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Abstract 

BENEFITS OF QUADRATICALLY TAPERED FLEXURES FOR MEMS 

RESONATORS AND GYROSCOPES 

Brian Grantham 

A dissertation submitted in partial fulfillment of the requirements 

for the degree of Doctor of Philosophy 

Electrical and Computer Engineering 

The University of Alabama in Huntsville 

May 2024 

 

An investigation into the benefits of quadratically tapered flexures for MEMS 

resonators and gyroscopes is performed and compared to the traditional non-tapered 

flexure design.  Quadratically tapered flexures exhibit constant strain along the outer 

edge of the flexure whereas non-tapered flexures have significant stress concentration 

near the base of the flexure.  The investigation considers peak stress, thermoelastic 

damping (TED), nonlinearity, and sensitivity to manufacturing variations.  The impact of 

inside corner fillets on peak stress, TED, and resonant frequency is also investigated.  

Five new anti-phase lever mechanism (APLM) configurations for resonators and 

gyroscopes are designed and analyzed using CoventorWare 10.  Fabrication experiment 

results are presented for an array of resonator designs to substantiate the FEA findings.  

Quadratically tapered flexures are found to reduce stress and thermoelastic damping 

while maintaining similar or slightly reducing sensitivity to manufacturing variations, but 

at the cost of a slight increase in nonlinearity. 
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Chapter 1.  Introduction 

Since the first publications on the use of silicon as a micromechanical material in 

the 1960s by Nathanson and Wickstrom [1], and Nathanson, Newell, Wickstrom, and 

Davis [2], which initiated an immense amount of research superbly summarized in 1982 

by Peterson [3], the mechanical properties of silicon have continuously been explored for 

the creation of improved sensors and actuators.  The first publications to explore the use 

of silicon as an angular rate sensor (gyroscope) appeared over thirty years ago [4, 5, 6] 

and the applications using silicon Micro-Electro-Mechanical Systems (MEMS) sensors 

have become as prolific as Peterson predicted.  These applications include hobby drone 

stabilization [7], cell phone motion detection [8], gaming console controllers such as the 

Nintendo Wii [9], and even tactical missile systems [10].  Despite their ubiquity, research 

into the use of MEMS for rotation rate sensing continues to be a very active with the 

inaugural session of the annual IEEE International Symposium on Inertial Sensors and 

Systems being as recent as 2014.  The present investigation contributes to this ongoing 

research through exploring the benefits of quadratically tapered flexures for MEMS 

gyroscopes and resonators.  

Some of the primary performance parameters of MEMS gyroscopes are input 

range, sensitivity, bias (or offset), noise, and bandwidth.  The input range is the 

maximum amount of angular rate that the device can accurately measure and is typically 

expressed in units of degrees per second.  The sensitivity of a gyroscope is the 
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proportionality constant that relates signal output to angular rate input and is usually 

expressed in volts per degree per second.  Maximizing the inherent sensitivity of the 

gyroscope reduces the effects of noise in the associated electronics.  The bias (or offset) 

is the amount of angular rate reported by the device when no physical angular rate is 

applied.  Bias is generally reported in units of degrees per second and every effort is 

made to minimize this error during gyro design.  The noise is defined as the time-varying 

portion of the output signal that is not correlated to applied angular rate and is often 

characterized by white noise in the angular rate domain.  The bandwidth of the gyroscope 

is defined as the frequency of angular rate oscillation at which the peak angular rate 

reported by the device is equal to 70.7% of the applied angular rate.  The incorporation of 

quadratically tapered flexures into the MEMS gyroscope design can offer improvements 

to the mechanical characteristics that impact these performance parameters and other 

gyroscope error sources as well. 

This dissertation focuses on the mechanical characteristics of quadratically 

tapered flexures as they apply to a dual proof mass resonator/gyroscope configuration.  

The primary motivation for the work herein was to introduce potential design 

improvements to the dual Foucault pendulum gyroscope developed by the University of 

California at Irvine [11, 12] in two specific ways.  The first was through the introduction 

of quadratically tapered flexures which will be shown to improve sensitivity while 

reducing bias and reducing sensitivity to manufacturing variations.  The second was the 

introduction of a tapered-flexure-based Anti-Phase Lever Mechanism (APLM) that will 

couple the two proof masses more closely in anti-phase mode, which has been shown in 
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previous research to further improve sensitivity, reduce bias, and reduce acceleration 

sensitivity [28, 90]. 

Chapter Two of this dissertation provides background information on the 

operation of Coriolis-acceleration-based angular rate sensors along with a discussion of 

relevant error parameters, material properties, and design considerations.  Chapter Three 

provides an investigation into the relevant characteristics of quadratically tapered flexures 

and includes a discussion on the sensitivity to manufacturing variations commonly found 

in MEMS manufacturing processes.  Chapter Four documents the development of 

quadratically tapered flexure APLM designs and includes a comparison with the inner 

lever coupling APLM design from the University of California at Irvine.  Chapter Five 

presents the results of fabrication experiments conducted on a dual proof mass resonator 

configuration which experimentally demonstrates the benefits of quadratically tapered 

flexures and the new APLM design, and compares those results with Finite Element 

Analysis (FEA) modeling predictions.  All FEA were performed using CoventorWare 10.  

Chapter Six summarizes the conclusions of the analyses presented herein and includes 

recommendations for future research.  Appendix A presents mathematical derivations too 

extensive for the main body.  Appendix B presents the results of various FEA mesh 

sensitivity studies.  Finally, Appendix C includes additional design images and 

documents the individual die locations of each design on the experimental fabrication 

wafer documented in Chapter Five. 
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Chapter 2.  Background 

This chapter describes the current status of research in the area of MEMS based 

angular rate sensors and provides context for the contributions of this dissertation to the 

current state of the art.  In particular, these contributions are (1) investigating the benefits 

of quadratically tapered flexures for MEMS gyroscopes and resonators, and (2) exploring 

various configurations of Anti-Phase Lever Mechanisms (APLM) including two new 

APLM designs based on quadratically tapered flexures.  These mechanical structures are 

analytically designed, evaluated using Finite Element Analysis (FEA), and demonstrated 

experimentally in a dual-mass resonator configuration. 

2.1  Research Focus and Motivation 

The scientific core of this research effort centers around the attributes of 

quadratically tapered flexures for MEMS inertial sensors.  The tapered flexure design 

was motivated by a combination of a few papers [52, 71, 86].  First, in [71], the authors 

make the statement concerning their quartz tuning fork gyroscope design that “the taper, 

in conjunction with the [lumped] masses, distributes stress in both the drive and pickup 

tines in a constant manner along the tine length. In contrast, the square tines generate 

stress that is highly localized at the base of the tine”.  The authors go on to say “The 

tapered tine/hammerhead [i.e., lumped mass] design offers higher sensitivity with a 
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smaller fork size… This improvement is the result of both better drive behavior, and 

enhanced pickup coupling. The drive system has a higher [quality factor] ... This lowers 

impedance allowing for higher drive current levels from a given voltage source, and 

decreases zero rate offset bias.”   

While this list of the benefits of the tapered flexure/lumped mass design was 

enough to warrant investigation, there were a few potential additional benefits that 

motivated the pursuit of this work: 

1. The tapered flexure design distributes the stress equally along the length 

of the flexure.  This should result in a lower peak stress which could 

enable larger displacements while maintaining better linearity. 

2. The equal distribution of the stress may make the tapered flexure design 

more robust against manufacturing variations than the straight flexure 

design. 

3. In [52], the authors indicate that “non-uniformity in the strain field causes 

temperature gradients in the solid, and an associated heat transfer; the 

resulting energy loss is known as thermoelastic dissipation” and [86] 

makes a very similar statement.  Since the tapered flexure design has 

lower peak strain and uniform strain along the outer edges of the flexure, it 

was postulated that this design configuration may have lower 

thermoelastic dissipation than the standard straight flexure design.  Indeed, 

while the tapered flexures investigated in [82] and [83] do not employ 

exactly the same quadratic taper equation that yields uniform stress, the 
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thermoelastic dissipation of both of those tapered flexure designs indicate 

lower thermoelastic dissipation than that of the equivalent straight flexure. 

Although the benefits of tapered flexures were enumerated for a quartz gyroscope 

in 2003 [71], tapered flexures have just recently begun to be investigated for silicon 

MEMS inertial sensors [87, 88].  These initial studies confirmed the reduction in peak 

stress over an equivalent straight flexure, but experimental measurements of 

thermoelastic dissipation have yet to be published.  

As a part of the investigation into the attributes of tapered flexures, the sensitivity 

of the tapered flexure to manufacturing variations as compared with that of an 

“equivalent” straight flexure was also investigated.  An “equivalent” straight flexure was 

defined to be one of the same length but with a base width required to obtain the same 

linear deflection spring constant due to an applied force.  This study was based on 

analytical expressions derived in this work and verified through FEA analyses.  The 

particular focus areas investigated in this study were informed by discussions with 

MEMS fabrication companies as well as by literature [89].  From these, the primary 

issues that arise from manufacturing variations in Deep Reactive Ion Etched (DRIE) 

MEMS devices include: 

1. Variations in corners - “rounding” of inside corners. 

2. Critical Dimension Loss (CDloss) or Etch Bias - horizontal undercut of 

device under the mask [89]. 

3. Sidewall Angle - Angle deviation from vertical of the sides of the MEMS 

device. 
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Specifically, investigations were performed into the ability of tapered flexures to mitigate 

CDLoss variability and into the ability of radius fillets to mitigate inside corner 

variability.  It was assumed that the performance of tapered flexures would mitigate 

sidewall angle variability to roughly the same extent that it mitigated CDLoss variability. 

The importance of operating CVGs in anti-phase mode was highlighted in [58] 

which showed that anti-phase operation could increase the quality factor of the CVG by 

an order of magnitude over in-phase operation.  This increase in quality factor increases 

the sensitivity of the CVG.  Benefits of incorporating an APLM into CVG designs were 

discussed in [28] and [90], and included (1) the ability to choose the order (i.e., set the 

relative frequencies) of a particular set of structural modes of the Quad-Mass Gyroscope 

(QMG) design, (2) improving quality factor of the anti-phase mode, and (3) even 

reducing the quality factor of the unwanted in-phase mode.  The quad-mass gyroscope 

design includes both inner and outer anti-phase lever mechanisms, but the most 

substantial innovation was the design of the inner lever coupling mechanism.  This work 

investigates several variations of APLMs consisting of straight and tapered flexures as 

well as the original and modified versions of that inner lever coupling mechanism.  This 

work was performed using FEA simulations, but is supported by experimental data from 

fabrication experiments. 

The motivation for targeting a mode-matched CVG configuration is four-fold 

[29].  First, mode-matched operation increases the sensitivity of the gyroscope.  Second, 

this configuration enables the gyroscope to be operated in either the force-to-rebalance 

angular rate mode or whole-angle mode.  Third, this configuration enables the reduction 
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of quadrature error using electrostatic tuning.  Lastly, this configuration enables the 

implementation of self-calibration methods [34, 35, 36, 37]. 

The research will focus on implementation in Single Crystal Silicon (SCS) with a 

Miller Index of <100>.  The choice of material is based on ease of fabrication, axial 

symmetry, and thermoelastic damping (TED) considerations.  First, the exotic materials 

that can provide improved TED performance all require specialized manufacturing 

techniques that require significant effort to be successful and consistent.  Second, the 

<100> SCS device should have symmetric material properties for perpendicular axes as 

would be used in a mode-matched gyroscope.  Finally, with the exotic materials 

eliminated from consideration, the work reported in [53] indicates that SCS will have 

better TED performance than polysilicon. 

2.2  Coriolis Vibratory Gyroscopes 

Nearly all MEMS angular rate sensors fall under the broad category of Coriolis 

Vibratory Gyroscopes (CVG) [13, 14].  The IEEE defines a Coriolis Vibratory 

Gyroscope in [13] as “a gyro based on the coupling of a structural, driven, vibrating 

mode into at least one other structural mode (pickoff) via Coriolis acceleration” with a 

note that “CVGs may be designed to operate in open-loop, force-rebalance (i.e., closed-

loop), and/or whole-angle modes.” 

Coriolis acceleration is an acceleration that is required to maintain a linear 

velocity in a rotating coordinate frame.  A detailed discussion and derivation of Coriolis 

acceleration can be found in [15] and the equation describing Coriolis acceleration is:   
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�� = 2 ⋅ Ω × �,  (2.1) 

where �� is the Coriolis acceleration, Ω is the angular rotation rate of the rotating 

coordinate frame, and � is the linear velocity of the object.  All vectors in the above 

equation are expressed in the rotating coordinate frame. 

