than Roe’s original CD flux.
However, for the linear advection equation, the cost is slightly higher as there is no

need to recalculate the flux.
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5.3 Derivation of Sixth-Order Central-Differencing Scheme

A sixth-order CD is constructed in a similar manner to the fourth-order CD
flux. The complete derivation is cumbersome and tedious and is not shown here,

although it is given in Appendix A. Equation 5.11 gives the sixth-order flux.

1

Foi1=—
256

L (3Fis5 — 25F; 5 + 150F; 1 + 150F;, — 25F,_; + 3F,_,) (5.11)

ol

The higher sixth-order CD flux uses a total of six stencil points whereas the
fourth-order flux uses four and the second-order flux uses two. The further away the
discrete points are from the cell face, the lower the weights are in front of the flux.
This indicates that increasing the order of accuracy has a negative return in terms of

accuracy versus computational cost.

5.4 Hybrid Roe-WENO Scheme

Roe’s original CD flux is replaced with the second-, fourth-, and sixth-order
CD flux and the accuracies are compared. The dissipation term is unmodified and
upwind, MUSCL, WENO3, and WENO5 reconstruction are applied. Roe’s original
flux is also compared as a baseline of how the scheme was originally designed with
the reconstructed values used in the central differencing. Chapter 6 shows the results

of these modifications.
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CHAPTER 6

NUMERICAL EXPERIMENTS

The linear advection equation, modeled in both one- and two-dimensions, is
a very fundamental equation. The scalar quantity, ¢, advects quantities along the
direction of propagation. As the solution changes, the shape of the solution remains
constant, consequently the linear advection equation is often the first equation used
to test a numerical scheme. A numerical scheme is defined or represented by how
much the numerical solution diverges from the analytical solution. Over time the
solution smears discontinuities and the maximum value of the solution decreases due
to numerical viscosity. How much a solution smears is often a representation of
the order of accuracy of the solution. The one-dimensional and two-dimensional
linear advection equations are modeled with second-, fourth-, and sixth-order central
differencing. Roe’s original flux formulation serves as a baseline case. Reconstruction
is applied to the cells using MUSCL, WENO3, and WENO5 extrapolation. The

solution changes depending on the choice of central differencing applied.
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6.1 Figure Legend Naming Scheme

The legend on the figures in this chapter describe the CD scheme and recon-
struction scheme used to generate the curve. The left term of each legend indicates
the CD scheme used for the central-difference term in Roe’s flux. The higher-order
CD schemes are CD2, CD4, and CD6. The higher-order CD schemes use the cell-
center values of adjacent cells to calculate the CD flux. The curve labeled Roe refers
to Roe’s original CD where a simple averaging of the left- and right-cell face values
is used. This is in contrast to the cell-centered values used in the other CD schemes.
The left- and right-cell face values are made higher-order by reconstruction.

The right term of each legend indicates the type of reconstruction used. The
reconstruction options used are upwind, MUSCL, WENOS3, and WENOS5. The recon-
struction terms are used in the diffusive flux. When Roe’s original CD flux is used,
the reconstructed values at the cell face are used for the averging. The exact solution

to the test case is also given by a dashed line.

6.2 One-Dimensional Cases

The one-dimensional linear advection equation is perhaps the simplest equa-
tion to test a numerical scheme. It is a partial differential equation with one spatial
and one temporal dimension. The linear advection equation is a simplified version of
the inviscid Burger’s equation. The non-linear term in Burger’s equation is made lin-
ear by assuming a constant advection velocity resulting in the one-dimensional linear

advection equation given by Equation 6.1.
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dqg ~ dq
E—FCL% —O (61)

The solution of Equation 6.1 is found by using the method of characteristics [6]

with the analytical solution given by Equation 6.2.

q(z,t) = qo(x — at) (6.2)

The significance of Equation 6.2 is that the initial value of the problem remains
constant. Any deviation from the initial value is a result of the numerical scheme.
Three one-dimensional test cases are studied: a step profile, a half-sine wave, and a
square wave. These were taken from Toro [6] as they are excellent one-dimensional

test problems.

6.2.1 1-D Step Function

The first case tested consists of a 1-D step function advected with a constant
velocity @ = 1 on a uniform grid with 512 cells. The step function is initially placed
at z = 0 with out flow boundary conditions located at * = —1 and x = 1. The
test conditions and the mesh spacing are the same as those used in [5]. The step
function is advected until time ¢ = 0.5 at which point it has moved a distance of 0.5.
Figure 6.1 shows the initial condition of the 1-D step. The solution to the 1-D step

gives an indication of the ability of a numerical scheme to capture shocks.
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Figure 6.1: 1-D Step Initial Setup

6.2.2 1-D Step Function Results

Figure 6.2 shows the solution when using upwind reconstruction for the four
central-differencing schemes. All of the curves fall on top of each other and give a
poor representation of the shock. This is an indication that the diffusion term is
dominating the flux calculation. As a result, increasing the order of accuracy of the
central-difference terms will not increase the accuracy of the solution. In order to see

the effect of high-order central differencing, higher-order reconstruction is used.
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Figure 6.2: Upwind Reconstruction for the Diffusion Term with CD2, CD4, CDG6,

and Roe Central Differencing for the CD term for a 1-D Step

Figure 6.3 shows the effect of the four reconstruction schemes for the diffusive
term with the CD2 scheme for the CD term. The CD2 flux paired with MUSCL recon-
struction gave results that are more accurate and TVD. The WENO3 reconstruction
scheme resolves the shock slightly better than the MUSCL scheme. However, the
CD2 flux with WENO3 reconstruction is not TVD. As expected, the upwind scheme
smears the shock the most out of all schemes tested which is a result of the scheme
being only first-order accurate. The WENOb5 scheme has unstable behavior with

spurious oscillations near the discontinuity.
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Figure 6.3: CD2 Central Differencing for the CD Term with Upwind, MUSCL,

WENO3, and WENO5 Reconstruction for the Diffusion Term for a 1-D Step

Figure 6.4 shows the results for the four reconstruction schemes for the diffusive
term with the CD4 scheme for the CD term. The fourth-order CD flux has reduced
dispersion error compared to the CD2 scheme. Using WENOS3 reconstruction gives
a solution that is TVD and resolves the shock more accurately than the MUSCL
scheme. The WENOb) scheme has small oscillations and a numerical feature in the
shock front. The numerical feature is a result of reduced numerical viscosity compared

to the WENO3 scheme. The upwind and MUSCL schemes are unaffected by the

change in CD scheme.

41



—— CD4-Upwind

1} ——cD4-MUsCL P
CD4-WENO3 '
0.8 | —— CD4-WENOS5 : ]
= = —Exact 1
06} , ]
)]
04 B 1 T
1
0.2} / ! |
1
o -- ' ]
-0.2 L L
0.4 0.45 0.5 0.55

Figure 6.4: CD4 Central Differencing for the CD Term with Upwind, MUSCL,

WENO3, and WENO5 Reconstruction for the Diffusion Term for a 1-D Step

Figure 6.5 shows the results of the four reconstruction schemes for the diffusive
term with the CD6 scheme for the CD term. Using WENOJH reconstruction resolves
the shock most accurately and the solution is TVD. All spurious oscillations are
removed from the solution. Increasing the order of accuracy of the CD term using
upwind, MUSCL, or WENQO3 reconstruction does not change the accuracy of the
solution. This is a result of the diffusion term in Roe’s flux dominating over the CD

term.

42



—— CD6-Upwind

1 } ——cDe-MUSCL P
CD6-WENO3 '
0.8 | —— CDB-WENOS5 : ]
= = —Exact 1
06} ' ]
)]
04 B 1 7
1
0.2Ff / : |
1
o= --- ' ]
-0.2 L L
0.4 0.45 0.5 0.55

Figure 6.5: CDG6 Central Differencing for the CD Term with Upwind, MUSCL,

WENO3, and WENO5 Reconstruction for the Diffusion Term for a 1-D Step

Figure 6.6 shows the results of the four reconstruction schemes for the diffusive
term with the Roe’s original flux scheme for the CD term. All schemes are TVD and
have a crisp representation of the discontinuity. The WENOS5 scheme is the most
accurate, followed by the WENO3 scheme then the MUSCL scheme. The results are
reasonable as the MUSCL scheme is second-order accurate and the WENO3 scheme
is third-order accurate. Roe’s CD scheme uses second-order averaging of the higher-
order left and right states. The higher the order of the reconstruction, the more

accurate Roe’s CD scheme becomes.
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Figure 6.6: Roe Central Differencing for the CD Term with Upwind, MUSCL,

WENO3, and WENO5 Reconstruction for the Diffusion Term for a 1-D Step

Figure 6.7 shows the results of the four CD schemes with WENO3 recon-
struction for the diffusive term. The higher-order CD schemes (CD4 and CD6) are
approximately identical to Roe’s original flux. The CD2 scheme is not monotonic due

to the reduced numerical diffusion with the higher-order reconstruction.
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Figure 6.7: WENO3 Reconstruction for the Diffusion Term with CD2, CD4, CDG6,

and Roe Central Differencing for the CD term

Figure 6.8 shows the results of the four CD schemes with WENO5 reconstruc-
tion for the diffusive term. When using WENOS5 reconstruction for the diffusion term,
the differences between the different CD schemes become apparent. Roe’s original
CD term performs the best out of the four. The CD6 scheme is the most accurate
scheme out of the four higher-order CD schemes. The CD2 scheme exhibits severe
oscillations, as shown in Figure 6.8. The CD4 scheme has a numerical feature that is

non-physical.
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Figure 6.8: WENObS Reconstruction for the Diffusion Term with CD2, CD4, CDG6,

and Roe Central Differencing for the CD term

6.2.3 1-D Half-Sine Wave

The second case tested consists of a 1-D half-sine wave advected with a con-
stant velocity a = 1 on a uniform grid with the same cell spacing as the 1-D step case.
The half-sine wave, given by Equation 6.3, is initially placed at x = 0 with out flow
boundary conditions located at + = —1 and = = 1. The half-sine wave is advected
until time ¢ = 50 at which point it has moved a distance of 50.0. Figure 6.9 shows
the initial condition of the 1-D half-sine wave. The solution to the 1-D half-sine wave

gives an indication of a numerical scheme’s numerical diffusion and phase lag.
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Figure 6.9: 1-D Half-Sine Wave Initial Setup

Equation 6.3 does not allow the sine wave to become negative therefore, the
solution of the one-dimensional half-sine wave should not be negative. A resulting
solution with a negative ¢ is a result of the scheme. Additionally, an out-of-phase
solution will lag behind or ahead of the analytical solution indicating how well a

numerical scheme tracks flow features over time.

6.2.4 1-D Half-Sine Wave Results

Figure 6.10 shows the results for the four reconstruction schemes for the diffu-

sive term with the CD2 scheme for the CD term. The upwind scheme has too much
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numerical diffusion, erasing the shape of the half-sine wave. The MUSCL scheme
demonstrates a significant amount of numerical diffusion although, the shape of the
half-sine wave is discernible. The peak ¢ value of 1 is reduced to a little under 0.7.
The wave is dissipated more on the right side than the left. Also, the MUSCL scheme
shows a slight phase lag as evident by the asymmetry on the right side.