Most MEMS CVGs are designed to operate in a geometrical configuration often 

referred to as a tuning fork gyroscope.  Figure 2.1 presents an illustration of the operation 

of a tuning fork gyroscope [16].  In this illustration, the top ends of the tuning fork tines 

are driven to oscillate at their resonant frequency with a controlled amplitude out of phase 

with each other.  That is, while the tine on the right is moving to the right, the tine on the 

left is moving to the left, and when the tine on the right is moving to the left, the tine on 

the left is moving to the right.  This is called the “drive motion” and occurs in the “drive 

axis” of the sensor.  When an angular rotation is applied to the device about the vertical 

axis, a Coriolis acceleration must be applied to the tuning fork tines in the sense axis to 

maintain the drive oscillation in the (now rotating) device coordinate frame.  This causes 

the top of the tines to deflect into and out of the page of the illustration at the same 

frequency as the drive oscillation.  This motion can be sensed and, when demodulated by 

the drive motion velocity, provides a signal that is proportional to the applied angular 

rotation rate.  This motion is called the “sense motion” and occurs in the “sense axis” of 

the sensor.  Detailed analyses of CVG operation can be found in [28] and [29]. 
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Figure 2.1  Coriolis Acceleration in a Tuning Fork Gyroscope [16]. 

Within the spectrum of CVGs, several physical configurations have been 

implemented that include, but are not limited to, an actual tuning fork configuration made 

in quartz [17, 18, 19, 20], a vibrating beam configuration [21], a vibrating ring 

configuration [22], a single plate mass configuration [23], dual plate mass configuration 

[24], quad mass configuration [25], and the concentric mass configuration [11].  Some 

configurations even allow for simultaneous sensing of two [26] or three [27] rotation 

axes.  The work is targeted at the symmetric configurations that provide balanced anti-

phase operation which are primarily the dual plate mass, quad mass, and concentric mass 

configurations. 

CVGs typically operate in one of two modes.  The first, and most common of 

these, is the non-mode-matched condition where the resonant frequency of the drive axis, 

Drive Axis 

Sense Axis 
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, is less than the resonant frequency of the sense axis, 	�, or 	
 ≪ 	�.  The second, 

less common mode, is the condition where 	
 = 	�.  This produces a more sensitive 

gyroscope that is often called the “degenerate mode” or “mode-matched” configuration. 

The first configuration (	
 ≪ 	�) essentially places the gyroscope response to 

the Coriolis acceleration within the mechanical response bandwidth of the sense axis 

structure.  This results in well-behaved response characteristics of the sense axis and 

produces the peak sinusoidal displacement in response to applied angular rotation given 

in Equation (2.2): 

 �� ≈ −� 2 	
 �
	��  Ω� =  −� 2 � 	
 �
��  Ω� , (2.2)

where �� is the peak displacement of the sense axis, �
 is the peak displacement of the 

drive axis, Ω� is the rotation rate applied to the gyroscope, � is the equivalent mass of 

the system, and �� is the spring constant of the system. 

Noting that the sense axis resonant frequency appears as a quadratic in the 

denominator of the displacement equation, it is desirable for this to be as small as 

possible in order to maintain good gyroscope sensitivity.  Therefore, it is usually 

designed to be just above the drive axis resonant frequency, which appears in the 

numerator.  From this, the sensitivity of the typical non-mode-matched CVG is found to 

be proportional to the drive displacement amplitude and inversely proportional to the 

operating frequency. 

The mode-matched or degenerate mode configuration has the primary advantage 

that the sense axis quality factor, ��, provides additional amplification of the Coriolis 
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acceleration, yielding a significantly increased sensitivity for the CVG as shown in 

Equation (2.3): 

 �� ≈ − 2 �� �
	
  Ω� . (2.3)

The disadvantages of the mode-matched mode configuration include the inherent 

difficulty of matching the resonant frequencies of the drive and sense axes, which often 

requires physical or electrical trimming, as well as the bandwidth limitation that comes 

with operating within the resonance bandwidth of a device with a large quality factor 

[30].  This work focuses on mode-matched devices. 

For completeness, there is a third potential configuration where 	
 ≫ 	�.  This 

configuration operates very similar to the first configuration but with reduced sensitivity 

because the Coriolis acceleration is beyond the natural bandwidth of the sense axis.  This 

also leads to a frequency dependent gain.  For these reasons, this configuration has rarely 

been investigated in literature. 

2.3  Mode-matched CVGs 

The initial publication regarding the behavior of degenerate mode resonators was 

published in 1890 by G. H. Bryan in the Proceedings of the Cambridge Philosophical 

Society in a paper titled “On the Beats in the Vibrations of a Revolving Cylinder or Bell” 

[46].  In this paper, Bryan indicates that if a two degree of freedom degenerate mode 

resonator, specifically a thin ring or cylinder, is set in oscillation, and then the body of the 

resonator is rotated, the location of the vibration attempts to follow the rotation but 
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inevitably lags behind the rotation.  Bryan shows that this lag is not due to imperfections 

in the resonator but rather a consequence of the conservation of energy.  Bryan shows 

that the rotation of the vibration follows the rotation of the resonator body by a factor 

called the angular gain, �, that is calculable and defined entirely by the geometry of the 

resonator and is in no way dependent on the elasticity of the resonator material. 

To explain the importance of minimizing resonant frequency and quality factor 

mismatch, a more detailed model of the mode-matched CVG must be analyzed.  [47] 

provides a generalized model of the CVG allowing for the normal-mode axes, with 

resonant frequencies 	�and 	�, to be misaligned from the drive and sense axes by an 

angle ��, and for the principal damping axes, with damping time constants �� and ��, to 

be misaligned from the drive and sense axes by an angle ��.  When operating the gyro in 

Force to Rebalance (FTR) Mode, a forcing function drives the x-axis displacement at its 

resonant frequency and a control loop maintains the response at a constant displacement 

amplitude, � !, given by: 

� = � ! cos 	 % ,  (2.4) 

where 

	 � = 	� − 	Δ	 cos 2�� ,  (2.5) 

 	� = 	�� + 	��2   , 
(2.6)

and 
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 	Δ	 = 	�� − 	��2   . (2.7)

The response displacement in the y-axis is then maintained at zero amplitude by a 

second control loop.  The force required to maintain the zero-response amplitude 

condition in the y-axis, (), is given in the following expression: 

 () = −	 � ! *2�Ω� + Δ +1�- sin 2��0 sin 	 %   
(2.8)

                   −� !	Δ	 sin 2�� cos 	 % , 

where 

 
1� = 12 + 1�� + 1��-  , (2.9)

and 

 Δ +1�- = 1�� − 1�� . (2.10)

The y-axis control force is used to estimate the applied rotation rate through 

synchronous demodulation yielding: 

 Ω1� = 23 ⋅ 45�647()8|:;< �=> + ? , (2.11)

where the scale factor, 23, and the bias, ?, are given by: 
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 23 =  − 12�	 � ! (2.12)

and 

 ? = 12� Δ +1�- sin 2�� . (2.13)

Inspection of the bias equation, Equation (2.13), reveals that the bias error is 

directly proportional to the damping mismatch, Δ @��A, and inversely proportional to the 

angular gain, �.  Therefore, to reduce the bias, it is desirable to have a high angular gain.  

Also, recalling the general expression relating quality factor and damping time constant: 

 � = 2�	  (2.14)

leads to the conclusion that it is also desirable to have very low damping (high quality 

factor, �) and low damping mismatch (low quality factor mismatch, Δ�) [35].  

Section 2.4 provides information on state-of-the-art research into bias error reduction 

through the reduction of damping and damping mismatch and indicates how this work 

contributes to that research area. 

The last term in Equation 2.8 gives rise to an error term known as quadrature error 

and indicates that it is proportional to the resonant frequency mismatch, 	Δ	.  

Section 2.5 provides information on common techniques for reducing quadrature error 

through the reduction of resonant frequency mismatch and indicates how the present 

research contributes to that research area. 
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2.4  Bias Error Reduction Through Quality Factor Improvements 

Aimed at reducing bias error in MEMS gyroscopes, much work has been 

performed in recent years to improve the quality factors of microscale resonators.  There 

are several contributing damping mechanisms that constitute the total damping in most 

MEMS resonators [52].  These mechanisms include fluid losses, support losses (anchor 

losses), thermal energy losses, electrical damping, and surface effects.  Each of these 

energy loss mechanisms have their own characteristic quality factor and contribute to the 

overall quality factor of the resonator. 

The individual damping mechanisms operate in parallel such that the overall 

quality factor can be calculated as: 

�BC> = 7�DEFG
H� + �IJKLCMH� + �BLNMOPEH� + �QENK>MGKPEH� + �RFMSPKNH� 8H�
. (2.15) 

The damping time constant, also referred to as the ring-down time, of a resonator is 

related to the quality factor by the relation given in Equation (2.14).  Therefore, Equation 

(2.15) could alternatively be expressed as the inverse of the sum of the inverse damping 

time constants as shown here: 

�BC> = 7�DEFG
H� + �IJKLCMH� + �BLNMOPEH� + �QENK>MGKPEH� + �RFMSPKNH� 8H�
.  (2.16) 

A discussion of each of these loss mechanisms is provided below, but the present 

research focuses on minimizing support losses and thermal energy losses. 

Generally, fluid damping effects are subdivided into two categories which are (1) 

shear damping, where the relative velocity of two parallel surfaces is parallel to the 
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surface, and (2) squeeze film damping, which is where the relative velocity of two 

parallel surfaces is normal to the surface.  Generally speaking, for in-plane mode devices, 

shear damping tends to dominate the overall damping down to about 1 mTorr.  Below 

that, other effects such as thermal or anchor losses begin to dominate [52].  For out of 

plane mode devices, squeeze film damping can continue to dominate to significantly 

lower pressures.  Due to the cubic dependence of the squeeze film damping on the gap 

size, it is difficult to establish general design boundaries for this damping term.  The 

devices studied in this work were all in-plane mode devices and were operated at 

pressures significantly below 1 mTorr to mitigate fluid damping losses. 

A discussion of the importance of operating the device in anti-phase mode and 

incorporating an APLM to minimize support losses (anchor losses) was provided in 

Section 2.1.  General design practices for the MEMS resonators include (1) anchoring the 

resonator to the substrate at locations of low stress concentrations [55, 56, 58, 60], (2) 

implementing long, thin flexures [59], (3) operating the resonator in an antiphase mode 

[28, 58, 90], and (4) when possible, anchoring with moment-based structures as opposed 

to linear force-based structures [57].  This work focuses on the design of several APLMs 

that incorporate as many of these design practices as possible including several moment-

based designs and a few that minimize stress concentrations at the anchor point.  All 

operate in anti-phase mode and incorporate long, thin flexures. 

Regarding thermal losses, also called thermoelastic damping (TED) loss, Zener 

was the first to identify this thermal loss mechanism in long, thin reeds and derived 

formulas to describe this loss mechanism using classical thermodynamics [61].  In that 

seminal work, Zener asserted that the thermal energy loss for a long, thin reed being 
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driven in oscillation in steady state was dominated by heat flow across the reed.  His 

assertion was that strain gradients across the width of the reed caused by the bending 

motion resulted in thermal gradients across the width of the reed.  These thermal 

gradients subsequently resulted in heat flow, which is an energy conversion process that 

the Second Law of Thermodynamics indicates cannot be reconverted to kinetic energy by 

the mechanical system.  Therefore, each oscillation of the reed permanently converts 

some kinetic energy to thermal energy.  This conversion accounts for the majority of the 

thermal energy loss in the vibrating reed.  He found that a material with a Poisson ratio of 

0.5 would exhibit no TED loss.  He also indicates that TED will be lowest in materials 

having a specific heat at constant pressure,  TU, very close to the specific heat at constant 

volume, TV, or an adiabatic index, W, near unity.  He also found that there is an operating 

frequency at which the energy loss due to thermal dissipation reaches a peak, often 

referred to as the Debye peak or the thermal frequency. 

In [62], Zener generalized his theory and reformulated his expressions [63, 64].  

For operating frequencies below the Debye peak, the thermal loss, �BQXH� , increases 

linearly with increasing operating frequency, 	.  This region is referred to as the iso-

thermal operating region because the flexing of the material is happening slow enough 

for the thermal transients caused by the strain gradients to settle, thereby resulting in the 

material maintaining an iso-thermal condition.  In this operating frequency regime, the 

thermal loss is proportional to the square of the beam width, implying that thicker beams 

have higher losses or thinner beams have lower losses. 

For operating frequencies above the Debye peak, the thermal losses decrease 

linearly with increasing 	.  This region is referred to as the adiabatic operating region 
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because the flexing of the material is happening so quickly that the thermal transients do 

not have adequate time to allow heat to flow, thereby losing only a fraction of the thermal 

energy and resulting in a largely adiabatic process. 

While some research has suggested that MEMS resonators have found better 

performance operating in the adiabatic regime [65], most MEMS gyroscopes operate in 

the iso-thermal region and TED is often a significant energy loss mechanism [66].  

Therefore, to improve quality factor and reduce thermal losses, it is generally desirable to 

employ long, thin flexures in the design. 

In 2000, Lifshitz and Roukes [68] made a significant advancement in the 

analytical model for thermoelastic damping developed by Zener.  In this work, the 

authors derive an exact expression for the thermoelastic damping which does not carry 

the approximation made by Zener that the vast majority of the thermal relaxation occurs 

in the first transverse thermal eigenmode.  They did this by adding a term to Hooke’s law 

to account for the local relative temperature field, �, through the linear Coefficient of 

Thermal Expansion (CTE), Y.  While their resulting formula makes only a slight 

correction to Zener’s original approximation, their reformulation of the model enables 

evaluation of thermal losses for more complex geometries under general motion. 