The WENO3 scheme is also dissipative, but less so than the MUSCL scheme.
The peak ¢ value for the WENO3 scheme is approximately 0.8 and is more diffusive
on the left side of the analytical solution. The WENO5 scheme keeps the shape of
the half-sine wave, but experiences extreme phase lag to the left. There is also an
oscillation on the left side leading to a negative g value. Lack of numerical viscosity

generated from the diffusion term causes the solution to go negative.
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Figure 6.10: CD2 Central Differencing for the CD Term with Upwind, MUSCL,
WENO3, and WENOb5 Reconstruction for the Diffusion Term for a 1-D Half-Sine

Wave

Figure 6.11 shows the results for the four reconstruction schemes for the dif-
fusive term with the CD4 scheme for the CD term. The CD4 scheme has a lower
dispersion error than the CD2 scheme. The amount of numerical diffusion is the
same as the peaks of the waves remain essentially unchanged. Less phase lag is
present in the WENO3 and WENO5 schemes. The MUSCL scheme appears to ex-
perience slightly more phase lag for CD4 than for CD2. The peak values of ¢ remain
largely unchanged for the MUSCL and WENO3 schemes, while the peak value for

the WENOb5 scheme is almost exactly equal to 1.

49



—— CD4-Upwind

1 F —— CD4-MUSCL .
CD4-WENO3
08F —— CD4-WENO5 J

- = —Exact

0.6

0.4

49 49.5 50 50.5 51

Figure 6.11: CD4 Central Differencing for the CD Term with Upwind, MUSCL,
WENO3, and WENOb5 Reconstruction for the Diffusion Term for a 1-D Half-Sine

Wave

The values for the CD6 scheme are not shown, as the values for the CD4 scheme
are identical. Consequently, increasing the order of accuracy for the CD term leads to
negative returns. This is in contrast to the single discontinuity where increasing the
CD scheme from fourth-order to sixth-order increased the accuracy of the WENObH
scheme.

Figure 6.12 shows the results for the four reconstruction schemes for the dif-
fusive term with the Roe’s original flux for the CD term. Roe’s original CD flux was
again better than CD2, CD4, and CD6. Both the MUSCL and WENO3 schemes show

very little phase lag from the analytical solution. However, the maximum values of
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g remain approximately the same between the MUSCL and WENO3 schemes. The
WENOS5 scheme shows no phase lag, but it overshoots the maximum value of q. This
overshoot decreases with an increase in mesh density. The overshoot for the WENOb5
scheme results from the diffusion term not providing enough numerical viscosity for

the scheme to be TVD.
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Figure 6.12: Roe Central Differencing for the CD Term with Upwind, MUSCL,
WENO3, and WENO5 Reconstruction for the Diffusion Term for a 1-D Half-Sine

Wave.

Figure 6.13 shows the results of WENOS3 reconstruction for the diffusive term
with CD2, CD4, CDG6, and Roe central differencing for the CD term. The Roe CD is
the most accurate central-differencing scheme followed by CD4 and CD6. All schemes

present slight phase lag that is biased to the left side of the half-sine wave. The CD4
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and CD6 schemes have no differences showing that a further reduction in dispersion

error does not increase the accuracy.
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Figure 6.13: WENO3 Reconstruction for the Diffusion Term with CD2, CD4, CD6

and Roe Central Differencing for the CD Term for a 1-D Half-Sine Wave

Figure 6.14 shows the results of the WENOb5 reconstruction for the diffusion
term with the four CD schemes. Both the CD4 and CD6 schemes show the most
accurate results. There is a slight bias to the left side indicating the CD2 scheme is

not TVD as it shows severe phase lag. Roe’s original flux overshoots the peak ¢ value

of the half-sine wave.
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Figure 6.14: WENO5 Reconstruction for the Diffusion Term with CD2, CD4, CD6

and Roe Central Differencing for the CD Term for a 1-D Half-Sine Wave

6.2.5 1-D Square Wave

The third case tested consists of a 1-D square wave advected with a constant
velocity @ = 1 on a uniform grid with 512 cells. The half-sine wave has a value of
q=0for x < 0.3 and x > 0.7, but is 1 when x > 0.3 and x < 0.7. The square wave
is initially placed at x = 0 with out flow boundary conditions located at x = 0 and
x = 1.5. The test conditions and the mesh spacing are the same as those used for the
1-D step. The square wave is advected until time ¢ = 0.5 at which point it has moved

a distance of 0.5. Figure 6.15 shows the initial condition of the 1-D square wave. The
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solution to the 1-D square wave gives an indication of a numerical scheme’s ability to

handle consecutive shocks.
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Figure 6.15: 1-D Square Wave Initial Setup

6.2.6 1-D Square Wave Results

Figure 6.16 shows the results for the four reconstruction schemes for the dif-
fusive term with the CD2 scheme for the CD term. The CD2 scheme was TVD for
the upwind scheme and the MUSCL scheme. However, for the WENO3 and WENO5
schemes, there are large oscillations near the discontinuities. This is a result of the dif-
fusion term in Roe’s CD not providing sufficient numerical viscosity for the amount of
dispersion error present. For CD4 the WENO3 scheme no longer has the oscillations

present when using CD2.
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Figure 6.16: CD2 Central Differencing for the CD Term with Upwind, MUSCL,

WENO3, and WENOb5 Reconstruction for the Diffusion Term for a 1-D Square Wave

Figure 6.17 shows the results for the four reconstruction schemes for the dif-
fusive term with the CD4 scheme for the CD term. The WENOb5 scheme still has
slight oscillations. The WENO3 scheme is TVD. The upwind and MUSCL schemes

remain unchanged.
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Figure 6.17: CD4 Central Differencing for the CD Term with Upwind, MUSCL,

WENO3, and WENOb5 Reconstruction for the Diffusion Term for a 1-D Square Wave

Figure 6.18 shows the results for the four reconstruction schemes for the dif-
fusive term with the CD6 scheme for the CD term. Using the CD6 CD scheme fixes
the oscillations in the WENObS scheme making it TVD. The upwind, MUSCL, and
WENOS3 schemes remain unchanged from the CD4 scheme. This is a result of the

dispersion error decreasing to a point that the diffusion term begins to dominate.
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Figure 6.18: CDG6 Central Differencing for the CD Term with Upwind, MUSCL,

WENO3, and WENOb5 Reconstruction for the Diffusion Term for a 1-D Square Wave

Figure 6.19 shows the Roe’s CD for the 1-D square wave. The Roe CD works
well for every reconstruction method. All cases are TVD with crisp representations

of the discontinuities.
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Figure 6.19: Roe Central Differencing for the CD Term with Upwind, MUSCL,

WENO3, and WENOb5 Reconstruction for the Diffusion Term for a 1-D Square Wave

Figure 6.20 shows the results of the four CD schemes with WENO3 reconstruc-
tion for the diffusive term. Every CD scheme besides CD2 are TVD and essentially

identical. CD2 has oscillations resulting from the high dispersion error.
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Figure 6.20: WENO3 Reconstruction for the Diffusion Term with CD2, CD4, CD6

and Roe Central Differencing for the CD Term for a 1-D Square Wave

Figure 6.21 shows the results of the four CD schemes with WENOS recon-
struction for the diffusive term. The Roe and CD6 schemes are nearly identical and
TVD. The CD4 scheme has some small oscillations near the discontinuity. The CD2
scheme has more pronounced oscillations. The CD4 scheme has small oscillations as

a result of the reduced numerical viscosity of the WENO5 scheme.
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Figure 6.21: WENO5 Reconstruction for the Diffusion Term with CD2, CD4, CD6

and Roe Central Differencing for the CD Term for a 1-D Square Wave

6.3 Two-Dimensional Cases

The two-dimensional linear advection equation shows how a numerical scheme
acts in two dimensions. Numerical schemes are usually derived for a one-dimensional
case and then extended to multiple dimensions. It is important to study the same
equation in multiple dimensions to ensure that the scheme behaves in the same manner
as for one dimension. Here the two-dimensional linear advection is studied.

The two-dimensional linear advection equation has one temporal dimension,
and two spatial dimensions. Unlike the one-dimensional case, the two-dimensional

case has multiple boundary conditions. There are both inflow and outflow boundaries.
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The inflow boundary conditions change depending on the test case. Equation 6.4 gives

the two-dimensional linear advection equation.

5 9%z T g, =0 (6.4)

Three test cases, taken from [26], are studied: a step profile, a sinusoidal
profile, and a two-step profile. These test cases are based on the test cases for the
one-dimensional analysis so direct comparisons can be made. Profiles of the advected

scalar are presented for the four CD schemes with the various reconstruction schemes.

6.3.1 2-D Step

The first 2-D case tested consists of a 2-D step function advected with a
constant velocity a = (1,1) on a uniform grid with 46x46 cells. The inflow boundary
condition at x = 0 gives a ¢ value of 1. The inflow boundary condition at y = 0 gives
a ¢ value of 0. Outflow boundary conditions are located at x = 1 and y = 1. The
test conditions and the mesh spacing are the same as those used in [26]. The initial ¢
values are set to zero throughout the domain. The solution is run for a time of t = 1.5
when steady state is reached. Figure 6.22 shows the boundary conditions of the 2-D
step. A slice of the advective quantity ¢ is taken at y = 0.8. The two-dimensional

step demonstrates a numerical scheme’s ability to resolve a shock in two dimensions.
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Figure 6.22: 2-D Step Initial Setup

6.3.2 2-D Step Results

Figure 6.23 shows the CD2 scheme for the CD term with upwind, MUSCL,
WENO3, and WENObS reconstruction for the diffusive term. The results for the 2-
D step differ from the 1-D step. It can clearly be seen that the upwind, MUSCL,
and WENO3 schemes are non-oscillatory and TVD. The WENObS scheme has a large

oscillation near the discontinuity.
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Figure 6.23: CD2 Central Differencing for the CD Term with Upwind, MUSCL,

WENO3, and WENO5 Reconstruction for the Diffusion Term for a 2-D Step

Figure 6.24 shows the CD4 scheme for the CD term with upwind, MUSCL,
WENO3, and WENO5 reconstruction for the diffusive term. The results of the CD4
scheme for the upwind, MUSCL, and WENQO3 reconstruction schemes are identical
to the CD2 scheme. In fact, using the CD2, CD4, CDG6, and Roe’s CD schemes have
little effect on the solution for upwind, MUSCL, and WENQO3 reconstructions due to
the diffusion term in Roe’s flux being dominant. Therefore, a reduction in dispersion
error does not overcome the inherent numerical diffusion in the Roe scheme for this

test case.

63



1
0.8F
0.6}
-y
04}
—— CD4-Upwind
0.2} ——cp4-muscL
CD4-WENO3
0 | —— CD4-WENO5
- = —Exact
-0.2 L
0 0.2

Figure 6.24: CD4 Central Differencing for the CD Term with Upwind, MUSCL,

WENO3, and WENO5 Reconstruction for the Diffusion Term for a 2-D Step

Figure 6.25 shows Roe’s original CD scheme with upwind, MUSCL, WENQO3,
and WENOS reconstruction for the diffusive terms. Roe’s CD scheme produced the
best result with WENODb reconstruction. The upwind, MUSCL, and WENQO3 schemes
are largely unaffected by the choice of CD used. The Roe CD flux is the only scheme
that remains TVD. None of the other schemes properly resolve the discontinuity. The
CD4 scheme is almost identical to the CD6 scheme indicating that an increase in the
order of accuracy does not resolve the shock more accurately. The reason for this is
that the WENOS scheme is less diffusive than the other reconstruction schemes. This

means that there is not enough numerical diffusion to rid the solution of oscillations.
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Figure 6.25: Roe Central Differencing for the CD Term with Upwind, MUSCL,

WENO3, and WENO5 Reconstruction for the Diffusion Term for a 2-D Step

Figure 6.26 shows the results of the four CD schemes with WENO3 recon-
struction for the diffusive term. All schemes are TVD and identical resulting from
the diffusion term dominating the flux calculation. This feature is part of the WENO3

scheme for the two-dimensional linear advection equation.
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Figure 6.26: WENO3 Reconstruction for the Diffusion Term with CD2, CD4, CD6

and Roe Central Differencing for the CD Term for a 2-D Step

Figure 6.27 shows the results of the four CD schemes with WENOS recon-
struction for the diffusive term. Only Roe’s original CD flux term gives a TVD
solution. The other CD schemes have an oscillation near the discontinuity indicating

improvements to the order of the CD does not alleviate the oscillation.
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Figure 6.27: WENO5 Reconstruction for the Diffusion Term with CD2, CD4, CD6

and Roe Central Differencing for the CD Term for a 2-D Step

6.3.3 Two-Dimensional Half-Sine Wave

The second 2-D case tested consists of a 2-D half-sine wave advected with a
constant velocity a = (1,1) on a uniform grid with 46x46 cells. The 2 = 0 inflow
boundary is set to 0 for y > 0.3414, and when y < 0.3414 the inflow ¢ value is given by
Equation 6.5. The inflow boundary condition at y = 0 gives a ¢ value of 0. Outflow
boundary conditions are located at * = 1 and y = 1. The test conditions and the
mesh spacing are the same as those used in [26]. The initial ¢ values are set to zero
throughout the domain. The solution is run for a time of { = 1.5 when steady state

is reached. Figure 6.28 shows the boundary conditions of the 2-D half-sine wave. A
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slice of the advective quantity ¢ is taken at y = 0.8. The 2-D half-sine wave shows
phase lag in the numerical solution as well as giving some insights into the dissipation

of the various schemes.
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Figure 6.28: 2-D Half-Sine Wave Initial Setup

6.3.4 Two-Dimensional Half-Sine Wave Results

Figure 6.29 shows the CD2 scheme for the CD term with upwind, MUSCL,

WENO3, and WENOb5 reconstruction for the diffusive term. Similarly to the 2-
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D step case, changing the CD flux has little effect for the upwind, MUSCL, and
WENO3 reconstructions. The half-sine wave shape is changed due to numerical
diffusion for the upwind, MUSCL, and WENO3 schemes. A slight phase lag appears
as the peak value of the half-sine wave with the numerical schemes biasing to the right
of the analytical solution. As with the 1-D cases, the WENObB method overshoots the

analytical solution and has more phase lag than the other reconstruction methods.
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Figure 6.29: CD2 Central Differencing for the CD Term with Upwind, MUSCL,
WENO3, and WENOb Reconstruction for the Diffusion Term for a 2-D Half-Sine

Wave

Figure 6.30 shows the CD4 scheme for the CD term with upwind, MUSCL,
WENO3, and WENOb reconstruction for the diffusive term. Increasing the order of

the CD scheme from second to fourth does not change the answer of the solution.
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Similarly to the 2-D step, using the CD2, CD4, CD6, and Roe’s CD schemes have
little effect on the solution for upwind, MUSCL, and WENOS3 reconstructions due to
the diffusion term in Roe’s flux being dominant. Therefore, a reduction in dispersion

error does not overcome the inherent numerical diffusion in the Roe scheme for this

test case.
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Figure 6.30: CD4 Central Differencing for the CD Term with Upwind, MUSCL,
WENO3, and WENO5 Reconstruction for the Diffusion Term for a 2-D Half-Sine

Wave

Figure 6.31 shows Roe’s original CD scheme for the CD term with upwind,
MUSCL, WENO3, and WENO5 reconstruction for the diffusive term. Using Roe’s

CD method alleviates the overshoot and decreases the amount of phase lag.
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Figure 6.31: Roe Central Differencing for the CD Term with Upwind, MUSCL,
WENO3, and WENOS5 Reconstruction for the Diffusion Term for a 2-D Half-Sine

Wave.

Figure 6.32 shows the results of the four CD schemes with WENO3 recon-
struction for the diffusive term. Similarly to the 2-D step, the schemes are essentially

identical. A slight phase lag biased to the right is present.
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Figure 6.32: WENO3 Reconstruction for the Diffusion Term with CD2, CD4, CD6

and Roe Central Differencing for the CD Term for a 2-D Half-Sine Wave

Figure 6.33 shows the results of the four CD schemes with WENOS recon-
struction for the diffusive term. Only the Roe flux is TVD. All of the schemes have
phase lag biased to the right and overshoot the exact solution. The higher-order
CD schemes are not TVD and increasing the order of the CD does not reduce the

oscillation.
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Figure 6.33: WENO5 Reconstruction for the Diffusion Term with CD2, CD4, CD6

and Roe Central Differencing for the CD Term for a 1-D Half-Sine Wave

6.3.5 Two-Dimensional Square Wave

The third 2-D test case consists of a 2-D square wave advected with a constant
velocity @ = (1,1) on a uniform grid with 46x46 cells. The y = 1 boundary is an
inflow where ¢ is set to zero. At the x = 0 inflow boundary, ¢ is set to 1 when = < 0.3,
and ¢ is set to 0 when x > 0.3 creating a double-step profile that is similar to the
square wave in one dimension. Outflow boundary conditions are located at x = 1 and
y = 1. The test conditions and the mesh spacing are the same as those used in [26].
The initial ¢ values are set to zero throughout the domain. The solution is run for

a time of ¢ = 1.5 when steady state is reached. Figure 6.34 shows the boundary
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conditions of the 2-D half sine wave. A slice of the advective quantity ¢ is taken at
y = 0.8. The two-dimensional square wave shows how each scheme handles multiple
discontinuities.

Oq_

35 = °

ax

z

q=0

Figure 6.34: 2-D Square Wave Initial Setup

6.3.6 Two-Dimensional Square Wave Results

Figure 6.35 shows the CD2 scheme for the CD term with upwind, MUSCL,
WENO3, and WENOb5 reconstruction for the diffusive term. The results for the
two-dimensional square wave are similar to the other two-dimensional test cases.

The solution does not change depending on the choice of central differencing for
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the upwind, MUSCL, and WENO3 schemes. All CD2 schemes are TVD with the

exception of the WENObS reconstruction.
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Figure 6.35: CD2 Central Differencing for the CD Term with Upwind, MUSCL,

WENO3, and WENO5 Reconstruction for the Diffusion Term for a 2-D Square Wave

Figure 6.36 shows the CD4 scheme for the CD term with upwind, MUSCL,
WENO3, and WENOb5 reconstruction for the diffusive term. With the upwind,
MUSCL, and WENQO3 reconstruction schemes, increasing the accuracy of the CD
term does not change the answer of the solution. The CD4 scheme with WENOb5
reconstruction reduces the peak of the oscillation slightly, but the Gibbs phenomena
is still prominent. The results for the CD6 scheme are identical to the CD4 scheme

and, therefore, will not be shown.
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Figure 6.36: CD4 Central Differencing for the CD Term with Upwind, MUSCL,

WENO3, and WENOb5 Reconstruction for the Diffusion Term for a 2-D Square Wave

Figure 6.37 shows Roe’s original CD scheme for the CD term with upwind,
MUSCL, WENO3, AND WENO5 reconstruction for the diffusive term. Using Roe’s
CD has increasing ability to capture the square wave as the order of accuracy of the

reconstruction scheme increases.
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Figure 6.37: Roe Central Differencing for the CD Term with Upwind, MUSCL,

WENO3, and WENOS5 Reconstruction for the Diffusion Term for a 2-D Square Wave.

Figure 6.38 shows the results of the four CD schemes with WENO3 recon-
struction for the diffusive term. Similar to the 2-D step and 2-D half-sine wave, the

various CD schemes are essentially identical with a slight bias to the right.
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Figure 6.38: WENO3 Reconstruction for the Diffusion Term with CD2, CD4, CD6

and Roe Central Differencing for the CD Term for a 2-D Square Wave

Figure 6.39 shows the results of the four CD schemes with WENOS recon-
struction for the diffusive term. The WENObJ reconstruction has severe oscillations
for the CD2, CD4, and CD6 fluxes. Only Roe’s flux was TVD. Improving the order of
the CD scheme appears to reduce the magnitude of the oscillations slightly. However,
it is not enough to rid the solution of the oscillations completely. This is attributed
to the diffusive term in Roe’s flux not providing enough numerical viscosity for the

higher-order scheme.
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Figure 6.39: WENO5 Reconstruction for the Diffusion Term with CD2, CD4, CD6

and Roe Central Differencing for the CD Term for a 2-D Square Wave
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CHAPTER 7

CONCLUSIONS

For all test cases, the WENOS reconstruction is the most accurate and the best
at capturing the solution features. The accuracy of the tested schemes show a direct
correlation to their order of accuracy. The upwind scheme is the most diffusive and is
only first-order accurate, the MUSCL scheme is second-order accurate, and WENO3
scheme is third-order accurate, and the WENOJ scheme is fifth-order accurate. This
shows a direct correlation to the order of accuracy and the ability to capture flow

features.

7.1 One-Dimensional Results

In one-dimension, the MUSCL scheme is largely unaffected by the choice of the
CD flux and agrees with literature concerning the scheme [5]. The WENO3 scheme
displays some unwanted features when the CD is second-order accurate. If the CD is
increased to fourth-order accuracy, then the WENO3 scheme closely resembles Roe’s
CD. However, increasing the order of the CD to sixth order does not increase the

accuracy of the WENO3 scheme.
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The WENObS scheme displays large oscillations at extrema for the CD2 flux.
Increasing the accuracy of the CD flux to fourth order was insufficient to rid the
solution of spurious oscillations. The CD had to be of sixth-order accuracy to obtain a
solution of similar accuracy to Roe’s original flux. As a result of the reduced numerical
viscosity of the WENObJ scheme compared to the MUSCL and WENO3 schemes,
the WENOb) scheme was prone to oscillations near strong gradients. This implies
that Roe’s flux could be replaced with a second-order accurate scheme for MUSCL,
a fourth-order accurate scheme for WENOQO3, and a sixth-order accurate scheme for
WENOSb. This study showed using higher-order central differencing reduces dispersion

error and increases the accuracy of the solution.

7.2 Two-Dimensional Results

The results from the two-dimensional linear advection contradicted some of the
findings from the one-dimensional test cases. For the upwind, MUSCL, and WENO3
schemes, the choice of the CD flux had no effect on the solution. This implies that
lower-order schemes have enough built-in diffusion to allow the second term in Roe’s
flux to dominate. Reducing dispersion error has little effect on the flux. However,
the WENObH scheme is more dependent on the choice of central differencing,.