Knowing that TED losses are proportional to the square of the flexure width, 

other researchers investigated the possibility of machining holes in locations of high 

strain gradients [69, 70] to mitigate the heat flow across the flexure.  In these papers the 

authors demonstrated the ability to predict and control the quality factor of MEMS 

resonators that are limited by TED loss by up to a factor of four times higher than the 

base resonator design.  This could enable quality factor tuning of a device design without 
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having to change the fundamental design of the device (scale, operating frequency, etc.).  

This significant finding, however, comes with a significant manufacturing challenge as 

the holes investigated were on the order of 1µm wide, which results in very high aspect 

ratios that are difficult to fabricate. 

More recently, work has been performed to characterize thermoelastic damping 

for more complex geometries such as linearly tapered microbeam resonators [82] as well 

as exponentially tapered microbeam resonators [83].  In these two works, the authors 

derive analytical solutions which agree with their FEA studies that show both the linearly 

tapered and the exponentially tapered flexures have lower TED at low frequencies than 

the uniform cross section flexures but higher TED at high frequencies.  This may suggest 

that the strain gradients arising from tapered flexures result in thermal gradients better 

suited for isothermal operation and may provide insight into flexure design techniques 

that minimize thermal losses.  This work focuses on an investigation into the TED 

properties of quadratically tapered flexures as opposed to linearly or exponentially 

tapered flexures as the quadratic taper is required to achieve the uniform strain 

distribution along the length of the flexure reported in [71]. 

The dependence of the thermal loss on several material parameters, namely the 

linear coefficient of thermal expansion, Y; the modulus of elasticity, Z; the thermal 

conductivity, �; and the specific heat capacity, TU or TV; has given rise to considerable 

amount of research on alternate materials for MEMS gyroscope designs.  In [66] the 

authors investigate several concentrations of boron-doped silicon and silicon-germanium 

and demonstrate experimentally good correlation to the theoretical predictions of �BQX.  

In [50], the authors consider an 8mm diameter silicon Disk Resonator Gyroscope (DRG) 
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design and compare its expected performance based on TED losses with that of a similar 

fused silica (or quartz) design.  The paper highlights that, based on the intrinsic material 

properties of silicon (high � and high Y) and quartz (low � and low Y), the highest 

quality factors using silicon will occur at the microscale in the isothermal limit while the 

highest quality factors using quartz will come at the mesoscale in the adiabatic limit and 

that the intrinsic limit of quality factor due to TED for quartz is 80 times higher than that 

of silicon.  Researchers at the University of Michigan exploited the TED material 

properties of fused silica and developed a glass blowing process using a mold and a blow 

torch to fabricate a “Micro Birdbath Resonator Gyroscope” (µBRG), which is a hemi-

toroidal resonator with a principle of operation similar to that of the HRG, and ultimately 

demonstrated quality factors on the order of 4.5 million [72, 38, 73, 74].  Researchers at 

the University of Utah explored an alternate fabrication technique in an effort to exploit 

the Ultra-Low Expansion (ULE) characteristics of titanium silicate glass to reduce the 

thermoelastic damping losses in a hemispherical shell resonator [75] but were 

unsuccessful at demonstrating quality factors at the theoretical limit due to fabrication 

and assembly issues.  Borosilicate glass, or Pyrex, has been investigated by researchers at 

the University of California at Irvine in the development of a wafer-scale glass blowing 

process including a micro-scale spherical resonator used as a gyroscope which was 

surrounded by eight glass spheres for actuation and sense electrodes for the gyroscope 

[76, 77].  While the quality factors were not presented in the paper, the device was 

successfully demonstrated as a gyroscope.  The researchers in [78] investigate the use of 

silicon dioxide as a gyroscope resonator material to mitigate against bulk thermoelastic 

dissipation loss.  However, their work was limited by surface losses which prevented 
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measurement of TED losses.  The researchers in [79, 80, 81] investigate the use of bulk 

metallic glass as a material for the fabrication of a hemispherical resonator gyroscope 

using both thermoplastic and blow molding techniques.  Their published quality factors 

on the order of 8,000 were limited by anchor losses but they present an analytical study 

that indicates alternate geometries could support a TED quality factor in excess of 1 

million.  In [53], researchers investigate and compare the quality factors of micron and 

sub-micron thick cantilever beams of silicon-nitride, polysilicon, and single crystal 

silicon.  While the primary focus of this paper was on narrower, cantilever resonators and 

not on realistic structures for gyroscopes, the data presented in the paper indicates that 

single crystal silicon has significantly higher quality factors (by orders of magnitude) 

than silicon nitride and polysilicon.  Based on ease of fabrication, axial symmetry, and 

TED considerations, this work focuses on implementation in <100> SCS using a 

commercially available Deep Reactive Ion Etch (DRIE) fabrication process that is 

commonly used in mass production of MEMS devices. 

The most common source of electrical loss, �QENK>MGKPE, occurs in the signal 

detection circuitry whether it is capacitive, piezoelectric [71], inductive/magnetic [84], or 

optical [85].  Capacitive sensing is the most common for sensing the motion of MEMS 

gyroscopes, and is utilized in this work.  To mitigate potential losses introduced by 

capacitive sensing, the typical Transimpedance Amplifier (TIA) circuit shown in 

Figure 2.2 was considered.  In this circuit, a voltage source places a biasing voltage, [\, 

across the variable MEMS sense capacitor, TR.  Ideally, the parasitic resistance in the 

circuit, ]^, is zero, but in practice it is a small but non-zero quantity due to the finite gain 

of the TIA and the finite conductance of the semiconductor material and conducting 
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metal layers.  Therefore, the motion in the capacitor creates a current that is proportional 

to the change in capacitance and given by the solution to the differential equation: 

 _�`%) = [�`%) 44% TR`%) + TR`%) 44% [�`%)  , (2.17)

where _�`%) is the current in the capacitor and [�`%) is the voltage across the capacitor. 

 

Figure 2.2  Simplified MEMS Gyroscope Capacitive Sensing TIA Circuit. 

The first term of this equation is dominant if the sense capacitor is DC-biased, and 

the second term is dominant if the sense capacitor is AC-biased.  In either case, if ]^ is 

non-zero, then it introduces an electrical energy loss mechanism into the system.  The 

force generated by this loss mechanism can be shown to be [52]: 

 3 = [ ⋅ ]^ + 44% TR-� [\� , 
(2.18)

where 3  is the equivalent force generated by the parasitic resistance due to the velocity, 

[  of the MEMS device.  The explicit time dependence has been dropped from the 

equation for clarity.  Since this force is proportional to the velocity, it appears in the 

+

-

+

-
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motion equations as a damper, which limits the quality factor of the resonator.  So, care 

must be taken in the circuit design to ensure that this loss mechanism does not limit the 

quality factor measurements. 

While not covered in detail here, inductive and piezoelectric sensing mechanisms 

carry equivalent loss mechanisms that introduce a force in opposition to the velocity.  

Also, while photons do carry an equivalent mass and momentum, the amount of energy 

transferred to optical sensing mechanisms is very small and can typically be disregarded. 

Regarding surface losses, �RFMSPKN, as the size of a resonator or gyroscope 

decreases, the surface to volume ratio of the device increases.  With the increasing 

surface to volume ratio, the impact of surface effects in the flexures begin to dominate 

over the bulk effects and the quality factor can ultimately be limited by surface effects, 

especially for very small resonators and gyroscopes [52].  There are multiple fundamental 

loss mechanisms that give rise to surface losses but surface asperities are the most 

common [78].  Some of the other sources for surface losses include loss due to electronic 

defects at the silicon surface, grain re-orientation, and movement of defects.  For many of 

the mechanisms of surface loss, the quality factor can be improved using thermal 

annealing.  For most MEMS CVGs designed to operate in the isothermal region and for 

the resonators studied in this dissertation, surface losses are insignificant relative to the 

bulk thermal losses in the flexures. 

2.5  Quadrature Error Reduction Through Improved Frequency Matching 

In ideal CVGs, the primary source of cross coupling between the drive axis and 

the sense axis is the Coriolis force.  However, in actual devices, fabrication imperfections 
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lead to non-uniformity in support flexures and electrostatic drive elements which lead to 

cross coupling of the drive signal or motion into the sense axis signal.  In mode-matched 

devices, this is often dominated by resonant frequency mismatch.  Stray capacitance 

between the drive elements and the sense elements can also be a source of this cross 

coupling.  All of these sources of cross coupling are generally lumped together in an error 

source labeled as quadrature error [31] and result in signals in the sense axis direction 

that are in phase quadrature with the desired signal. 

Although quadrature error can be significantly mitigated through synchronous 

demodulation, sense axis signals arising from quadrature error can easily overwhelm and 

dominate analog signal processing electronics.  For this reason, other allowances for 

quadrature error compensation are often provided in the design of the CVG itself.  These 

include, but are not limited to, (1) additional electrostatic drive elements in the sense axis 

that are fed with a small portion of the drive axis signal, (2) additional DC biasing 

elements that enable directional electrostatic spring corrections to applied [32], and (3) 

drive element isolation flexures [23] and/or bridging support flexure designs [33] that 

significantly restrict cross-axis motion in the drive mechanism. 

For mode-matched gyroscopes, resonant frequency tuning to eliminate quadrature 

error has been attempted in many ways.  In the HRG, the hemispherical resonator is 

typically polished through an intense polishing process to match both the resonant 

frequency and the quality factor [38, 39].  In [40], the authors describe a process to 

perform laser trimming of a ring gyroscope to adjust the spring constants and mass 

distribution to match the resonant frequencies.  In [39] the authors describe a process of 

depositing 20 µg gold balls followed by fine tuning with silver ink to match the resonant 
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frequencies of a disk resonator gyroscope.  In [41] and [42], the authors describe 

geometric design approaches to compensate for known stiffness anisotropy in <100> 

silicon.  

The most common method employed for frequency matching is electrostatic 

tuning through electrostatic spring softening [43, 44, 45].  This typically requires 

additional parallel plate capacitors to be included in the device design dedicated to this 

purpose.  The tuning range is limited by (1) the maximum aspect ratio allowed in the 

fabrication process which sets the lower bound of the gap between the plates, (2) the total 

surface area of the parallel plate capacitor, and (3) the maximum available tuning voltage.  

The electrostatic spring always acts to aid motion in the direction of the displacement, 

which is the opposite of most mechanical springs.  Therefore, the sign of the electrostatic 

spring is always negative regardless of whether the applied tuning voltage is positive or 

negative and the electrostatic spring will always work to “soften” the mechanical spring 

suspension.  So, electrostatic spring softening must always be applied to the axis with the 

highest spring constant or resonant frequency.  The residual demodulated quadrature 

signal found from synchronous demodulation of Equation (2.8) provides a convenient 

measurement of the quadrature error.  This signal can then be used in a feedback control 

loop which commands an electrostatic spring softening voltage to continuously drive the 

residual quadrature error to zero [47]. 

While quadrature error can be mitigated through synchronous demodulation and 

frequency tuning approaches, it is still desirable to minimize the inherent resonant 

frequency mismatch to reduce the required amount of electrostatic tuning capacitors 

which consume limited silicon die area, and to reduce the initial amount of quadrature 
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signal in the sense channel.  This work investigates if the incorporation of tapered 

flexures and radius fillets reduce resonant frequency variability (i.e., resonant frequency 

mismatch) due to manufacturing variations. 
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Chapter 3.  Relevant Characteristics of Quadratically Tapered Flexures 

This chapter provides information on the investigation into the relevant 

characteristics of quadratically tapered flexures. It is divided into four sections.  First, in 

Section 3.1, the derivations of the relevant mathematical expressions for quadratically 

tapered flexures is presented.  Next, in Section 3.2, the results of the initial set of Finite 

Element Analysis (FEA) studies used to validate these expressions is discussed.  In 

Section 3.3, the FEA study investigating the sensitivity of quadratically tapered flexures 

to common MEMS manufacturing variations is reported and offers a comparison to the 

sensitivities of standard straight flexures.  Finally, a short summary of the overall 

findings is presented in Section 3.4.  All tapered flexures investigated in this work are 

quadratically tapered and all references to “tapered flexures” imply a quadratic taper 

unless otherwise specified. 

3.1  Relevant Quadratically Tapered Flexure Mathematical Expressions 

For visual reference, a solid model rendering of a quadratically tapered flexure 

based tuning fork is pictured alongside a solid model rendering of a straight flexure based 

tuning fork in Figure 3.1.  The square block at the end of the flexures is referred to as a 

“hammerhead” and is a necessary feature for many tapered flexure designs.  The 

necessity and implications of the hammerhead feature is explained in more detail in 



 

29 

subsequent sections, but arises from the fact that the stress in the tapered flexure goes to 

zero at the point where the force load is applied.  Since the width of the flexure is derived 

to maintain constant stress along the flexure length, this zero stress condition results in a 

flexure width of zero, which is not physically realizable and requires the inclusion of the 

hammerhead feature.  To maintain consistency, this hammerhead feature will be included 

in both the tapered and straight flexure configurations studied in the chapter. 