For all of the two-dimensional cases only Roe’s original flux was TVD for
the WENOS5 scheme. The other CD flux’s had oscillations at the extrema. This
implies the WENOb5 scheme has less diffusion and the choice of CD flux is more
important for evaluating the flux. Reduction of dispersion has a positive effect on

the schemes ability to accurately capture flow features. There were negative returns
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when increasing the order of accuracy of the CD flux indicating that future increases
to the order of accuracy to the CD flux will not result in a solution more accurate
than Roe’s original flux. Therefore, a TVD solution using WENODb) reconstruction is

required to use Roe’s CD flux.

7.3 Higher-Order Central Differencing

In one-dimension, increasing the order of accuracy of the CD term in Roe’s flux
increased the accuracy of the scheme. This is a result of the reduction of dispersion
error. However, this is evident only when higher-order reconstruction is used on the
diffusion term. The two-dimensional test cases showed that increasing the order of
accuracy of the CD flux had a limited effect on the solution.

An unexpected discovery was made for the two-dimensional problem. The
second-order CD gave the same accuracy as Roe’s CD flux. This indicates reduced
computation time for a system with more equations where recalculating the flux for
every cell face is possible. For example, the flux of the Euler equations in three
dimensions is a 5x1 vector. This could lead to less overhead cost and thus faster run

times.

7.4 Future Work

The use of the CD2 and CD4 schemes need to be extended to more com-
plicated problems. For example, the one-dimensional Euler equations for a shock
tube is the next logical step. If the CD2 scheme produces the same solution for the

Roe’s original scheme, then it could lead to reduced computation time. Investigating
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two-dimensional gas dynamic problems would be the next step. If the CD2 scheme
succeeds, then application to the Navier-Stokes equations could be tested.

The most accurate flux is Roe’s original flux because it uses the reconstructed
values in the central differencing. The reconstructed values are of higher accuracy so
Roe’s flux is a second-order accurate CD. It has built-in higher-order reconstruction.
If a higher-order CD using reconstructed values could be constructed, then this could

be more accurate than Roe’s original central difference.
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APPENDIX A
COMPLETE DERIVATION OF CD4 AND CD6

A1l CD4

The beginning of the derivation of the fourth-order central-difference flux starts
with taking Taylor series expansions at the cell centers with respect to Fj, 1. The
series is carried out until the order of accuracy desired is achieved. In this case,
since fourth-order accuracy is required, the series is carried out until the third-order
derivative is present.

3. 0F 9 ()2_F 27 Pr
12

— 2 3 h
Fivp=Fp1 + Aac 7+ —Ax —A 5+ O(4™) (A.1)

OF 1 ,0°F 1 ,OF "
Fz‘+1 FH_l + AL% + gAL W + 4—8AJ % + 0(4 ) (AQ)

1 (‘)F N >r 3()3F o
3, OF 9 O*F 83F
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The solution form is assumed in the form of Equation A.5.

FH_% =aF o +0Fi 1+ cl+ dF;_ (AB)

In order to solve for the coefficients in Equation A.5, they are put into matrix

form and solved where only F} 1 is not zero.
2

21 1 -1 =27| |d 0

With the matrix solved, the constant coefficients are known and can be put
back in Equation A.5 resulting in the fourth-order central-difference flux at cell face

1+ %, shown in Equation A.7.

i1 = = (—Fa +9F0 + 95 — Fiy) (A7)

A.2 CD6

The sixth-order central-difference flux is found in the same manner as the
fourth-order central-difference flux. First, a Taylor series expansion is taken of the

grid points about cell face, 7 + %, to the fifth derivative to get sixth-order accuracy.
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(A.11)
3 0OF 9 O*F 27 ZO0%F 81 O*F 243 PF
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The solution is assumed in the form of Equation A.14.

Fiii=aFi3+bF o+ cli +dFi+eFio + [Fio (A.14)

1
2

The values from the Taylor series are put into matrix form and solved.

1 11 1 1 1 a 1
5 3 1 -1 =3 -5 b 0
25 9 1 1 9 25 ¢ 0
= (A.15)
125 27 1 -1 =27 —125 d 0
625 81 1 1 81 625 e 0
3125 243 1 —1 =243 -—-3125| |f 0
Finally, Equation A.16 is now known.
1
FH% = %(SEH — 25F; 19 + 150F; 1 + 150F; — 25F;_1 4+ 3F;_5) (A.16)
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APPENDIX B

MATLAB CODE

clear,clc
close all
tic

t =0.5; % Time

scheme = 3; % Scheme (1=RK4, 2=TVD-RK3, 3=TVD-RK4)

flux = 2; % flux (1=CD2, 2=WENO, 3=CD4, 4=CD6)

rec = 2; % reconstruction (3=3rd order, 5=5th order)

type = 4; % Test Problem (1=sin wave, 2=square wave, 3=single disconiunity, 4=3)
cfl = 0.01; % CFL number (<1)

a=1;
ep = le-6; J parameter used in alpha calculation

% setting up initial U
[U,actual,dx,x,xxx,n] = test_case(t,type);

time = 0; % Initial time
k = 0; % Initial k (used for debugging)

% WENO TVD-RK3
if scheme ==
while time<t

[Uim3, Uim2, Uimi, Ui, Uipl, Uip2, Uip3] = U_setup(U);

if rec ==
URip12 =
ULip12 =
URimi2 =
ULiml2 =
elseif rec == 1
URipl2 = Uipil;
ULip12 = Ui;
URim12 = Ui;
ULiml2 = Uimi;
elseif rec ==
[URip12, ULip12, URim12, ULiml12] = MUSCL_fast(U);
elseif rec ==
[URip12, ULip12, URim12, ULiml12] = WENO3_fast(U);
elseif rec ==
[URip12, ULip12, URim12, ULim12] = WENO5_fast(U);
end

if flux ==
Fcdip12 = ax(Ui+Uip1)/2;
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Fcdiml2 = a*(Uiml+Ui)/2;
elseif flux ==
Fcdipl2 = a*(URip12+ULip12)/2;
Fcdiml2 = a*(URim12+ULim12)/2;
elseif flux == 3
Fcdipl2 = a/16x(-Uip2+9*Uip1+9*Ui-Uiml) ;
Fcdiml2 = a/16%(-Uip1+9%Ui+9*Uim1-Uim2) ;
elseif flux == 4
Fcdipl2 = a/256x(3*Uim2-25%Uim1+150%Ui+150%Uipl-25%Uip2+3+Uip3) ;
Fcdiml2 = a/256% (3*Uim3-25%Uim2+150%Uim1+150%Ui-26*%Uip1+3*Uip2) ;
end

fipl2 = Fcdip12-0.5%a* (URip12-ULip12);
fim12 = Fcdim12-0.5%ax(URim12-ULin12) ;

S = a;

dt = dx/Sxcfl;

Lo 1/dx*(fim12-£ip12);
Ul = U+dt*L0;

[Uim3, Uim2, Uimi, Ui, Uipl, Uip2, Uip3] = U_setup(U1);

if rec ==
URipi2 =
ULip12 =
URim12 =
ULim12 =
elseif rec == 1
URipl2 = Uipi;
ULipl2 = Ui;
URiml12 = Ui;
ULiml2 = Uimi;
elseif rec ==
[URip12, ULip12, URiml2, ULim12] = MUSCL_fast(U);
elseif rec ==
[URip12, ULip12, URiml12, ULiml12] = WENO3_fast(U);
elseif rec ==
[URip12, ULip12, URim12, ULiml12] = WENO5_fast(U);

H

o © O o

H

end

if flux ==
Fcdip12 = a*(Ui+Uip1)/2;
Fcdiml2 = ax(Uiml+Ui)/2;
elseif flux == 2
Fcdip12 = ax(URip12+ULip12)/2;
Fcdiml12 = a*(URim12+ULim12)/2;
elseif flux == 3
Fcdip12 = a/16x(-Uip2+9*Uip1+9*Ui-Uiml) ;
Fcdiml2 = a/16%(-Uip1+9%Ui+9*Uim1-Uim2) ;
elseif flux == 4
Fcdipl2 = a/256x(3%Uim2-25%Uim1+150%Ui+150%Uipl-26%Uip2+3+Uip3) ;
Fcdiml2 = a/256% (3*Uim3-256%Uim2+150%Uim1+150%xUi-26*%Uip1+3*Uip2) ;
end

£ip12 = Fcdip12-0.5%ax(URip12-ULip12);
fim12 = Fcdim12-0.5%ax (URim12-ULin12) ;

L1 = 1/dx*(fim12-fip12);
U2 = 3/4*U+1/4*U1+1/4%dt*L1;

[Uim3, Uim2, Uimi, Ui, Uipl, Uip2, Uip3] = U_setup(U2);

if rec ==
URipl12 = 0;
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ULip12 = 0;

URimi12 = 0;
ULimi2 = 0;
elseif rec == 1
URip12 = Uipil;
ULip12 = Ui;
URim12 = Ui;

ULiml2 = Uimi;
elseif rec ==

[URip12, ULip12, URim12, ULim12] = MUSCL_fast(U);
elseif rec ==

[URip12, ULip12, URim12, ULim12] = WENO3_fast(U);
elseif rec ==

[URip12, ULip12, URiml12, ULim12] = WENO5_fast(U);
end

if flux ==
Fcdip12 = ax(Ui+Uip1)/2;
Fcdiml2 = a*(Uiml+Ui)/2;
elseif flux ==
Fcdipl2 = a*(URip12+ULip12)/2;
Fcdim12 = a*(URim12+ULim12)/2;
elseif flux == 3
Fcdipl2 = a/16%(-Uip2+9%Uip1+9xUi-Uiml) ;
Fcdiml2 = a/16%(-Uip1+9%Ui+9*Uim1-Uim2) ;
elseif flux == 4
Fcdipl2 = a/256x(3*Uim2-25%Uim1+150%Ui+150%Uipl-25%Uip2+3+Uip3) ;
Fcdiml2 = a/256+%(3*Uim3-25*Uim2+150*Uim1+150*Ui-25*Uip1+3*Uip2) ;
end

fip12 = Fcdip12-0.5*a*(URip12-ULip12);
fim12 = Fcdim12-0.5%a*(URim12-ULim12) ;
L2 = 1/dx*(fim12-fip12);

Unp = 1/3%U+2/3%U2+2/3%dt*L2;

U = Unp;

time = time+dt;
k = k+1;
end
XX = x-axtime;
end

% Plotting
figure(1)
plot(xx,U,’k--.’ ,xxx,actual, ’k’)
if type ==
axis([-1 1 0 11)
elseif type ==
axis([0 1 0 1.2])
elseif type ==
axis([-0.5 0.5 0 1.2])
elseif type ==
axis([-0.1 0.05 -0.4 1.2])
end
title(’Q vs x’)
xlabel(’x’)
ylabel(’Q’)

toc
WENO scheme for the 2D linear advection equation

clear,clc
close all
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t =1.5; % Time

scheme = 3; % Scheme (1=Euler, 3=TVD-RK3, 4=RK4)

flux = 2; % flux (1=CD2, 2=WENO, 3=CD4, 4=CD6)

rec = 5; % Order of WENO Scheme (3=3rd order, 5=5th order)

type = 1; % Test Problem (1=2D step profile, 2=2D sinusoidal profile, 3=double step profile)
cfl = 0.01; % CFL number (<1)

a =1; Y% Velocity
n = 46; % Number of cells (time dependent)

m = n;
dx = 1/(n-1);
dy = dx;

xstart = 0;
xend = 1;

x = linspace(xstart,xend,n);

ystart = 03
yend = 1;
y = linspace(ystart,yend,n);

if rec ==

nn = rec+2;

extra_gc = 2*nn;
elseif rec ==

nn = rec+l;

extra_gc = 2*nn;
elseif rec ==

nn = rec+l;

extra_gc = 2*nn;
elseif rec ==

nn = rec;

extra_gc = 2%nn;
else

fprintf (’error order must be 3 or 5\n’)
end

% setting up initial U
U = zeros(nt+extra_gc,n+extra_gc);
rowl = max(length(U));

if type ==
rowL = max(length(U));
for i = 1:nn
U((1+nn) :rowlL,i) = 1;
end
elseif type ==
rowlL = max(find(y<0.3414));
for i = 1:rowlL
for j = 1:nn
U(i+nn-1,j) = sin(pi/2*max(1-abs(y(i)-0.1707)/0.1707,0));
end
end
elseif type ==
rowl = max(find(y<0.3));
for i = 1:nn