 

Figure 3.1  Straight Flexure (a) and Tapered Flexure (b) Tuning Forks. 

This section is sub-divided into two subsections.  The first presents the derivation 

of the equation that describes the quadratic taper of the flexure.  The second section 

describes the derivation and summarizes many of the linear and angular deflection 

relationships of the quadratically tapered flexure with more detail provided in 

Appendix A. 
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3.1.1  Quadratic Taper Equation Derivation 

The fundamental premise of this research effort is based on the finding presented 

in [71] which indicated that tapering the flexure width for constant strain on the outer 

edge along the entire length of the flexure provided significant benefits to the 

performance of their gyroscope.  However, that reference does not provide the equation 

for the taper to achieve this condition.  Therefore, it was first necessary to derive this 

equation and the derivation is documented here. 

The problem is described graphically in Figure 3.2.  In Figure 3.2, wb is the width 

of the tapered flexure at the base, we is the width of the tapered flexure at the end, x is the 

axis along the length of the tapered flexure with the origin at the base, y is the transverse 

axis of the tapered flexure along the direction of the applied force with the origin at the 

center of the tapered flexure, L is the length of the tapered portion of the flexure, d is the 

distance between the end of the tapered flexure and the point force acting on it, and F is 

the point force acting on the tapered flexure.  Additionally, the tapered flexure is assumed 

to have thickness, t, coming out of the plane of the page, which is not pictured in 

Figure 3.2. 
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Figure 3.2  Mechanical Diagram of Tapered Flexure for Beam Width Derivation. 

To derive the equation for the width of the flexure as a function of the location 

along the flexure, w`x), we first investigate an infinitesimally small differential section at 

some location, l, along the length of the flexure (along the x axis).  This section is shown 

graphically in Figure 3.3.  In Figure 3.3, wl is the width of the tapered flexure in the 

differential section being analyzed at x-axis coordinate l, ∆x is the length of the 

differential flexure section, and Tmax_l is the maximum stress at the outer edge of the 

differential flexure section.  There are two assumptions built into Figure 3.3.  Assumption 

1 is that the width of the differential section, wl, is constant throughout the width of the 

section, which is justified by the fact that the length of the section is infinitesimally small.  

Assumption 2 is that the stress in the section follows a linear distribution along the y-axis 

with compressive stress at the top of the flexure and tensile stress at the bottom of the 

flexure, which is justified by the fact that, since there is no shear in the y-axis direction 

Fixed Free
wb we F

dL
x=0 x

yy=0
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there will only be bending of the flexure.  This bending will result in a small angular 

deflection of the faces of this differential section of the flexure.  Since there is no net 

linear compressive or tensile force in the x-axis direction, this angular deflection can only 

be realized through a linear gradient of strain along the y-axis with the average strain 

being zero.  These strain conditions imply tensile strain on one side of the flexure and an 

equal compressive strain on the other.  Since stress and strain are linearly related through 

the Modulus of Elasticity (Young’s Modulus) as described by Hooke’s Law, then the 

stress must also follow a linear distribution along the y-axis with tensile stress on one 

side of the flexure and compressive stress on the other side. 

 

Figure 3.3  Mechanical Diagram of Differential Section of a Tapered Flexure. 

Summing the moments in Figure 3.3 about the z axis, which is coming out of the 

plane of the page, around the center of the differential section, that is location (l, 0), 

yields the following equation: 

wl …
…

…
…

x=l

y=0 F
x=L+d

∆x

Tensile Stress

Compressive StressTmax_l

Tmax_l
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 w x� = 0 = −% ∙ z � ∙ {E`�) 4�|}�
H|}� + 3 ∙ `~ + 4 − �) , (3.1)

where Mz is the moment about the z axis, y is a variable of integration along the y axis, 

and Tl`y) is a function that describes the stress in the flexure as a function of y at location l.  With the assumption given previously that Tl`y) is linear along the y axis, Tl`y) can be 

written by inspection as: 

 {E`�) = {OP E �7�E 2� 8 = 2 ∙ {OP E�E ∙ � , (3.2)

where Tmaxl is the maximum stress at location l. 
Substituting Equation 3.2 into Equation 3.1 and evaluating the integral yields: 

 w x� = 0 = −% ∙ z 2 ∙ {OP E�E ∙ �� 4�|}�
H|}� + 3 ∙ `~ + 4 − �) (3.3)

 3 ∙ `~ + 4 − �) = 2 ∙ {OP E�E ∙ % ∙ z  �� 4�|}�
H|}�  (3.4)

 3 ∙ `~ + 4 − �) = 2 ∙ {OP E�E ∙ % ∙ ���3 � � �E2− �E2  (3.5)
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 3 ∙ `~ + 4 − �) = % ∙ {OP E6 ∙ �E� . (3.6)

Solving Equation 3.6 for the maximum stress at location l, Tmaxl, yields: 

 {OP E = 6 ∙ 3 ∙ `~ + 4 − �)% ∙ �E�  , (3.7)

which is consistent with the maximum stress in a non-tapered cantilever beam [30] when 

evaluating the stress at the base of the beam, l=0, and where the load is applied at the tip 

of the cantilever beam, d=0.   

The purpose of the tapered beam is to provide constant stress on the outer edge of 

the beam along the entire length of the beam.  This implies that we want the maximum 

stress to be a constant not dependent on the location, l, along the x axis.  The maximum 

moment in the beam is encountered at the base of the beam since it is the greatest 

distance from the applied force.  Therefore, we define the maximum stress in the tapered 

beam to be that encountered at the outer edge of the base of the beam.  Setting l=0 and 

letting wl=wb , and substituting wl=wb , Equation 3.7 yields: 

 {OP ≡ {OP E �� = 0, �E = �� = 6 ∙ 3 ∙ `~ + 4)% ∙ ���  . (3.8)

Finally, to find the relation for the width of the tapered flexure at any location, l, 
we substitute Equation 3.8 into Equation 3.6 and solve for wl : 
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 3 ∙ `~ + 4 − �) = % ∙ 6 ∙ 3 ∙ `~ + 4)% ∙ ���6 ∙ �E� 
(3.9)

 �E = ���~ + 4 − �~ + 4  , 
(3.10)

which is a surprisingly simple result for such a complex derivation.  Clearly this equation 

describes a flexure that is a parabola with its origin at the point where the force is applied 

and opening to the left.  This is why these flexures are referred to as quadratically tapered 

flexures.  Also, from this equation it is evident that if the tapered portion of the flexure 

were to extend all the way to the point where the force is applied. x=L+d, the width of 

the flexure at that location would be zero. This is not a realistic flexure to fabricate and is 

the main reason the hammerhead feature is required. 

3.1.2  Tapered Flexure Linear and Angular Deflection Equation Derivation 

To enable the design of quadratically tapered flexures with desired mechanical 

properties, it is necessary to derive the linear and rotational deflection and spring constant 

equations.  The mechanical system to be evaluated is pictured in Figure 3.4. 
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Figure 3.4  Mechanical Diagram of Tapered Flexure for Deflection Derivation. 

Many references [30, 91] begin their discussion of beam deflection characteristics 

with the common Euler-Bernoulli beam equation given here: 

 x`�) = Z_ ���`�)���  , (3.11)

where M(x) is the bending moment as a function of x.  E is the modulus of elasticity (also 

called Young’s modulus).  I is the second moment of inertia of the beam cross-section, 

and v(x) is the displacement of the beam as a function of x shown in the inset of 

Figure 3.4.  However, in the case of the tapered beam, the second moment of inertia, I, of 

the beam is also a function of the location along the x-axis, x, of that particular cross-

Fixed Free
F

dL
x=0 x

� 4�4�
� � = 4�4�� �
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section.  That is, for the tapered beam, I is a function of x, or _ = _`�).  As such, it was 

unclear if the second moment of inertia, I(x), should be pulled into the second derivative 

with respect to the location along the beam, x, in Equation 3.11 above.  Therefore, the 

derivation of the Euler-Bernoulli beam equation was researched [92] and analyzed to 

ensure that the second moment of inertia could remain outside of the second derivative 

with respect to location along the beam, x.  That analysis is provided in section A.1 of 

Appendix A and proves that the moment of inertia can remain outside of the second 

derivative. 

Referring back to Figure 3.4, since 3 is the only external force acting on the 

beam, the moment at any point along the beam, x`�), can be found as the product of that 

external force, 3, and the distance between the external force, ~ + 4, and the location, �, 

or: 

x`�) = 3 ⋅ `~ + 4 − �).  (3.12) 

Substituting Equation 3.12 into Equation 3.11 yields: 

 3 ⋅ `~ + 4 − �) = Z ⋅ _`�) ⋅ 4��`�)4��  . 
(3.13)

For convenience, we introduce N which we will substitute back out at the end of 

the derivation: 

� = ~ + 4.  (3.14) 

Substituting this into Equation 3.13 yields: 
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 3 ⋅ `� − �) = Z ⋅ _`�) ⋅ 4��`�)4��  . 
(3.15)

We also know that the general equation for the second moment of inertia of a 

rectangular cross-section is given by: 

 _ = % ⋅ ��12  . 
(3.16)

Combining Equations 3.14 and 3.10, we obtain an expression for the width of the 

tapered beam as a function of �:  

 �`�) = ���� − ��  . 
(3.17)

Substituting Equation 3.17 into Equation 3.16 gives the expression for the second 

moment of inertia of the tapered beam as a function of �: 

 _`�) = % ⋅ �`�)�12 = % ⋅ ����� − �� ��
12 = % ⋅ ��� @� − �� A��

12  . 

(3.18)

Substituting Equation 3.18 into Equation 3.15 yields the second order differential 

equation that governs the deflection of the tapered beam: 

 3 ⋅ `� − �) = Z ⋅ % ⋅ ��� @� − �� A��
12 ⋅ 4��`�)4��  . 

(3.19)
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The solution to Equation 3.19 is found using separation of variables and is 

provided in section A.2 of Appendix A.  This solution leads to several important 

relationships for the tapered flexure with a load applied to the center of the hammerhead 

which are summarized in Table 3.1. 

It is important to note here that the hammerhead geometrical feature serves a 

slightly different purpose for the research presented in this dissertation than it served 

previously [71].  In that reference, the tapered flexure was implemented in a simple 

tuning fork configuration and the hammerhead primarily served as a lumped mass at the 

end of the flexure/tuning fork.  In this work, the tapered flexure is typically employed in 

guided beam or folded flexure configuration where two tapered flexures are placed tip to 

tip.  A more detailed description of this configuration is provided in Section 3.3, but as 

mentioned previously, if the tapered flexures were allowed to extend to the point where 

the force is applied (d=0), then the width of the flexure would go to zero.  In the 

cantilever beam configuration, this zero-width condition occurs because there is zero 

moment on the beam at the location where the force is applied.  In the guided beam 

configuration, this zero-width condition occurs in the center of the S-shaped deflection 

where the beam goes through a zero-moment condition as the stress in the beam changes 

sign from compression to tension.  Therefore, the hammerhead feature is also necessary 

in the guided beam configuration to connect two tapered flexures together. 
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Table 3.1  Key Equations for the Tapered Flexure with Hammerhead Configuration. 

Description Equation Range 

Width of the 

Tapered Flexure �`�) = ���`~ + 4) − �`~ + 4)  0 ≤ � ≤ ~ 

Linear 

Deflection of the 

Tapered Flexure 

�`�) = 12 ⋅ 3 ⋅ `~ + 4)��Z ⋅ % ⋅ ��� �43 `~ + 4 − �)�� + 2 ⋅ `~ + 4)�� ⋅ �
− 43 `~ + 4)��� 0 ≤ � ≤ ~ 

�`�) = 12 ⋅ 3 ⋅ `~ + 4)��Z ⋅ % ⋅ ��� �*43 `4)�� + 2 ⋅ `~ + 4)�� ⋅ ~ − 43 `~ + 4)��0
+   *2 ⋅ `� − ~) ⋅ +`~ + 4)�� − `4)��-0� 

~ < �≤ ~ + 4 

Angular 

Deflection of the 

Tapered Flexure 

�`�) = 24 ⋅ 3 ⋅ `~ + 4)��Z ⋅ % ⋅ ��� �`~ + 4)�� − `~ + 4 − �)��� 0 ≤ � ≤ ~ 

�`�) = �`~) = 24 ⋅ 3 ⋅ `~ + 4)��Z ⋅ % ⋅ ��� �`~ + 4)�� − `4)��� 
~ < �≤ ~ + 4 

Linear 

Deflection at 

Hammerhead 

Center 

�`~ + 4) = 8 ⋅ 3Z ⋅ % ⋅ ��� �`~ + 4)� − `~ + 4)��`4)��� � = ~ + 4 

Angular 

Deflection at 

Hammerhead 

Center 

�`~ + 4) = �`~) = 24 ⋅ 3 ⋅ `~ + 4)��Z ⋅ % ⋅ ��� �`~ + 4)�� − `4)��� � = ~ + 4 

Linear Spring 

Constant at 

Hammerhead 

Center 

��� = Z ⋅ % ⋅ ���8 ⋅ *`~ + 4)� − `~ + 4)��`4)��0 at  � = ~ + 4 

Angular Spring 

Constant at 

Hammerhead 

Center 

�� = Z ⋅ % ⋅ ���24 ⋅ *`~ + 4)� − `~ + 4)��`4)��0 at  � = ~ + 4 
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3.2  Initial Tapered Flexure Finite Element Analyses 

The goal of this work is to design a flexure that has improved properties for an in-

plane resonator that can be beneficial in a MEMS gyroscope design.  For ease of 

fabrication, it is desirable to fabricate this device out of a silicon-on-insulator (SOI) wafer 

using a single mask, Deep Reactive Ion Etch (DRIE) process.  Therefore, the initial finite 

element analyses documented in this section are based on tapered flexure tuning fork 

designs implemented in the device layer of an SOI wafer. 

All of the process modeling, device layout, meshing, and FEA were performed 

using the CoventorWare software package from Coventor, Inc.  CoventorWare is an 

integrated suite of design and simulation software that has the accuracy, capacity, and 

speed to address real-world MEMS designs. The suite has many MEMS-specific features 

for modeling and simulating a wide range of MEMS devices, including inertial sensors 

(accelerometers and gyros), microphones, resonators, and actuators. The field solvers 

within CoventorWare provide comprehensive coverage of MEMS-specific multi-physics, 

such as electrostatics, coupled electro-mechanics, piezoelectric, piezoresistive, and 

damping effects, thus providing a one-stop, integrated software package for all stages of 

the design and modeling required for this work. 

3.2.1  Initial FEA Material, Modeling, and Meshing Parameters 

Implementation of a MEMS design within CoventorWare begins with the 

materials database.  CoventorWare provides a relatively extensive database of common 

materials used in MEMS devices.  For the purpose of the FEA presented in this section, 
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the design involves only 3 materials: Single Crystal Silicon <100>, Thermal Silicon 

Dioxide, and Bulk Silicon.  The material properties used for Single Crystal Silicon <100> 

and Thermal Silicon Dioxide are provided in Figure 3.5 and Figure 3.6 and represent 

typical values of the material properties found in commercially available SOI wafers.  

The bulk silicon was not included in any of the finite element analyses so its material 

properties are not included here.   

The important characteristics of the devices studied here are sensitive to several of 

the Single Crystal Silicon material properties listed in Figure 3.5.  Specifically, the spring 

constant is directly proportional to the Modulus of Elasticity and the resonant frequency 

is proportional to the square root to the Modulus of Elasticity which can vary some across 

various wafer manufacturers.  In addition to being sensitive to the Modulus of Elasticity, 

thermoelastic damping is also sensitive to Poisson's ratio, specific heat, thermal 

conductivity, and the thermal coefficient of expansion [61, 62].  These other material 

properties do not vary as much as the Modulus of Elasticity for SCS from different 

manufacturers.  This work focuses on a side-by-side comparison of tapered flexures to 

straight flexures using the same material and material properties and is not attempting to 

predict the absolute performance of tapered flexures.  Therefore, variations in the 

material properties are not expected to impact the comparative findings presented herein.  

Also, care has been taken in the design of all structures studied herein to ensure 

symmetry of the resonators.  This symmetry should minimize the strain transmitted to the 

insulation layer material which, in turn, minimizes the effect of material property 

variations of the Silicon Dioxide in that layer. 
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Figure 3.5  Relevant Material Properties of Single Crystal Silicon <100>. 

With the materials and their relevant properties captured in the Materials 

Properties Database, the fabrication process is then captured in the Process Editor module 
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within CoventorWare.  The Process Editor captures both the layer by layer structure of 

the wafer and the fabrication processing steps. 

 

 

     

Figure 3.6  Relevant Material Properties of Thermal Silicon Dioxide. 

For the designs and analyses documented in this section, the Process file is shown 

in Figure 3.7.  This process captures the formation of the SOI wafer as well as the etching 

processes that form the MEMS device under analysis.  The process begins on step 
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number zero by establishing a 500 µm thick bulk silicon layer, which is common for 150 

mm SOI wafers.  This step also creates a masking layer named “SubstrateMask” as 

shown in the “Mask Name” column.  These masks are not physical layers but are virtual 

design layers used in the LayoutEditor to describe the outline of the etches (and 

subsequently the MEMS devices).  In this case, the SubstrateMask is used to define the 

outer dimensions of the Substrate included in building the solid model of the MEMS 

device for subsequent modeling and analysis.  The next layer forms the thermal oxide 

(Silicon Dioxide) and is 1 µm thick.  The final layer of the SOI wafer is the Device layer 

and is formed as Single Crystal Silicon <100> and is 100 µm thick.  The final two steps 

are etching process steps.  The first of these, the Deep Reactive Ion Etch (DRIE) step 

outlined by the “DeviceMask” mask, will etch completely through the Device layer.  The 

final step is the device release etch which is a generic wet etch of the Oxide layer 

outlined by the “OxideMask” mask.  This is a release etch that will etch completely 

through the Oxide layer and the mask drawn is intended to be representative of the 

material left after the release step.  This step does not require an actual photolithography 

mask for implementation. 

 



 

46 

 

 

Figure 3.7  SOI Wafer Structure and Fabrication Process. 

For the purposes of this initial investigation into the characteristics of the tapered 

flexure, the primary goal was a comparison of these characteristics against those 

characteristics of the straight flexure.  Therefore, the absolute scale, resonant frequency, 

and spring constants of the flexures and the tuning forks were not as important as 

ensuring that these values were similar for both the straight and tapered flexure designs.  

However, for the purposes of shortening the FEA calculation time, it was desired to keep 

the device dimensions as small as possible while maintaining some reasonable size for a 

MEMS device.  The thickness of the device layer was already set to be 100 µm and it 

seemed reasonable that the flexure length should not be shorter than the flexure thickness.  

So, the flexure length was set to 100 µm as well.  For reference, please see Figure 3.1 and 

Figure 3.2 for the general device layout and shape.  All FEA analyses were performed on 
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the tuning fork configuration and none were performed on just a single cantilevered 

beam.  For the straight flexure design, the width of the flexure was set to 10 µm.  To 

ensure a similar spring constant for the tapered flexure, the width at the base of the 

tapered flexure was calculated to be 13.73 µm using the equation for the spring constant 

for a force applied at the center of the hammerhead given in Table 3.1.  It is important to 

note that the equations employed for the straight flexure describe its response at the end 

of the flexure for a force applied at the end of the flexure but the equations used for 

tapered flexure describe its response at the center of the hammerhead feature for a force 

applied at the center of the hammerhead.  This causes a minor discrepancy in the results 

which will be discussed.  In both cases the hammerhead size was 20 µm by 20 µm 

(d=10µm). 

For the FEA analyses documented in this section, the mesher settings are 

presented in the screen capture images presented in Figure 3.8 and Figure 3.9, for the 

straight and tapered flexure tuning forks, respectively.  The CoventorWare software 

documentation provides detailed descriptions for each of these settings [93].  The 

analyses contained in this section represent just the initial study of the tapered flexure 

design and, therefore, a formal mesh study was not completed.  Instead, a limited mesh 

sensitivity study was performed which indicated that the mesh settings were adequate for 

this analysis.  The mesher setting for the straight and tapered flexure tuning forks only 

differ in that the “small feature removal threshold” setting of 0.1 on the straight flexure 

tuning fork was replaced with a “minimum element size” setting of 0.2 for the tapered 

flexure tuning fork.  This change was necessary to reduce the number of elements in the 
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mesh of the tapered flexure tuning fork so that the thermoelastic damping FEA would 

converge. 

For each flexure design, three types of FEA analyses were performed.  These 

included: 

• Modal Analysis 

• Spring Constant/Nonlinearity Analysis 

• Quality Factor/TED Analysis 

Results of these analyses are provided in the following subsections. 

     

Figure 3.8  Mesher Settings for Straight Flexure Tuning Fork Initial FEA Analyses. 
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Figure 3.9  Mesher Settings for Tapered Flexure Tuning Fork Initial FEA Analyses. 

3.2.2  Initial Modal Analysis 

For the Modal Analysis, only one surface boundary condition was required.  This 

was a “FixAll” boundary condition at the base of the oxide Anchor, as illustrated in 

Figure 3.10.  The solver settings used for the Modal analyses are presented in the screen 

capture in Figure 3.11.  It was assumed that the desired mode would be one of the first 5 

modes, so only 5 modes were requested from the solver.  The density of mesh elements 

near the end of the tapered flexure is an artifact of the combination of a rapidly changing 

flexure curvature in that area, the number of discrete data points chosen to define the 
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outer edge of the flexure, and the specific mesher algorithm settings.  This type of 

meshing artifact appears in tapered flexure meshes periodically throughout this work. 

 

Figure 3.10  FixAll Boundary Condition Surface for Modal Analysis. 
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Figure 3.11  Solver Settings for Modal Analysis. 

Figures 3.12 through 3.16 illustrate the first 5 modal shapes for the straight 

flexure design, and Figures 3.17 through 3.21 illustrate the first 5 modal shapes for the 

tapered flexure design.  Figures 3.22 and 3.23 present the modal frequencies for the 

straight flexure and the tapered flexure designs.  The mode 2 frequency of the straight 

flexure is the desired tuning fork mode where the tines are operating in anti-phase motion 

and is 72.315 kHz.  The mode 3 frequency of the tapered flexure is the tuning fork mode 

and is 93.113 kHz.  In general, the same modal shapes share very similar modal 
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frequencies between the straight and tapered flexure designs.  However, the modal 

frequency for the tuning fork mode was shifted significantly higher (~30%) for the 

tapered flexure design.  These flexures were designed to have similar spring constants but 

the mass distribution along the length of the flexure is significantly different and accounts 

for the majority of this shift in modal frequency. 

 

Figure 3.12  Straight Flexure Tuning Fork Mode 1. 
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Figure 3.13  Straight Flexure Tuning Fork Mode 2. 

 

Figure 3.14  Straight Flexure Tuning Fork Mode 3. 
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Figure 3.15  Straight Flexure Tuning Fork Mode 4. 

 

Figure 3.16  Straight Flexure Tuning Fork Mode 5. 



 

55 

 

Figure 3.17  Tapered Flexure Tuning Fork Mode 1. 

 

Figure 3.18  Tapered Flexure Tuning Fork Mode 2. 
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Figure 3.19  Tapered Flexure Tuning Fork Mode 3. 

 

Figure 3.20  Tapered Flexure Tuning Fork Mode 4. 
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Figure 3.21  Tapered Flexure Tuning Fork Mode 5. 

 

 

Figure 3.22  Straight Flexure Tuning Fork Modal Frequencies. 
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Figure 3.23  Tapered Flexure Tuning Fork Modal Frequencies. 

3.2.3  Initial Spring Constant, Nonlinearity, and Stress Analysis 

For the Spring Constant/Nonlinearity Analysis, two surface boundary conditions 

were required.  Similar to the Modal Analysis, there was a “FixAll” boundary condition 

at the base of the oxide Anchor, as previously illustrated in Figure 3.10.  Additionally, 

there was a “LoadPatch” surface boundary condition applied to the two outside edges of 

the tuning fork hammerheads as illustrated in Figures 3.24 and 3.25.  Several analyses 

were conducted with these surfaces highlighted in yellow loaded with various pressures 

ranging from 1 kPa up to 10 kPa to obtain an estimate of the spring constant and estimate 

the nonlinearity of the response displacement.  The resulting displacement values are 

presented in Figures 3.26 and 3.27 for the Straight Flexure and the Tapered Flexure 

designs, respectively. 
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Figure 3.24  LoadPatch Boundary Condition for Spring Constant Analysis, Left Side. 
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Figure 3.25  LoadPatch Boundary Condition for Spring Constant Analysis, Right Side. 



 

61 

 

Figure 3.26  Straight Flexure Spring Constant Analysis Displacement Results. 

 

Figure 3.27  Tapered Flexure Spring Constant Analysis Displacement Results. 

To obtain an estimate of the spring constant from the displacements returned by 

the FEA solver, several items must be taken into account.  First, the applied load was 

given in units of pressure.  These must be converted to units of force by multiplying by 

the area of the applied load, which was 20 µm by 100 µm, giving an area of 2000 µm². 
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The second item is that, for the straight flexure design, the spring constant 

equation given in the text is for a load applied at the end of the flexure whereas the load 

in this case was effectively applied 10 µm beyond the end of the flexure at the center of 

the hammerhead.  For a cantilever beam, there is not a significant amount of additional 

bending that occurs near the tip of the beam.  So, the application of the force just beyond 

the end of the flexure has approximately the same effect as increasing the effective length 

of the flexure by 10%.  Since the length of the flexure is cubed and in the denominator of 

the spring constant equation, the effect is to reduce the spring constant by a factor of 1.13. 

The final consideration is that the solver returns the maximum displacement from 

the very end of the hammerhead whereas the equation for the displacement of the straight 

flexure will be at the end of the flexure.  Again, this increases the effective displacement.  