U((1+nn) :rowL+1+nn,i) = 1;

end
end
Ul = U;
U2 = U;
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time = 0; % Initial time
k = 0; % Initial k (used for debugging/Iteration number)

% Roe-WENO TVD-RK3
if scheme ==
while time<t
for i = l:n+extra_gc
for j = l:mt+extra_gc

if i <= nn
fim12(i,j)
fip12(4,j) =
gjm12(i,j) =
gjpl2(i,j) = 0;

elseif i > n-nn+extra_gc
fim12(i,j) = 0;
£ip12(i,j) =0
gjm12(i,j) = 0;
gjp12(i,j) = 0

elseif j <= nn
£im12(i,j) =
fip12(i,j) =
gjm12(i,j) =
gjp12(i,j) = 0;

elseif j > n-nn+extra_gc
£im12(i,j) = 0;
fip12(i,j) =
gjm12(i,j) =
gjp12(i,j) =

else

i
o O O

I
o O O

[
o O o

if rec ==
UR_ip12_j = U(i+1,j);
UL_ip12_j = U(4i,j);
UR_i_jp12 = U(i,j+1);
UL_i_jp12 = U(i,j);
UR_im12_j = U(i,j);
UL_im12_j = U(i-1,3);
UR_i_jmi2 = U(i,j);
UL_i_jmi2 = U(i,j-1);
elseif rec == 2
[UR_ip12_j, UL_ip12_j, UR_i_jp12, UL_i_jp12] = MUSCL_2D(U,i,j);
[UR_im12_j, UL_iml12_j, nal, na2] = MUSCL_2D(U,i-1,j);
[na3, na4, UR_i_jmi12, UL_i_jm12] = MUSCL_2D(U,i,j-1);
elseif rec ==
[UR_ip12_j, UL_ip12_j, UR_i_jp12, UL_i_jp12] = WENO3_2D(U,i,j);
[UR_im12_j, UL_imi2_j, nal, na2] = WENO3_2D(U,i-1,3);
[na3, na4, UR_i_jml2, UL_i_jm12] = WENO3_2D(U,i,j-1);
elseif rec ==
[UR_ip12_j, UL_ip12_j, UR_i_jp12, UL_i_jp12] = WENO5_2D(U,i,j);
[UR_im12_j, UL_im12_j, nai, na2] = WENO5_2D(U,i-1,3);
[na3, na4, UR_i_jm12, UL_i_jm12] = WENO5_2D(U,i,j-1);
end

if flux == 1
Fcdip12 = a*(U(i,j)+U(i+1,3))/2;
Fediml2 = a*(U(i-1,3)+U(i,3))/2;
Gedjpl2 = ax(U(i, ) +U(i,j+1))/2;
Gedjm12 = ax(U(i,j-1)+U(1,3))/2;
elseif flux ==
Fcdipl12 = ax(UR_ipl12_j+UL_ip12_j)/2;
Fcdim12 = ax(UR_iml12_j+UL_im12_j)/2;
Gedjpl2 = ax(UR_i_jpl2+UL_i_jp12)/2;
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Gedjmi2 = ax(UR_i_jm12+UL_i_jm12)/2;

elseif flux ==
Fcdip12 = a/16%(-U(i+2,3)+9*U(i+1,j)+9*U(i,j)-U(i-1,5));
Fediml2 = a/16%(-U(i+1,3)+9+U(i,j)+9*U(i-1,3)-U(i-2,3));
Gedjpl2 = a/16%(-U(i,j+2)+9xU(i,j+1)+9¥U(i,j)-U(1i,j-1));
Gedjm12 = a/16%(-U(i,j+1)+9*U(i,j)+9*U(i,j-1)-U(i,j-2));

elseif flux == 4
Fcdipl2 = a/256%(3*U(i-2,3j)-25*%U(i-1,j)+150%U(i,j)+150*U(i+1,j)-25*U(i+2,3)+3*U(i+3,3));
Fcdiml2 = a/256%(3%U(i-3,j)-25%U(i-2,j)+150%U(i-1,j)+150%U(i,j)-25*U(i+1,3)+3*xU(i+2,3));
Gedjpl2 = a/256%(3%U(i,j-2)-25%U(i,j-1)+150%U (i, )+150%U(i,j+1)-25%U(i, j+2)+3%U(i,j+3));
Gedjml2 = a/256%(3%U(i,j-3)-25%U(i,j-2)+150%U(i,j-1)+150%U(i,j)-26%U(i,j+1)+3%xU(i,j+2));

end
£ip12(i,j) = Fcdip12-0.5%ax(UR_ipl12_j-UL_ip12_j);
£im12(i,j) = Fcdiml2-0.5%ax(UR_im12_j-UL_iml2_j);

gjp12(i,j) = Gcdjp12-0.5%ax(UR_i_jp12-UL_i_jp12);
gjm12(i,j) = Gcdjm12-0.5%a*(UR_i_jm12-UL_i_jmi12);
end

S = a;

dt = dx/Sxcfl;

LO = 1/dxx(fim12-fipl12)+1/dy*(gjml2-gjp12);

Ul(1+nn:n+nn,1+nn:n+nn) = U(l+nn:n+nn,l+nn:n+nn)+dt*L0O(1+nn:n+nn,1+nn:n+nn);

for i = 1:nn
Ul(n+extra_gc-i+1,:) = Ul(n+extra_gc-nn,:);
U1(:,n+extra_gc-i+1) = U1(:,n+extra_gc-nn);
end

for i = 1:n+extra_gc
for j = l:mt+extra_gc
if i <= nn

£im12(i,j) = 0;
fip12(i,j) = 0;
gjmi2(i,j) = 0;
gjp12(i,j) = 0;

elseif i > n-nn+extra_gc
fim12(i,j) = 0;
£ip12(i,j) =0
gjm12(i,j) = 0;
gjp12(i,j) =0
elseif j <= nn
fim12(i,j) =0
£ip12(i,j) = 0;
gjm12(i,j) =0
gjp12(i,j) = 0;
elseif j > n-nn+extra_gc
£fim12(i,j) = 0;
fip12(i,j) = 0;
gjm12(i,j) = 0;
gjp12(i,j) =0
else

5

if rec ==
UR_ip12_j = U(i+1,3);
UL_ip12_j = U(i,j);
UR_i_jpl2 = U(i,j+1);
UL_i_jpl2 = U(i,j);
UR_im12_j = U(i,j);
UL_im12_j = U(i-1,3);
UR_i_jml2 = U(i,j);
UL_i_jml2 = U(i,j-1);
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elseif rec ==
[UR_ip12_j, UL_ip12_j, UR_i_jp12, UL_i_jp12] = MUSCL_2D(U,i,j);
[UR_im12_j, UL_imi12_j, nal, na2] = MUSCL_2D(U,i-1,j);
[na3, na4, UR_i_jmi12, UL_i_jm12] = MUSCL_2D(U,i,j-1);

elseif rec ==
[UR_ip12_j, UL_ip12_j, UR_i_jp12, UL_i_jp12] = WENO3_2D(U,i,j);
[UR_im12_j, UL_imi2_j, nal, na2] = WENO3_2D(U,i-1,3);
[na3, na4, UR_i_jm12, UL_i_jm12] = WENO3_2D(U,i,j-1);

elseif rec ==
[UR_ip12_j, UL_ip12_j, UR_i_jp12, UL_i_jp12] = WENO5_2D(U,i,j);
[UR_im12_j, UL_im12_j, nal, na2] = WENO5_2D(U,i-1,j);
[na3, na4, UR_i_jml12, UL_i_jm12] = WENO5_2D(U,i,j-1);

end

if flux == 1
Fcdipl2 = a*(UL(i,j)+UL(i+1,3))/2;
Fcdim12 = ax(U1(i-1,j)+U1(i,j))/2;
Gedjpl2 = ax(UL(i,j)+U1(i,j+1))/2;
Gedjm12 = ax(UL(i,j-1)+U1(i,j))/2;
elseif flux ==
Fcdip12 = ax(UR_ip12_j+UL_ip12_j)/2;
Fcdim12 = a*(UR_im12_j+UL_im12_j)/2;
Gedjpl2 = ax(UR_i_jp12+UL_i_jp12)/2;
Gedjmi2 = ax(UR_i_jm12+UL_i_jm12)/2;
elseif flux == 3
Fcdipl2 = a/16%(-U1(i+2,3)+9*U1(i+1,j)+9*U1(i,])-U1(i-1,3i));
Fcdiml2 = a/16%(-U1(i+1,j)+9%UL(i,j)+9%UL(i-1,3)-U1(i-2,3));
Gedjpl2 = a/16%(-U1(i,j+2)+9*U1(i,j+1)+9*U1(i, )-UL1(i,j-1));
Gedjml2 = a/16%(-U1(di,j+1)+9%UL (i, )+9%UL(i,j-1)-U1(i,j-2));
elseif flux == 4
Fcdipl2 = a/256%(3%U(i-2,3)-25%U(i-1,3)+150%U(i,j)+150%U(i+1,])-25%U(i+2,i)+3*U(i+3,j));
Fcdiml2 = a/256(3xU(i-3,3)-25%U(i-2,j)+150%U(i-1,3)+150%U(i,j)-26%xU(i+1,)+3*U(i+2,3));
Gedjpl2 = a/266%(3*U(i, j-2)-26%U(i,j-1)+160%U(i, j)+150%U(i, j+1)-26*%U(i, j+2)+3+U(i,j+3));
Gedjmi2 = a/256%(3*U(i, j-3)-26%U(i,j-2)+160*U(i,j-1)+160%U(i, j)-26%U(i, j+1)+3*U(i,j+2));
end

£ip12(i,j) = Fcdip12-0.5%ax(UR_ip12_j-UL_ip12_j);
£im12(i,j) = Fedim12-0.5%a*(UR_im12_j-UL_im12_j);
gjp12(i,j) = Gcdjpl2-0.5%a*(UR_i_jpl2-UL_i_jpl12);
Gedjm12-0.5%a* (UR_i_jm12-UL_i_jm12) ;

gjm12(i,j)
end
end
end

S = a;

dt = dx/S*cfl;

L1 = 1/dxx(£im12-£ip12)+1/dy*(gjml2-gjp12);