An estimate of this factor can be found by assuming that there is no additional bending 

within the hammerhead feature so that the angular displacement at the end of the flexure 

which also describes the angular deflection of the hammerhead feature can be used to 

project an additional displacement across its length.  The effective linear and angular 

deflection spring constants for a straight cantilever beam [30] are given by: 

 ��K ≅ 3 ⋅ Z ⋅ _~BC>�  (3.20)

and 

 ��� ≅ 2 ⋅ Z ⋅ _~BC>�  , (3.21)

where ��K is the linear deflection spring constant for the tip of the beam and ��� is the 

angular deflection spring constant for the tip of the beam.  Using the dimensions for this 
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design (noting that ~BC> = ~ + ����  ) yields a ��K of 3111 N/m and a ��� of 0.2282 

N/rad.  We extend the linear deflection expression to the end of the hammerhead feature 

by adding a term to perform a linear extrapolation using the angular deflection as follows: 

 ��KN ≅ 33��K + 3��� ∙ ~��2 = 1~BC>�3 ∙ Z ∙ _ + ~BC>�2 ⋅ Z ⋅ _ ∙ ~��2  (3.22)

 ��KN ≅ 6 ⋅ Z ⋅ _2 ⋅ ~BC>� + 3 ⋅ ~��2 ⋅ ~BC>�  , (3.23)

where ��KN is the linear deflection spring constant for the end of the hammerhead and 

~�� is the length of the hammerhead.  Using the dimensions for this design yields a ��KN 

of 2738 N/m. 

In the case of the tapered flexure, the equations for force and displacement were 

derived assuming loads and displacement at the center of the hammerhead.  Therefore, 

there is no need to account for the location of the applied force, but there is a need to 

account for the final displacement being at the end of the hammerhead instead of the 

center of the hammerhead.  For this correction, we refer to row 3 of Table 3.1 and solve 

for � = ~ + 24, or: 
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���`~ + 2 ⋅ 4)
= 12 ⋅ 3 ⋅ `~ + 4)��Z ⋅ % ⋅ ��� �*43 `4)�� + 2
⋅ `~ + 4)�� ⋅ ~ − 43 `~ + 4)��0
+ *4 ⋅ 4 ⋅ +`~ + 4)�� − `4)��-0� , 

for ~ < � ≤
~ + 24,

(3.24)

which simplifies to: 

 

���`~ + 2 ⋅ 4)
= 12 ⋅ 3Z ⋅ % ⋅ ��� �−73 `4)�� ⋅ `~ + 4)��
+ `2~ + 44) ⋅ `~ + 4)� − 43 `~ + 4)�� 

for ~ < � ≤
~ + 24 (3.25)

and yields a spring constant of: 

 ���N = Z ⋅ % ⋅ ���12 ⋅ *−73 `4)�� ⋅ `~ + 4)�� + `2~ + 44) ⋅ `~ + 4)� − 43 `~ + 4)�0 

   

for ~ < � ≤
~ + 24 ,

(3.26)

where ���N is the linear deflection spring constant for the end of the hammerhead with 

the force applied to the center of the hammerhead.  Using the dimensions for this design 

yields a ���N of 3422 N/m. 
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The FEA results from the Spring Constant analysis on the straight flexure 

indicated a spring constant for the applied force of 2524 N/m, which is relatively close to 

the approximate value of 2738 N/m calculated earlier.  This is a relatively stiff beam and 

the bulk of the remaining difference is due to the less-than-infinite stiffness of the base 

where the flexure is anchored (compliance of the base).  This spring constant was 

determined from the FEA data by calculating the linear least squares fit of the maximum 

Y-node displacement returned by the solver against the equivalent force applied to the 

center of the hammerhead.  The data are plotted in Figure 3.28, which indicates very 

linear behavior.  The error from the curve fit is plotted in Figure 3.29 and indicates that 

the maximum deviation from the curve fit was only a few parts per million of the actual 

displacement of the flexure.  It is also interesting to note that the fit error follows a 

predominantly parabolic curve, which indicates that the error is primarily a second-order 

response. 

 

Figure 3.28  Straight Flexure Spring Constant Analysis Displacement Plot. 
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Figure 3.29  Straight Flexure Spring Constant Analysis Fit Error. 

It is also instructive to perform a visual investigation into the displacement field 

and stress distribution.  Figure 3.30 shows a visualization of the straight flexure under the 

largest applied force.  In this figure, the color contour variable is set to the displacement 

with the displacement exaggerated by a factor of 2000.  Similarly Figure 3.31 shows a 

visualization of the straight flexure under the largest applied force but in this figure, the 

color contour variable has been set to the principal stress with the displacement still 

exaggerated by a factor of 2000.  From Figure 3.31, it is clear that the majority of the 

stress and the majority of the flexing is occurring near the base of the flexure. 
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Figure 3.30  Straight Flexure Spring Constant Analysis Displacement Visualization. 

 

Figure 3.31  Straight Flexure Spring Constant Analysis Stress Visualization. 
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The FEA results from the Spring Constant analysis on the tapered flexure 

indicated a spring constant for the applied force of 3324 N/m.  This spring constant was 

determined by calculating the linear least squares fit of the maximum Y node 

displacement returned by the solver against the equivalent force applied to the center of 

the hammerhead.  The data are plotted in Figure 3.32, which again indicates very linear 

behavior.  The error from the curve fit is plotted in Figure 3.33 and indicates that the 

maximum deviation from the curve it was only a few parts per million of the actual 

displacement of the flexure.  It is also interesting to note that the fit error follows a 

predominantly parabolic curve, which indicates that the error is primarily a second-order 

response.  This spring constant differs from the predicted value by only 2.9%.  Again, 

this is a relatively stiff beam and the fact that the base is not infinitely stiff (compliance) 

where the flexure is anchored is responsible for the bulk of this difference.  The impact of 

the compliance of the base is less than that of the straight flexure because the tapered 

flexure has less overall stress and is spread across a wider distance at the base because the 

equivalent tapered flexure is wider at the base than the straight flexure. 
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Figure 3.32  Tapered Flexure Spring Constant Analysis Displacement Plot. 

 

Figure 3.33  Tapered Flexure Spring Constant Analysis Fit Error. 
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It is also instructive to perform a visual investigation into the displacement field 

and stress distribution.  Figure 3.34 shows a visualization of the tapered flexure under the 

largest applied force.  In this figure, the color contour variable is set to displacement with 

the displacement exaggerated by a factor of 2000.  Similarly Figure 3.35 shows a 

visualization of the tapered flexure under the largest applied force but in this figure, the 

color contour variable has been set to the principal stress with the displacement still 

exaggerated by a factor of 2000.  From Figure 3.35, it is clear that the taper of the flexure 

did result in a constant stress along the outer edge of the flexure.  This is a significant 

validation of the design and the equation for the width of the tapered beam. 

In the original derivation of the taper equation, an assumption was made that the 

stress across the width of the beam would be a linear gradient as pictured in Figure 3.3.  

To validate this assumption, a close-up of the stress gradient in the flexure with six 

equally spaced stress contour bands is provided in Figure 3.36.  This clearly shows very 

evenly spaced contour bands which indicates a linear gradient of stress across the width 

of the flexure, thus validating the original assumption. 
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Figure 3.34  Tapered Flexure Spring Constant Analysis Displacement Visualization. 

 

Figure 3.35  Tapered Flexure Spring Constant Analysis Stress Visualization. 



 

72 

 

Figure 3.36  Tapered Flexure Stress Visualization with Six Contour Bands, Close-Up. 

It is also important to investigate how well the maximum stress matches that 

predicted from Equation 3.8.  Using the design parameters for this design and the 

boundary condition applied at the final step of the FEA analysis, the maximum stress at 

the outer edge of the flexures, {OP , is calculated from Equation 3.8 to be 0.7 MPa.  The 

FEA indicates a maximum stress within a few percent that same value but varies a few 

percent around the outer surface of the flexure due to mesh variations and proximity to 

the edges. 

Comparing the stress response of the tapered flexure against that of the straight 

indicates several key results.  The first is that the expected/desired result that the straight 

flexure has its highest concentration near the base of the flexure was validated.  Similarly, 

the stress concentration of the tapered flexure was constant along the outer edge of the 

entire length of the flexure.  Also, the maximum stress in the tapered flexure (0.7 MPa) 
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was significantly less than that of the straight flexure (1.38MPa).  Comparing the 

nonlinearity of the response of the tapered flexure to that of the straight flexure indicates 

that, while the nonlinearity of each of these is very small, the response of the tapered 

flexure displacement is slightly more nonlinear than that of the straight flexure.  Since the 

maximum stress in the tapered flexure is roughly half that of the straight flexure, this 

increase in nonlinearity is likely to stem from the nonlinearity introduced by the 

difference in the angular deflection spring constant between these two designs rather than 

a nonlinearity in the material properties. 

These analyses of the spring constant/nonlinearity evaluations revealed the 

following major findings: 

• An analytic expression was correctly derived for the taper of the tapered 

flexure to yield constant stress on the outer edge of the flexure, which was 

verified by FEA. 

• The predicted value for the maximum stress on the outer edge of the 

flexure was correct. 

• The maximum stress in the tapered flexure was roughly half of the 

maximum stress found in the straight flexure. 

• The predicted linear spring constant resulting from the tapered flexure 

design was in close agreement with the FEA results. 

• The primary nonlinearity term in the flexure response is second-order and 

is on the order of ones of parts per million over the applied forces 

investigated here. 
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• The response of the tapered flexure displacement is slightly more 

nonlinear than that of the straight flexure.  Since the maximum stress in 

the tapered flexure is roughly half that of the straight flexure, this increase 

in nonlinearity is more likely to stem from the nonlinearity introduced by 

the difference in the angular deflection spring constant between these two 

designs rather than a nonlinearity in the material properties. 

3.2.4  Initial Thermo-Elastic Damping Analysis 

For the Thermo-Elastic Damping (TED) Analysis, two boundary conditions were 

required.  The first was the same “FixAll” boundary condition at the base of the oxide 

Anchor, as illustrated previously in Figure 3.10.  The second was a Harmonic Surface 

Boundary Condition applied to the same two hammerhead surfaces as previously 

illustrated in Figure 3.24 and 3.25.  Since for the straight flexure tuning fork, the Modal 

Analysis presented previously in Figure 3.22 indicated that the desired mode had a 

frequency of 723kHz, this TED analysis was set to run from 700kHz to 750kHz in steps 

of 1 kHz.  Since for the tapered flexure tuning fork, the Modal Analysis presented 

previously in Figure 3.23 indicated that the desired mode had a frequency of 931kHz, this 

TED analysis was set to run from 900kHz to 950kHz in steps of 1 kHz.   

The plot of the “material+thermal” losses represented as the inverse of the quality 

factor, �BQX, for the straight flexure is shown in Figure 3.37.  The value of 1/�BQX is 

highlighted with a red marker at the resonant frequency of 723 KHz, and corresponds to a 

�BQX of 10.9K.  Figure 3.38 shows a visualization of the straight flexure with the color 

contour variable set to the TED Energy Density with the displacement exaggerated by a 



 

75 

factor of 5.  Figure 3.38 clearly indicates that the majority of the TED losses in the 

straight flexure are occurring near the base of the flexure. 

Similar to the plot shown for the straight flexure in Figure 3.37, the plot of 

1/�BQX for the tapered flexure is shown in Figure 3.39.  The value of 1/�BQX is 

highlighted with a red marker at the resonant frequency of 931 KHz, and corresponds to a 

�BQX of 9.6K, which is 11.9% lower than that of the straight flexure and lower than what 

was expected based on the comments in previous work [71].  It was noted however, that 

the resonant frequency of the device was very near the thermal relaxation time of the 

thermoelastic dissipation, as evidenced by the fact that the curve negins to level out at 

this frequency [61].  It is also known [61] that operation in this frequency range causes 

the greatest thermoelastic energy dissipation.  So, it was postulated that if the tapered 

tuning fork were designed to have the same resonant frequency instead of the same spring 

constant, then the thermal losses may indeed be lower.  Therefore, a second tapered 

tuning fork design was modeled in an attempt to match the resonant frequency of the 

straight flexure tuning fork.  This design had a width at the base of 11.6µm and the taper 

followed the prescribed equation but all other dimensions remained the same.  This 

design yielded a resonant frequency of 745KHz, which was within a few percent of the 

desired resonant frequency of 723KHz.  The plot of 1/�BQX for the narrowed tapered 

flexure is shown in Figure 3.40.  The value of 1/�BQX is highlighted with a red marker at 

the resonant frequency of 745 KHz, and corresponds to a �BQX of 11.5K, which is 5.5% 

higher than that of the straight flexure.  So, the tapered flexure appears to have some 

marginal benefit in thermal losses over that of the straight flexure. 
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Figure 3.37  TED Loss for the Straight Flexure. 
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Figure 3.38  TED Energy Density for the Straight Flexure. 

 

Figure 3.39  TED Loss for the Tapered Flexure. 
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Figure 3.40  TED Loss for the Narrowed Tapered Flexure. 

Figure 3.41 shows a visualization of the tapered flexure with the color contour 

variable set to the TED Energy Density and the displacement exaggerated by a factor of 

5.  Figure 3.41 clearly indicates that the TED losses in the tapered flexure design are 

internal to the flexure and distributed along the entire length of the flexure.  Figure 3.41 

also indicates that the peak TED energy density is lower than that of the straight flexure.  
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by a factor of 5.  Similarly to Figure 3.41, Figure 3.43 clearly indicates that the TED 

losses in the tapered flexure design are internal to the flexure and distributed along the 

entire length of the flexure.  The peak TED energy densities displayed in Figure 3.43 

within the flexures are more in line with those of the straight flexure.  It is interesting to 

note here that a common exaggeration factor of 5 was used in each of the visualization 

figures, but it is clearly evident that some displaced further than others.  This is due to 

differences in resonant frequency, differences in damping, as well as very slight 

differences in how close the analysis frequency is to the actual resonant frequency.  Since 

the absolute value of the TED energy density is sensitive to the displacement, it would be 

wise not to read too much into the absolute values of the energy densities without 

normalizing them. 

 

Figure 3.41  TED Energy Density for the Tapered Flexure. 
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Figure 3.42  TED Energy Density Close-Up for the Tapered Flexure. 

 

Figure 3.43  TED Energy Density for the Narrowed Tapered Flexure. 
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3.2.5  The Tapered Folded Flexure 

To limit overall device dimensions, folded flexures are commonly incorporated 

into MEMS device designs.  This folded flexure layout also mitigates against the rotation 

of the tip end of the flexure and results in a “guided” motion.  Therefore, it was 

informative to arrange the tapered flexure into a folded flexure configuration and analyze 

its response characteristics. 

Figure 3.44 shows a solid model of the tapered folded flexure.  At the heart of this 

model is the tip-to-tip placement of two tapered flexures that share the same 

hammerhead.  This element has the appearance similar to that of a bowtie, where the 

“knot” of the bowtie (the small, square block in the middle of the flexure) is placed at the 

zero-stress point along the length of the flexure.  The smaller square block toward the 

upper left-hand corner of the figure is anchored to the substrate.  The larger square block 

next to it is free to move in a linear “guided” fashion toward and away from the smaller, 

anchored block.  The long rectangular beam in the lower right-hand portion of the image 

connects the two bowtie flexures together and is also free to move in a linear fashion 

parallel to that of the larger block.  This rectangular beam, however, only moves half as 

much as that of the larger square block. 
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Figure 3.44  Solid Model of the Tapered Folded Flexure. 

Figure 3.45 shows a solid model of a single degree of freedom shuttle design 

which incorporates four tapered, folded flexures.  In this figure, the square block in the 

center is anchored to the substrate and the frame around the outer edge is free to move in 

a linear, “guided” fashion from the lower left-hand corner to the upper right-hand corner.  

Figure 3.46 shows this same model with the frame displaced toward the upper right-hand 

corner.  In this figure, the color contour variable is showing displacement. 

It can be seen from Figure 3.46 that each “bowtie” flexure in the tapered folded 

flexure takes on an “S” shaped deformation.  This is an indication that there is a transition 

from compressive stress to tensile stress along the outer edge of each “bowtie” flexure in 

this design.  Figure 3.47 shows a close-up of the stresses in the tapered folded flexures 

while under this deflection in the shuttle design.  As can be seen from this figure, the 
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stresses are the same and constant along the outer edge of all flexure elements and 

confirms that the block at the center of each “bowtie” element is at the zero stress point. 

 

Figure 3.45  Solid Model of the Shuttle Incorporating Tapered Folded Flexures. 
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Figure 3.46  Solid Model of the Shuttle Showing Displacement. 

 

Figure 3.47  Stress Distribution in the Tapered Folded Flexure. 
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A spring constant analysis was performed on the shuttle design incorporating 

tapered folded flexures using FEA in a manner very similar to that described earlier for 

the tuning fork and the tapered tuning fork.  The FEA results from the Spring Constant 

analysis on the shuttle design indicated a spring constant for the applied force of 10,484 

N/m.  The theoretical spring constant for this shuttle design was 12,656 N/m.  The 

difference between the FEA predicted result and the theoretically derived value is greater 

than 17%, which is much higher than expected.  Investigation into this discrepancy 

revealed that the primary cause was compliance in the structures at the base of the 

flexures and in the cross-member of the folded flexure, which are all assumed to be 

infinitely stiff in the theoretical calculations. 

Spring Constant Analysis data is plotted in Figure 3.48, which again indicates 

very linear behavior.  The error from the curve fit is plotted in Figure 3.49 and indicates 

that the maximum deviation from the curve was only a few nanometers of non-linear 

displacement while the shuttle itself was displaced up to 14 µm.  It is important to note 

here that this level of displacement is quite extreme relative to the overall device 

dimensions which are on the order of 500µm.  It is also interesting to note that the fit 

error here follows a predominantly cubic curve whereas the previous analysis on the 

tuning fork configuration demonstrated a mostly parabolic behavior.  This is likely an 

artifact of the way the analyses were constructed since the one for the tuning fork applied 

only positive pressures and the one for the shuttle applied both positive and negative 

pressures which allowed the odd symmetries in the response to be more evident. 

For comparison purposes, a second shuttle was designed using straight flexures.  

The linearity error for that design was roughly 30% lower than that of the shuttle that 
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incorporated tapered flexures, while the peak stresses in the straight flexures were 

roughly 40% higher than that of the tapered flexures.  Additionally, the difference 

between the theoretical spring constant and the FEA predicted spring constant was even 

higher.  This difference is caused by a combination of two factors.  The first is that the 

peak stress in the straight flexure is higher, resulting in even more deformation of the 

base where the flexure attaches.  The second is that the straight flexure is narrower at the 

base than the tapered flexure, resulting in the deformation causing a greater angular 

rotation of the base and exaggerated compliance of the flexure.  This discovery was an 

unexpected attribute of the tapered flexure.  That being said, for a given length, stiffer 

flexures can be implemented in the tapered configuration before deformation of the 

attachment point becomes significant. 

 

Figure 3.48  Tapered Flexure Shuttle Spring Constant Analysis Displacement Plot. 
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Figure 3.49  Tapered Flexure Shuttle Spring Constant Analysis Fit Error. 
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response of the material itself.  The TED losses were improved by 5.5% for the tapered 

flexure that was designed to match the resonant frequency of the straight flexure.  Finally, 

it was discovered that, for a given flexure length, a tapered flexure could be designed 

with a higher stiffness than that of a straight flexure before the compliance of the base 

became significant. 

3.3  Sensitivity to Manufacturing Variations 

An investigation was performed into the sensitivity to manufacturing variations of 

tapered flexures as compared with that of an “equivalent” straight flexure.  This study 

included an extensive FEA investigation into the impact of fillets on the properties of the 

flexure as well as an analytical investigation into the sensitivity to flexure width 

variations, which is supported by FEA.  Fillets, sometimes called radius fillets, are 

mechanical features added to the inside corners of mechanical structures (not just MEMS 

structures) that generally have three primary benefits.  They make the structure easier to 

fabricate.  They reduce stress peaking and associated fatigue-induced failures in inside 

corners, and they make the resulting structure more visually appealing.  Fillets are often 

implemented using a constant radius which are also called radius fillets.  In Figure 3.50, 

the same MEMS structure is shown (a) without fillets and in (b) with radius fillets.  All 

fillets investigated in this work are radius fillets. 
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Figure 3.50  MEMS Structure (a) without Fillets, and (b) with Fillets. 

The focus areas investigated in this study were informed by discussions with 

MEMS fabrication companies as well as by literature [89].  The primary issues that arise 

from manufacturing variations in Deep Reactive Ion Etched (DRIE) MEMS devices 

include: 

1. Variability in radius of inside corners - “rounding” of inside corners. 

2. Critical Dimension Loss (CDloss) or Etch Bias - horizontal undercut of 

device under the mask resulting in unintended variations in flexure widths. 

3. Sidewall Angle - Angle deviation from vertical of the sides of the flexures. 

For the purposes of this work, an “equivalent” tapered flexure was defined to be 

one of the same length as a straight flexure but with a width at the base required to obtain 

the same linear deflection spring constant due to an applied force at the center of the 

hammerhead.  This equivalence typically results in a base width of the tapered flexure 

that is roughly 20-25% wider than the width of the straight flexure.  
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3.3.1  Sensitivity to Inside Corner Variations - Fillet Radius Study 

In addition to the concerns over manufacturing variations in the inside corners, in 

the preliminary FEA studies reported in the previous section, it was noted that there was a 

significant stress rise at the inside corner locations where the flexures (straight and 

tapered) attached to the base as indicated in Figure 3.51.  A common design technique to 

mitigate this stress rise is to introduce a radius fillet in the inside corners.  Introducing a 

fillet in the inside corners also mitigates against manufacturing variations arising from the 

difficulties associated with etching a perfect right angle in the inside corner as well.  

However, the minimum radius necessary to minimize this stress peaking was not known.  

Additionally, the impact of the fillet on desired flexure parameters such as spring 

constant and thermoelastic damping (TED) was not known.  Therefore, a fillet study was 

devised to derive some design rules for minimum fillet radius and determine its impact on 

desired flexure properties.  This fillet study both informs the designer about the 

sensitivity of the design to manufacturing variations in the inside corners as well as sets 

some design guidelines for what size fillet should be included in future designs. 
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Figure 3.51  Stress Rise at the Junction Between Base and Flexure. 

For the purposes of the fillet study, the test structures modeled in the FEA were 

all of a tuning fork design.  The device thickness for all test structures was fixed at 

100µm, which is a common thickness for DRIE MEMS devices.  The hammerhead size 

was fixed at 60µm by 60µm.  Three different lengths of the flexures, 300µm, 400µm, and 
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width required to provide the same linear deflection spring constant as the “equivalent” 

straight flexure. 

The equation that gives the linear spring constant for the tapered flexure at the 

center of the hammerhead was provided in Table 3.1.  Equation 3.27 arranges that 

equation to provide the width of the flexure at the base given a particular desired spring 

constant.  The widths of the tapered flexure designs are summarized in Table 3.2.  This 

table is arranged for easy comparison of tapered vs. straight flexure widths for different 

lengths.  From the data in this table, it is readily apparent that the tapered flexure width at 

the base is roughly 25% wider than the straight flexure (or the equivalent straight flexure 

is 20% narrower than the tapered flexure at the base) with only a small dependence on the 

length of the flexure over the range investigated here: 

 �� = ¢����_B ⋅ 8 ⋅ *`~ + 4)� − `~ + 4)��`4)��0Z ⋅ %
�

 
. 

(3.27)

This matrix of 2 flexure types, 3 widths, 3 lengths, and 6 fillet sizes resulted in the 

creation of 108 solid models.  For each of these solid models, FEAs were designed and 

conducted to investigate peak stress, spring constant, resonant frequency, and 

thermoelastic damping (TED), resulting in well over 300 individual FEAs conducted.    
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Table 3.2  Tapered Flexure Widths for Fillet Study. 

Length 

(µm) 

Straight Flexure Width 

(µm) 

Tapered Flexure Width 

at the Base 

(µm) 

300 10 12.486 

400 10 12.523 

500 10 12.543 

300 15 18.729 

400 15 18.784 

500 15 18.815 

300 20 24.972 

400 20 25.046 

500 20 25.086 

 

At the outset of this fillet study, a mesh sensitivity study was conducted.  Details 

of this mesh sensitivity study are provided in Section B.1 of Appendix B.  The final mesh 

settings that were used are presented in Figure 3.52.  These settings represent a 

combination of competing requirements that include: 

1. Ensuring adequate mesh resolution to obtain accurate results, 

2. Ensuring adequate mesh resolution in the fillet locations, 

3. Ensuring a reasonable number of total mesh elements to have reasonable 

computational run time, and 

4. Ensuring that the mesher algorithm would return a mesh that met all of the 

previously listed requirements for all of the geometries using the exact 

same settings. 

Of these criteria, the third was the least important and the final settings employed 

largely resulted in relatively dense meshes.  A representative mesh is shown in 

Figure 3.53. 
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Figure 3.52  Mesher Settings for Fillet Study. 

 

Figure 3.53  Representative Mesh for the Fillet Study. 
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For each of the model combinations, FEAs were performed to determine the 

impact the fillet has on the following parameters: 

1. Linear deflection spring constant 

2. Resonant frequency 

3. Stress peaking 

4. Thermo-Elastic Damping (TED) 

The following sub-sections present the results of each of these analyses. 

3.3.1.1  Impact of Fillet Radius on Linear Deflection Spring Constant 

To determine the impact of the fillet radius on the linear deflection spring 

constant, a set of 21 linearly spaced pressure load conditions were applied to the side 

faces of the hammerheads.  The faces that were loaded are shown in Figure 3.54.  The 

pressure load on these faces varied from a maximum negative pressure of -1kPa up to a 

maximum positive pressure of +1kPa in steps of 0.1kPa. 

 

Figure 3.54  Pressure Loaded Faces for the Fillet Study. 
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The ideal spring constant for each base design (i.e., the design with no fillet) was 

calculated based on the design parameters of the length and width of the flexure.  

However, since the load was applied at the center of the hammerhead rather than at the 

end of the flexure, an allowance had to be made in the calculation of the spring constant.  