U2(1+nn:n+nn,1+nn:n+nn) = 3/4*U(l+nn:n+nn,1l+nn:n+nn)+1/4*U1(1+nn:n+nn,1+nn:n+nn)+1/4*dt*L1(1+nn:n+nn,l+nn:n+nn);

for i = 1:nn
U2(n+extra_gc-i+1,:) = U2(n+extra_gc-nn,:);
U2(:,ntextra_gc-i+1) = U2(:,n+extra_gc-nn);
end

for i = l:ntextra_gc
for j = l:mtextra_gc
if i <= nn
£fim12(i,j)
£fip12(i,j)
gjm12(i,j)
gip12(i,j) = 0;
elseif i > n-nn+extra_gc
£im12(i,j) = 0;
fip12(i,j) = 0;

H

0
03
0

95



else

gjm12(i,j) =
gijp12(i,j) =

if j <= nn
fim12(i,3)
£ip12(i,j)
gjm12(i, j)
gjp12(i,j)

elseif j > n-nn+extra_gc

else

end

£im12(4,3)
£ip12(i,3)
gjm12(4,j)
gjp12(i,j)

if rec ==

UR_ip12_j
UL_ip12_j
UR_i_jp12
UL_i_jp12
UR_im12_j
UL_im12_j
UR_i_jm12
UL_i_jm12

elseif rec ==
[UR_ip12_j, UL_ip12_j, UR_i_jp12, UL_i_jpi2] = MUSCL_2D(U,i,j);
[UR_im12_j, UL_imi2_j, nal, na2] = MUSCL_2D(U,i-1,3);
[na3, na4, UR_i_jm12, UL_i_jm12] = MUSCL_2D(U,i,j-1);

elseif rec ==
[UR_ip12_j, UL_ip12_j, UR_i_jp12, UL_i_jp12] = WENO3_2D(U,i,j);
[UR_im12_j, UL_im12_j, nal, na2] = WENO3_2D(U,i-1,3);
[na3, na4, UR_i_jml12, UL_i_jm12] = WENO3_2D(U,i,j-1);

elseif rec ==
[UR_ip12_j, UL_ip12_j, UR_i_jp12, UL_i_jp12] = WENO5_2D(U,i,j);
[UR_im12_j, UL_im12_j, nal, na2] = WENO5_2D(U,i-1,3);
[na3, na4, UR_i_jm12, UL_i_jmi2] = WENO5_2D(U,i,j-1);

end

if flux ==
Fcdip12
Fcdiml2
Gedjpl2
Gedjmi2
elseif flux
Fcdipl2
Fcdim12
Gedjpl2
Gcdjm12
elseif flux
Fcdipl2
Fcdiml12
Gcdjpl2
Gcdjmi2
elseif flux
Fcdip12
Fcdimi2
Gedjpl2
Gedjmi2
end

£ip12(i,3)
£im12(i,3)
gjp12(i,j)
gjm12(i, j)

0;
0;
0;
0

5

= U(i+1,j);
= U(i,j);
= U®i,j+1);
= U®i,j);
= U®i,j);
= U(i-1,3);
= U®i,j);
= U(i,j-1);

ax(U2(d,3)+U2(i+1,3))/2;

ax(U2(i-1,3)+U2(i,3j))/2;

ax(U2(i,3)+U2(1,j+1))/2;

ax(U2(i,j-1)+02(i,3))/2;

=2

ax(UR_ip12_j+UL_ip12_j)/2;

ax(UR_im12_j+UL_im12_j)/2;

ax(UR_i_jpl12+UL_i_jp12)/2;

a*(UR_i_jm12+UL_i_jm12)/2;

=3

a/16% (-U2(1i+2, i) +9%U2(i+1,3) +9+U2(4i, j)-U2(i-1,3));

a/16% (-U2(i+1,j)+9+U2(i,j)+9*U2(i-1,j)-U2(i-2,3));

a/16%(-U2(i, j+2)+9*U2(i,j+1) +9%U2(i, j)-U2(i,j-1));

a/16%(-U2(i, j+1)+9*U2(i, ) +9*U2(i,j-1)-U2(i,j-2));

=4
a/266*(3%U(i-2,j)-25%U(i-1,j)+160*U(i, ) +160%U(i+1,j)-26%U(i+2,j)+3*U(i+3,j));
a/256% (3*U(i-3,j)-25+U(i-2,j)+150%U(i-1,j)+150%U (i, ) -25%U(i+1,j)+3*U(i+2,j));
a/266% (3*U (i, j-2) -25%U(i,j-1)+150%U (i, j)+150%U (i, j+1)-25*%U (i, j+2) +3*U(i,j+3));
a/256% (3*U(i,j-3)-25+U(i,j-2)+150%U(i, j-1)+150%U(i,j)-25%U (i, j+1)+3*U(i,j+2));

Fcdip12-0.5%a* (UR_ip12_j-UL_ip12_j);
Fcdim12-0.5%a* (UR_im12_j-UL_im12_j);
Gedjp12-0.5*a* (UR_i_jp12-UL_i_jp12);
Gedjm12-0.5%ax (UR_i_jm12-UL_i_jm12);
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end
end

S =a;

dt = dx/S*cfl;

L2 = 1/dxx(fim12-fip12)+1/dy*(gjmi2-gjp12);

Unp(1+nn:n+nn,i+nn:n+nn) = 1/3*U(1+nn:n+nn,1+nn:n+nn)+2/3+U2(1+nn:n+nn, 1+nn:n+nn)+2/3*dt*L2(1+nn:n+nn, 1+nn:n+nn) ;

U(1+nn:n+nn,1+nn:n+nn) = Unp(l+nn:n+nn,i+nn:n+nn);

for i = 1:nn
U(ntextra_gc-i+1,:) = U(nt+extra_gc-nn,:);
U(:,n+extra_gc-i+1) = U(:,n+extra_gc-nn);
end

time = time+dt;
k = kt+1;
end
end

% Plotting

Unew = U((1+nn) :n+nn, (1+nn) :n+nn) ;
[X,Y] = meshgrid(x,y);

y08 = max(£ind(y<0.8));

for i = 1:n
yO = Unew(y08,1i);
y1 = Unew(y08+1,1i);
x0 = x(y08);
x1 = x(y08+1);
xx(i,1) = (y0*(x1-0.8)+y1x(0.8-x0))/(x1-x0) ;
end
figure(1)
contourf (X,Y,Unew)

figure(2)
plot(x,xx)

fprintf ( > *****************************************************************\n’ )
fprintf (’Iteration = %1.0f\n’,k)
fprintf (Run Time = %1.3f [s]\n’,toc)

Functions

function [URip12,ULip12,URim12,ULim12] = MUSCL_fast (U)

phi_type = 1;
kappa = 1;
ep = 1le-10;

n = length(U);
Uim2 = U(2:n-5,1);
Uiml = U(3:n-4,1);
Ui = U(4:n-3,1);
Uipl = U(5:n-2,1);
Uip2 = U(6:n-1,1);

Ui = [0; 0; 0; Ui; 0; 0; 0];

Uiml = [0; 0; 0; Uiml; 0; 0; 0];
Uim2 = [0; 0; 0; Uim2; 0; 0; 0];
Uipl = [0; 0; O; Uipl; 0; 0; 0];
Uip2 = [0; 0; 0; Uip2; 0; 0; 0];

ripl = (Ui-Uiml+ep)./(Uip1l-Ui+ep);
riml = (Uiml-Uim2+ep)./(Ui-Uiml+ep);
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% limiter
if phi_type == 1 % Minmod
phiipl = max(0,min(1,rip1));
phiiml = max(0,min(1,rim1));
elseif phi_type == 2 7 van Leer
phiipl = (ripi+abs(rip1))./(1+abs(ripl));
phiiml = (riml+abs(riml))./(1+abs(riml));
elseif phi_type == 3 ’ Barth-Jesperson
phiipl = 0.5%(rip1+1).*min(min(1,4*ripl./(rip1+1)),min(1,4./(rip1+1)));
phiiml = 0.5%(rimi+1) .*min(min(1,4*riml./(rim1+1)),min(1,4./(rim1+1)));
elseif phi_type == 4 7 Superbee
phiipl = max(max(0,min(1,2*rip1)),min(2,rip1));
phiiml = max(max(0,min(1,2*riml)),min(2,riml1));
elseif phi_type == 5 % van albada
phiipl = 2*rip1./(ripl.~2+1);
phiiml = 2xrimi./(riml. 2+1);
end

% Reconstruction

URip12 = Uipl-phiip1/4.x((1+kappa)*(Uip1-Ui)+(1-kappa)* (Uip2-Uip1));
ULip12 = Ui+phiipl/4.*((1-kappa)*(Ui-Uim1)+(1+kappa)*(Uipl-Ui));
URim12 = Ui-phiim1/4.*((1+kappa)*(Ui-Uiml)+(1-kappa)*(Uip1-Ui)) ;
ULim12 = Uiml+phiiml/4.x*((1-kappa)*(Uim1-Uim2)+(1+kappa)* (Ui-Uiml1));
end

function [URip12, ULip12, URjp12, ULjp12] = MUSCL_2D(U,i,3)

phi_type = 1;
kappa = 1;
lam = 1;

ep = 1le-10;

% i’s

% r’s

ripl = (U(i,3)-U(i-1,j)+ep)/(U(i+1,3)-U(i,j)+ep);
riml = (U(i-1,j)-U(i-2,j)+ep)/(U(i,j)-U(i-1,j)+ep);

% limiter
if phi_type == 1 J Minmod
phiipl = max(0,min(1,rip1));
phiiml = max(0,min(1,riml));
elseif phi_type == 2 % van Leer
phiipl = (ripl+abs(rip1))/(1+abs(ripl));
phiiml = (riml+abs(riml))/(1+abs(riml));
elseif phi_type == 3 ’ Barth-Jesperson
phiipl = 0.5*%(ripl+1)#*min(min(1,4*ripl/(ripi+1)),min(1,4/(rip1+1)));
phiiml = 0.5%(rimi+1)*min(min(1,4*rim1/(rim1+1)) ,min(1,4/(rimi+1)));
elseif phi_type == 4 7 Superbee
phiipl = max(max(0,min(1,2*rip1)),min(2,rip1));
phiiml = max(max(0,min(1,2*rim1)),min(2,riml));
elseif phi_type == 5 % van albada
phiipl = 2xrip1/(rip172+1);
phiiml = 2*riml/(rimi1~2+1);
end

% Reconstruction
URip12 = U(i+1,j)-phiip1/4/lam*((1+kappa)*(U(i+1,3)-U(i,j))+(1-kappa)*(U(i+2,j)-U(i+1,j)));
ULip12 = U(i,j)+phiip1/4/lam((1-kappa)*(U(i,j)-U(i-1,j))+(1+kappa)*(U(i+1,3j)-U(i,j)));

% j’s

rjpl = (U@i,§)-UG,j-1)+ep) /(U(4, j+1)-U(i,j) +ep) ;
rjmi = (U(i,j-1)-U(i,j-2)+ep)/(U(i,i)-U(i,j-1)+ep);
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% limiter
if phi_type == 1 J Minmod
phijpl = max(0,min(1,rjp1));
phijml = max(0,min(1,rjml));
elseif phi_type == 2 7 van Leer
phijpl = (rjpil+abs(rjpl))/(1+abs(rjpl));
phijml = (rjmi+abs(rjmi))/(1+abs(rjml));
elseif phi_type == 3 ’ Barth-Jesperson
phijpl = 0.5*%(rjpl+1)*min(min(1,4*rjpl/(rjpi+1)),min(1,4/(rjpl+1)));
phijml = 0.5*%(rjml+1)*min(min(1,4%rjml/(rjmi+1)),min(1,4/(rjmi+1)));
elseif phi_type == 4 7 Superbee
phijpl = max(max(0,min(1,2*rjp1)),min(2,rjpl));
phijml = max(max(0,min(1,2*rjm1)),min(2,rjml));
elseif phi_type == 5 % van albada
phijpl = 2*rjp1/(rjpl~2+1);
phijml = 2*rjmi/(rjmi~2+1);
end

% Reconstruction

URjp12 = U(i,j+1)-phijpl/4/lam* ((1+kappa)*(U(i,j+1)-U(i,j))+(1-kappa)* (U(i,j+2)-U(i,j+1)));
ULjp12 = U(i,j)+phijpl/4/lam* ((1-kappa)*(U(i,j)-U(i,j-1))+(1+kappa)*(U(i,j+1)-U(i,3)));
end

function [URip12, ULip12, URiml12, ULim12] = WENO3_fast(U)
% Hayden Arceneaux

% 10-11-2018

% WENO5 interpolation scheme for linear advection equation du/dt+a*du/dx=0
% Inputs:

% U - advected quanity

% i - cell face

% Outputs:

%  URip12 - reconstructed right cell face Ui+1/2

%  ULip12 - reconstructed left cell face Ui+i/2

%  URiml12 - reconstructed right cell face Ui-i/2

%  ULiml12 - reconstructed left cell face Ui-i/2

n = length(U);

C1 = 1/3;
Cc2 = 2/3;
ep = le-6;
p=2

Uim3 = U(1:n-6,1);
Uim2 = U(2:n-5,1);
Uiml = U(3:n-4,1);
Ui = U(4:n-3,1);

Uipl = U(5:n-2,1);
Uip2 = U(6:n-1,1);
Uip3 = U(7:n,1);

Ui = [0; 0; 0; Ui; 0; 0; 01;

Uim1 = [0; 0; 0; Uiml; 0; 0; 0];
Uim2 = [0; 0; 0; Uim2; 0; 0; 0];
Uim3 = [0; 0; 0; Uim3; 0; 0; 0];
Uipl = [0; 0; O; Uipl; 0; 0; 0];
Uip2 = [0; 0; 0; Uip2; 0; 0; 0];
Uip3 = [0; 0; 0; Uip3; 0; 0; 0];

% URi+1/2
181 = (Uip2-Uipl).-2;
IS2 = (Uip1-Ui)."2;

alphal = C1./(ep+IS1)."p;
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alpha2 = C2./(ep+IS2)."p;
alphatot = alphal+alpha2;

omegal = alphal./alphatot;
omega2 = alpha2./alphatot;

ql = 3/2%Uip1-1/2%Uip2;
q2 = 1/2%Ui+1/2%Uipl;

URip12 = omegal.*ql+omega2.*q2;

% ULi+1/2
ISt = (Ui-Uim1).-2;
IS2 = (Uip1-Ui).-2;

alphal = C1./(ep+IS1)."p;
alpha2 = C2./(ep+IS2).7p;
alphatot = alphal+alpha2;

omegal = alphal./alphatot;
omega2 = alpha2./alphatot;

ql = 3/2%Ui-1/2xUiml;
q2 = 1/2%Ui+1/2%Uipl;

ULip12 = omegal.*ql+omega2.*q2;

% URi-1/2
IS1 = (Uip1l-Ui)."2;
IS2 = (Ui-Uiml)."2;

alphal = C1./(ep+IS1). p;
alpha2 = C2./(ep+IS2).7p;
alphatot = alphal+alpha2;

omegal = alphal./alphatot;
omega2 = alpha2./alphatot;

3/2%Ui-1/2%Uip1;
1/2%Uim1+1/2%Ui;

ql
q2

URiml12 = omegal.*ql+omega2.*q2;

% ULi-1/2
IS1 = (Uiml-Uim2)."2;
IS2 = (Ui-Uiml)."2;

alphal = C1./(ep+IS1). p;
alpha2 = C2./(ep+IS2). p;
alphatot = alphal+alpha2;

omegal = alphal./alphatot;
omega2 = alpha2./alphatot;

ql = 3/2%Uim1-1/2*Uim2;
q2 = 1/2¥Uim1+1/2%Ui;

ULiml12 = omegal.*ql+omega2.*q2;
end

function [URip12, ULip12, URiml12, ULiml12] = WENO5_fast(U)

% Hayden Arceneaux

% 10-10-2018

% WENO5 interpolation scheme for linear advection equation du/dt+axdu/dx=0
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% Inputs:

% U - advected quanity

% Outputs:

% URip12 - reconstructed right cell face Ui+1/2
% ULip12 - reconstructed left cell face Ui+i/2
% URim12 - reconstructed right cell face Ui-i/2
% ULim12 - reconstructed left cell face Ui-i/2

n = length(U);

Co = 0.1;

Cl = 0.6;

C2 = 0.3;

ep = le-6;

P=2

Uim3 = U(1:n-6,1);
Uim2 = U(2:n-5,1);
Uiml = U(3:n-4,1);
Ui = U(4:n-3,1);
Uipl = U(5:n-2,1);
Uip2 = U(6:n-1,1);

Uip3 = U(7:n,1);

Ui = [0; 0; 0; Ui; 0; 0; 0];

Uiml = [0; 0; O; Uimi; 0; 0; 0];
Uim2 = [0; 0; 0; Uim2; 0; 0; 0];
Uim3 = [0; 0; 0; Uim3; 0; 0; 0];
Uipl = [0; 0; O; Uipl; 0; 0; 0];
Uip2 = [0; 0; 0; Uip2; 0; 0; 01;
Uip3 = [0; 0; 0; Uip3; 0; 0; 01;

% URi+1/2

IS0 = 13/12.%(Uipl-2+#Uip2+Uip3) . 2+1/4.* (3xUipl-4xUip2+Uip3) . 2;
IS1 = 13/12.%(Ui-2+Uip1+Uip2) . 2+1/4.*(Ui-Uip2)."2;

IS2 = 13/12.%(Uiml-2%Ui+Uipl) . 2+1/4.*(Uiml-4+Ui+3*Uipl) . 2;

alpha0 = CO./(ep+IS0). p;
alphal = C1./(ep+IS1)."p;
alpha2 = C2./(ep+IS2)."p;
alphatot = alphaO+alphal+alpha2;

omega0 = alpha0./alphatot;
omegal = alphal./alphatot;
omega2 = alpha2./alphatot;

q0 = (2*Uip3-7*Uip2+11*Uip1)/6;
ql = (-Uip2+5*Uip1+2xUi)/6;
q2 = (2+Uipl+5*Ui-Uiml)/6;

URip12 = omegal.*qO0+omegal.*ql+omega2.*q2;

% ULi+1/2

IS0 = 13/12.*(Uim2-2+Uim1+Ui) ."2+1/4.* (Uim2-4+Uim1+3%Ui) ."2;
IS1 = 13/12.%(Uiml-2#Ui+Uipl) ."2+1/4.*(Uiml-Uip1) . 2;

IS2 = 13/12.%(Ui-2+Uip1+Uip2) . 2+1/4.*(3xUi-4+Uip1+Uip2) . 2;

alpha0 = CO./(ep+IS0)."p;
alphal = C1./(ep+IS1)."p;
alpha2 = C2./(ep+IS2).7p;
alphatot = alphaO+alphal+alpha2;

omega0 = alpha0./alphatot;
omegal = alphal./alphatot;

101



omega2 = alpha2./alphatot;

q0 = (2*Uim2-7*Uiml+11xUi)/6;
ql = (-Uim1+6xUi+2xUip1)/6;
q2 = (2*Ui+b*Uip1-Uip2)/6;

ULip12 = omegal.*qO0+omegal.*ql+omega2.*q2;

% URi-1/2

IS0 = 13/12.*(Ui-2*Uip1+Uip2) . 2+1/4.%(3*¥Ui-4*Uip1+Uip2) . 2;
IS1 = 13/12.%(Uim1-2%Ui+Uip1) . 2+1/4.*(Uim1-Uipl) ."2;

IS2 = 13/12.%(Uim2-2%Uim1+Ui) . "2+1/4. % (Uim2-4*Uim1+3*Ui) ."2;

alpha0 = CO./(ep+IS0)."p;
alphal = Cl1./(ep+IS1).7p;
alpha2 = C2./(ep+IS2).7p;
alphatot = alphaO+alphal+alpha2;

omega0 = alpha0./alphatot;
omegal = alphal./alphatot;
omega2 = alpha2./alphatot;

q0 = (2%Uip2-7+Uipl+11%Ui)/6;
ql = (-Uip1+6xUi+2xUim1)/6;
q2 = (2*Ui+b*Uin1-Uim2)/6;

URim12 = omegal.*qO0+omegal.*ql+omega2.*q2;

% ULi-1/2

IS0 = 13/12.*(Uim3-2*Uim2+Uiml) . "2+1/4.* (Uim3-4*Uim2+3*Uim1) .~ 2;
IS1 = 13/12.%(Uim2-2%Uim1+Ui) . "2+1/4.* (Uim2-Ui) ."2;

182 = 13/12.%(Uim1-2*%Ui+Uipl) . 2+1/4 . *(3*Uiml-4*Ui+Uip1) . 2;

alpha0 = CO./(ep+IS0)."p;
alphal = C1./(ep+IS1).7p;
alpha2 = C2./(ep+IS2).7p;
alphatot = alphaO+alphal+alpha2;

omega0 = alpha0./alphatot;
omegal = alphal./alphatot;
omega2 = alpha2./alphatot;

q0 = (2%Uim3-7*Uim2+11*Uiml)/6;
ql = (-Uim2+5%Uiml1+2xUi)/6;
q2 = (2*Uim1+5%Ui-Uip1)/6;

ULiml12 = omega0.*qO0+omegal.*ql+omega2.*q2;
end

function [URip12, ULip12, URjp12, ULjp12] = WENO3_2D(U,i,j)

% Hayden Arceneaux

% 1-7-2019

% WENO5 interpolation scheme for linear advection equation du/dt+axdu/dx=0
% Inputs:

% U - advected quanity

% 1 - cell face

% Outputs:

%  URipl2 - reconstructed right cell face

%  ULipl2 - reconstructed left cell face

Ccl = 1/3;
Cc2 = 2/3;
ep = le-6;
P=2
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Y% URi+1/2,]
IS = (U(i+2,3)-Ui+1,3))2;
182 = (U(Gi+1,§)-U(i,3))"2;

alphal = C1/(ep+IS1) p;
alpha2 = C2/(ep+IS2)°p;
alphatot = alphal+alpha2;

omegal = alphal/alphatot;
omega2 = alpha2/alphatot;

ql = 3/2%U(i+1,j)-1/2%U(i+2,j);
q2 = 1/2*%U(i,j)+1/2%U(i+1,3);

URipl2 = omegal*ql+omega2xq2;

Y% ULi+1/2,3
ISt = (U(i,j)-U(i-1,3))"2;
182 = (U(i+1,§)-U(i,3))"2;

alphal = C1/(ep+IS1) p;
alpha2 = C2/(ep+IS2) p;
alphatot = alphal+alpha2;

omegal = alphal/alphatot;
omega2 = alpha2/alphatot;

3/2+%U(1,3)-1/2%U(i-1,]);
1/24U(i,§) +1/2%U(i+1,3);

ql
q2

ULip12 = omegal*ql+omega2xq2;

Y% URi,j+1/2
IS1 = (U(4,j+2)-U(i,j+1))"2;
182 = (U(i,j+1)-U(i,§))"2;

alphal = C1/(ep+IS1) p;
alpha2 = C2/(ep+IS2) p;
alphatot = alphal+alpha2;

omegal = alphal/alphatot;
omega2 = alpha2/alphatot;

ql = 3/2%U(i,j+1)-1/2%U(i,j+2);
q2 = 1/2xU(i,§)+1/2%U(i,j+1);

URjpl2 = omegal*ql+omega2xq2;
% ULi,j+1/2

181 = (U(i,j)-U(i,j-1))"2;
182 = (U4, j+1)-U(,§))72;
alphal = C1/(ep+IS1)7p;
alpha2 = C2/(ep+IS2)°p;

alphatot = alphal+alpha2;

omegal = alphal/alphatot;
omega2 = alpha2/alphatot;

ql = 3/2%U(1,§)-1/2%U(4,j-1);
Q2 = 1/2+U(1,§)+1/2%U(i, j+1) ;
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ULjpl2 = omegal*ql+omega2*q2;
end

function [URip12, ULip12, URjpl2, ULjpi2] = WENO5_2D(U,i,j)

% Hayden Arceneaux

% 1-24-2019

% WENO5 interpolation scheme for linear advection equation du/dt+a*du/dx=0
% Inputs:

% U - advected quanity

% i - cell face

% Outputs:

%  URip12 - reconstructed right cell face

% ULip12 - reconstructed left cell face

CO = 0.1;
ClL =10.6;
C2 =0.3;
ep = le-6;
P=2

% URi+1/2

IS0 = 13/12%(U(i+1,3)-2+U(i+2,3)+U(i+3,3)) "2+1/4*(3*U(i+1,j)-4*U(i+2,j)+U(i+3,3j))"2;
IS1 = 13/12%(U(d, ) -2%U(i+1,§)+U(i+2,§)) "2+1/4%(U(4,§)-U(i+2,3))"2;

IS2 = 13/12%(U(i-1,3)-2%U(1,j)+U(i+1,3)) " 2+1/4*(U(i-1,3)-4*U(i, ) +3*U(i+1,j))"2;

alpha0 = CO/(ep+IS0) p;
alphal = C1/(ep+IS1) p;
alpha2 = C2/(ep+IS2) p;
alphatot = alphaO+alphal+alpha2;

omega0 = alphaO/alphatot;
omegal = alphal/alphatot;
omega2 = alpha2/alphatot;

q0 = (2*U(i+3,j)-7*U(i+2,3)+11*U(i+1,j))/6;
ql = (-U(i+2,j)+5*U(i+1,j)+2%U(i,3))/6;
q2 = (2%U(i+1,j)+5%U(i,j)-U(i-1,1))/6;

URipl2 = omegaO*q0+omegalxql+omega2*q2;

% ULi+1/2

IS0 = 13/12%(U(i-2,3)-2¥U(i-1,3)+U(d,3)) "2+1/4*(U(i-2,3) -4*U(i-1, ) +3%U(i,3))"2;
IS1 = 13/12%(U(i-1,3)-2*U(i,j)+U(i+1,3)) "2+1/4%(U(i-1,3)-U(i+1,3))"2;

IS2 = 13/12%(U(i,j)-2*U(i+1,3)+U(i+2,7)) "2+1/4%(3xU(i, ) -4*xU(i+1,j)+U(i+2,7))"2;

alpha0 = CO/(ep+IS0) p;
alphal = C1/(ep+IS1) p;
alpha2 = C2/(ep+IS2)°p;
alphatot = alphaO+alphal+alpha2;

omega0 = alphaO/alphatot;
omegal = alphal/alphatot;
omega2 = alpha2/alphatot;

q0 = (2*U(i-2,j)-7*U(i-1,j)+11xU(i,}))/6;
ql (-U(i-1,j)+6%U(i,j)+2xU(i+1,3j))/6;
q2 = (2+U(4,3)+5*U(i+1,3)-U(i+2,5))/6;

ULipl2 = omega0O*qO+omegal*ql+omega2*q2;

Y% URj+1/2

IS0 = 13/12%(U(i,j+1)-2+U(1,j+2)+U(i,j+3)) "2+1/4* (3*U(i, j+1)-4xU(i,j+2)+U(i,j+3))"2;
IS1 = 13/12%(U(i,j)-2*U(L, j+1)+U(1,j+2)) "2+1/4%(U(1,)-U(1,j+2))"2;

IS2 = 13/12%(U(i,j-1)-2%U(1,j)+U(i,j+1))"2+1/4%(U(i,j-1)-4*U(i,j)+3*U(i,j+1))"2;
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alpha0 = CO/(ep+IS0) p;
alphal = C1/(ep+IS1) p;
alpha2 = C2/(ep+IS2) p;
alphatot = alphaO+alphal+alpha2;

omega0 = alphaO/alphatot;
omegal = alphal/alphatot;
omega2 = alpha2/alphatot;

q0 = (2%U(4,j+3)-7T+U(4,j+2)+11%U(i,j+1))/6;
ql = (Ui, j+2)+5*U(i, j+1)+2xU(i,3))/6;
Q2 = (2%U(i,j+1)+6%U(i,3)-U(i,j-1))/6;

URjpl2 = omegaO*qO+omegal*ql+omega2*q2;

% ULj+1/2

IS0 = 13/12%(U(i,j-2)-2%U(1, -1)+U(i,3)) "2+1/4*(U(i,j-2) -4*U(1,j-1) +3%U(i,3)) "2;
IS1 = 13/12%(U(i,j-1)-2*U(i,j)+U(i,j+1))"2+1/4*(U(i,j-1)-U(i,j+1))"2;

IS2 = 13/12%(U(i, ) -2*U(d, j+1)+U(i, j+2)) "2+1/4* (3*U (i, j) -4*U (4, j+1)+U(i, j+2)) "2;

alpha0 = CO/(ep+IS0) p;
alphal = C1/(ep+IS1) p;
alpha2 = C2/(ep+IS2) p;
alphatot = alphaO+alphal+alpha2;

omega0 = alphaO/alphatot;
omegal = alphal/alphatot;
omega2 = alpha2/alphatot;

Q0 = (2%U(i,j-2)-7*U(i,j-1)+11%U(i,3))/6;
ql = (FU(1,j-1)+5*xU(i, j)+2*U(i,j+1))/6;
q2 = (2%U(i,j)+6xU(i,j+1)-U(1,j+2))/6;

ULjpl2 = omegalO*q0+omegal*ql+omega2*q2;
end

function [U,actual,dx,x,xxx,n] = test_case(t,type)
% Hayden Arceneaux

% 9-7-2018

% Test Cases for linear advection du/dt+a*du/dx=0
% Inputs:

% t - end time

%  type - test case

= sin wave

= square wave

single discontinuity

=
W N e
[}

= single discontinuity length of 1
% Outputs:

% U - Initial Advected Quanity

% actual - Analytical Solution

% dx - distance between cell centers

% x - grid

%  xxx - analytical solution grid

% n - number of cells

% Values for smooth data
alpha = 1;
beta = 8;

% Setting up Smooth Data

if type ==

% n = t*100; % Number of cells (time dependent)
dx = 0.02;
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xstart = -1;
xend = 1;
xxx = linspace(xstart,xend,10000);

Xxstart = -1;

xend = t+2;
% n = (xstart-xend)/dx;

X = xstart:dx:xend;

n = length(x);
h x = linspace(xstart,xend,n);
% dx = (xend-xstart)/(n-1);

for i = 1:n
U(i,1) = alpha*exp(-beta*x(i)~2);
end
for i = 1:length(xxx)
actual(i,1) = alphakexp(-beta*xxx(i)~2);
end
end

% Setting up Square Wave

if type ==

h n = t*100; % Number of cells (time dependent)
dx = 0.02;
xstart = 0;
xend = 1;

xxx = linspace(xstart,xend,10000);

xstart = 0;

xend = t+2;

X = xstart:dx:xend;
n = length(x);

for i = 1:n
if x(i) <= 0.3
U(i,1) = 0;
elseif x(i) > 0.3 && x(i) <= 0.7
U(i,1) = 1;
elseif x(i) > 0.7
U(i,1) = 0;
end
end

for i = 1:length(xxx)
if xxx(i) <= 0.3
actual(i,1) = 0;
elseif xxx(i) > 0.3 && xxx(i) <= 0.7
actual(i,1) = 1;
elseif xxx(i) > 0.7
actual(i,1) = 0;
end
end
end

% Setting up Single Discontinuity

if type ==

VA n = t*1000; % Number of cells (time dependent)
dx = 0.02;
xstart = -1;
xend = 1;

xxx = linspace(xstart,xend,10000);
xstart = -1;

xend = t+2;
X = xstart:dx:xend;
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n = length(x);

for i = 1:n

if x(1) <0
U(i,1) = 0;
else
U@, =1;
end

end

for i = 1:length(xxx)
if xxx(i) < 0
actual(i,1) =
else
actual(i,1) =

I
o

I
-

end
end
end

% Setting up Single Discontinuity 2

if type ==
n = 512;

h n = 2048;
xstart = -1;
xend = 1;

xxx = linspace(xstart,xend,10000);

xstart = -1;

xend = 1;

x = linspace(xstart,xend,n);
dx = (xend-xstart)/(n-1);

for i = 1:n

if x(i) <0
U@i,1) = 0;
else
U@i,1) = 1;
end

end

for i = 1:length(xxx)
if xxx(i) < 0
actual(i,1) = 0;
else
actual(i,1) = 1;
end
end
end
end

function [Uim3, Uim2, Uiml, Ui, Uipl, Uip2, Uip3] = U_setup(U)
% Hayden Arceneaux

% 10-11-2018

% setting up U for fast WENO
% Inputs:

% U - advected quanity

% Outputs:

% Uim3 - Ui-3

% Uim2 - Ui-2

% Uiml - Ui-1

% Ui -Ui

% Uipl - Ui+l

% Uip2 - Ui+2

% Uip3 - Ui+3

107



n = length(U);

Uim3 = U(1:n-6,1);
Uim2 = U(2:n-5,1);
Uiml = U(3:n-4,1);
Ui = U(4:n-3,1);

Uipl = U(5:n-2,1);
Uip2 = U(6:n-1,1);
Uip3 = U(7:n,1);

Ui = [0; 0; 0; Ui; 0; 0; 01;

Uim1 = [0; O; O; Uiml; 0; 0; 0];
Uim2 = [0; 0; 0; Uim2; 0; 0; 0];
Uim3 = [0; 0; 0; Uim3; 0; 0; 0];
Uipl = [0; O0; O; Uipi; 0; 0; 0];
Uip2 = [0; 0; O; Uip2; 0; 0; 0];
Uip3 = [0; 0; 0; Uip3; 0; 0; 0];
end
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