The spring constant equation that relates the deflection at the center of the hammerhead 

to the applied force at the center of the hammerhead was provided in Table 3.1 for the 

tapered flexure, and is provided in Equation 3.28 below for the straight flexure.  The 

derivation of this equation is provided in section A.3 of Appendix A: 

 ����_R = Z%��4 ⋅ `~� + 34~� + 34�~)  . (3.28)

Table 3.3 shows a comparison of the ideal spring constants to the FEA estimated 

spring constants with no fillet (fillet radius of zero).  The data in the table indicate very 

good agreement between the theoretically predicted values and the FEA results.  The data 

also indicate very good agreement between the spring constants of the straight and 

tapered flexures.  On the stiffest of the flexures (20µm width and 300µm length), the 

compliance of the anchor point of the flexure is starting to become significant and once 

again the impact of this compliance is more severe for the straight flexure than it is for 

the tapered flexure. 

Tables 3.4 - 3.9 present the FEA estimated spring constants for each flexure 

width, length, type, and fillet radius.  All spring constants are presented in N/m.  The 

right-most column in each table indicates the “span” of the spring constants expressed as 

a percentage of the spring constant with no fillet.  That is: 
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 2£�¤ = ���Q_R_D�¥ − ���Q_R_D����Q_R_D¦ × 100% . (3.29)

Table 3.3  Comparison of Theoretical and FEA Estimated Spring Constants. 

Flexure 

Length 

(µm) 

Straight 

Flexure Width 

(µm) 

Theoretical 

kHHC_S and kHHC_T 

(N/m) 

FEA 

Estimated 

kHHC_S 

(N/m) 

FEA 

Estimated 

kHHC_T 

(N/m) 

300 10 115.42 116.72 116.28 

400 10 52.15 52.87 52.41 

500 10 27.84 28.27 27.92 

300 15 389.54 383.44 385.04 

400 15 176.00 174.91 174.38 

500 15 93.98 93.91 93.21 

300 20 923.35 884.36 893.93 

400 20 417.18 405.96 407.05 

500 20 222.76 218.82 218.24 

Table 3.4  FEA Estimated Spring Constants for 10µm Width Straight Flexure. 

Length Fillet Size (µm) Span 

µm 0 1 2 4 8 16 % 

300 116.72 117.03 117.64 119.06 122.22 129.48 10.67 

400 52.87 52.99 53.21 53.70 54.79 57.24 8.04 

500 28.27 28.33 28.43 28.64 29.10 30.15 6.44 

Table 3.5  FEA Estimated Spring Constants for 10µm Equivalent Width Tapered Flexure. 

Length Fillet Size (µm) Span 

µm 0 1 2 4 8 16 % 

300 116.28 116.54 116.97 117.91 120.02 124.94 7.23 

400 52.41 52.49 52.63 52.94 53.62 55.21 5.20 

500 27.92 27.96 28.02 28.15 28.44 29.09 4.08 
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Table 3.6  FEA Estimated Spring Constants for 15µm Width Straight Flexure. 

Length Fillet Size (µm) Span 

µm 0 1 2 4 8 16 % 

300 383.44 384.40 386.39 390.70 400.39 422.61 9.96 

400 174.91 175.20 175.93 177.40 180.76 188.38 7.53 

500 93.91 94.04 94.34 95.00 96.45 99.72 6.05 

Table 3.7  FEA Estimated Spring Constants for 15µm Equivalent Width Tapered Flexure. 

Length Fillet Size (µm) Span 

µm 0 1 2 4 8 16 % 

300 385.04 385.59 386.89 389.76 396.22 411.24 6.66 

400 174.38 174.62 175.06 176.02 178.16 183.09 4.85 

500 93.21 93.31 93.50 93.91 94.81 96.86 3.81 

Table 3.8  FEA Estimated Spring Constants for 20µm Width Straight Flexure. 

Length Fillet Size (µm) Span 

µm 0 1 2 4 8 16 % 

300 884.36 886.88 891.14 900.58 921.65 970.04 9.40 

400 405.96 406.79 408.31 411.65 419.03 435.80 7.15 

500 218.82 219.19 219.86 221.32 224.54 231.80 5.76 

Table 3.9  FEA Estimated Spring Constants for 20µm Equivalent Width Tapered Flexure. 

Length Fillet Size (µm) Span 

µm 0 1 2 4 8 16 % 

300 893.93 895.10 897.96 904.16 918.17 950.83 6.23 

400 407.05 407.48 408.43 410.55 415.26 426.11 4.57 

500 218.24 218.47 218.88 219.78 221.76 226.31 3.59 

 

Inspection of the data indicates that, as expected, fillets of larger radii increase the 

stiffness of the flexure and that this effect is less pronounced for flexures of longer 

lengths or wider widths (relative to the fillet radius).  More interesting is that the tapered 

flexure of “equivalent” design is consistently less sensitive, 35.5% on average, to the 

existence and radius of the fillet than that of the straight flexure.  This result implies that 
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the spring constants of tapered flexures would be 35% less sensitive to manufacturing 

variations in the radius of inside corners than those of straight flexures. 

To help visualize this reduction in sensitivity to fillet radius variations, the spring 

constants for each fillet radius were normalized to the value with no fillet radius for each 

length and width combination.  These normalized spring constants are plotted in Figure 

3.55.  The straight flexure spring constants are shown with dashed red lines and the 

tapered flexure spring constants are shown with solid green lines.  Figure 3.55 clearly 

shows that the spring constants for the tapered flexures have significantly reduced 

sensitivity (reduced slope) to fillet radius over that of the straight flexures.  For mode-

matched MEMS gyroscopes, this would improve the resonant frequency matching 

between the two modes thereby reducing the quadrature error in the gyroscope. 

 

Figure 3.55  Normalized Spring Constants Versus Fillet Radius. 
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3.3.1.2  Impact of Fillet Radius on Resonant Frequency 

A modal analysis was also performed on each of the 108 finite element models 

generated for the Spring Constant analysis.  The primary tuning fork mode was identified 

and the resonant frequency extracted.  Tables 3.10 - 3.15 present the FEA estimated 

resonant frequencies for each flexure width, length, type, and fillet radius.  All resonant 

frequencies are presented in Hertz.  The right-most column in each table indicates the 

“span” of the resonant frequencies expressed as a percentage of the resonant frequency 

with no fillet which was calculated in a similar fashion to what was calculated for the 

spring constants in the previous section. 

Since the distributed mass of the flexures themselves were significant with respect 

to the mass of the hammerhead, a theoretical resonant frequency was not calculated for 

these designs.  Also, the resonant frequencies were not expected to be identical between 

the straight flexure and the tapered flexure due to the differences in mass distribution 

along the length of the straight flexure compared to that of the tapered flexure.  Had the 

hammerhead size been significantly larger, a theoretical calculation would have been 

more reasonable based on the idea that the mass distribution of the flexure was negligible 

compared to that of the hammerhead.  However, the resonant frequencies of the straight 

and tapered designs are still close enough to justify a legitimate comparison of the results. 
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Table 3.10  FEA Estimated Resonant Frequency for 10µm Width Straight Flexure. 

Length Fillet Size (µm) Span 

µm 0 1 2 4 8 16 % 

300 55150 55228 55375 55699 56368 57693 4.47 

400 36220 36259 36335 36499 36820 37419 3.20 

500 25837 25859 25904 25996 26176 26490 2.44 

Table 3.11  FEA Estimated Resonant Frequency for 10µm Width Tapered Flexure. 

Length Fillet Size (µm) Span 

µm 0 1 2 4 8 16 % 

300 56947 57008 57112 57324 57755 58563 2.73 

400 38011 38037 38086 38184 38371 38668 1.66 

500 27536 27552 27579 27633 27727 27844 1.06 

Table 3.12  FEA Estimated Resonant Frequency for 15µm Width Straight Flexure. 

Length Fillet Size (µm) Span 

µm 0 1 2 4 8 16 % 

300 96840 96961 97220 97760 98882 101115 4.29 

400 63115 63174 63307 63574 64122 65149 3.13 

500 44672 44707 44783 44939 45245 45793 2.43 

Table 3.13  FEA Estimated Resonant Frequency for 15µm Width Tapered Flexure. 

Length Fillet Size (µm) Span 

µm 0 1 2 4 8 16 % 

300 102193 102276 102447 102800 103506 104804 2.47 

400 68048 68094 68177 68341 68651 69131 1.52 

500 49150 49178 49225 49316 49471 49659 0.98 
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Table 3.14  FEA Estimated Resonant Frequency for 20µm Width Straight Flexure. 

Length Fillet Size (µm) Span 

µm 0 1 2 4 8 16 % 

300 142600 142809 143173 143943 145542 148735 4.16 

400 92368 92468 92654 93040 93824 95316 3.08 

500 64978 65042 65149 65371 65813 66619 2.43 

Table 3.15  FEA Estimated Resonant Frequency for 20µm Width Tapered Flexure. 

Length Fillet Size (µm) Span 

µm 0 1 2 4 8 16 % 

300 153555 153667 153910 154406 155389 157170 2.28 

400 102043 102100 102216 102453 102887 103548 1.42 

500 73506 73545 73611 73740 73962 74224 0.92 

 

Inspection of the data indicates that, as expected, fillets of larger radius increase 

the resonant frequency of the flexure and that the increase is less pronounced for flexures 

of longer lengths or wider widths (relative to the fillet radius).  More interesting is that 

the resonant frequency of the tapered flexure of “equivalent” design is consistently 40-

60% less sensitive to the existence and radius of the fillet than that of the straight flexure.  

This result implies that tuning fork resonant frequencies of tapered flexures would be 40-

60% less sensitive to manufacturing variations in the radius of inside corners than straight 

flexures.  Stated another way, the sensitivity of resonant frequency of the tapered flexure 

to variations in inside corner radius is roughly half that of the straight flexure. 

Similar to what was plotted for the spring constant analysis, the resonant 

frequencies for each fillet radius were normalized to the 16µm fillet radius value for each 

length and width combination.  These normalized resonant frequencies are plotted in 

Figure 3.56.  The straight flexure normalized resonant frequencies are shown with dashed 

red lines and the tapered flexure normalized resonant frequencies are shown with solid 
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green lines.  Figure 3.56 clearly shows that the normalized resonant frequencies for the 

tapered flexures have significantly reduced sensitivity (reduced slope) to fillet radius over 

that of the straight flexures.  For mode-matched MEMS gyroscopes, this reduced 

sensitivity would improve the resonant frequency matching between the two modes 

thereby reducing the quadrature error in the gyroscope. 

 

Figure 3.56  Normalized Resonant Frequency Versus Fillet Radius. 
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of the designs (L=400µm, W=15µm, Radius = 1µm and 8µm) under similar loading 

conditions.  Noting the scales in each figure, it is readily apparent that the peak stress is 

significantly higher for the 1µm fillet radius than it was for the 8µm fillet radius design.  

Capturing and characterizing the relationship between fillet radius and stress peaking was 

the object of this analysis, ultimately to inform the designer about the optimal fillet radius 

to mitigate stress peaking with minimal impact to design parameters such as spring 

constant. 

While the visualization tool itself was extremely helpful in gaining insight into 

what was happening within the model, extracting the actual data in only the region of 

interest from the visualization tool was a little bit of a challenge.  Visual investigation of 

the model revealed that the peak stress was occurring within a few microns of the edge 

where the flexure met the fillet in the X-Y plane.  It was also determined visually that the 

peak stress occurred in the center of the model vertically along the Z-axis.  Therefore a 

“Slice” was extracted from the Visualizer tool consisting of a Z-axis plane in the center 

of the model. 

This slice, however, contained data at all X and Y values and was still a fairly 

large and unmanageable file.  It was desirable to restrict the X-Y data set to just the 

region of interest.  This region of interest varied for each of the designs due to varying 

fillet radius, flexure width and flexure length.  Therefore, a Visual Basic macro was 

written in EXCEL to pare down the X-Y data set to the region of interest based on the 

fillet radius, flexure width, and flexure length.  This resulted in a manageable file size 

that could be utilized to isolate the stress peaking location and amplitude with confidence. 
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Figure 3.57  Representative Visualization of Stress Peaking for the Fillet Study. 

(a) 1µm Fillet Radius, (b) 8µm Fillet Radius. 

(a) 

(b) 



 

106 

It is also important to note that, while in the straight flexure the majority of the 

stress is near the base of the flexure, the tapered flexure is specifically tapered to maintain 

constant stress along the outer edge of the flexure all the way from the base to the end.  

Therefore, while stress peaking is only of concern at the base for straight flexures, it is of 

concern both at the base and at the end for tapered flexures.  Therefore, for completeness 

of comparison, tables of stress results are provided for both designs at both the base and 

at the end of the flexures.  These results are presented in Tables 3.16 - 3.27.  All stress 

results are presented in units of MPa. 

The solver equations are fairly ill conditioned (there is a singularity) at hard inside 

corner locations.  Therefore, there is a wide variation in the peak stress returned for 

models with no fillet and, in several cases, the peak stress returned for a fillet radius of 

1µm was unexpectedly 50% larger than that returned for the case where there is no fillet.  

Therefore, the peak stress results for the case where there is no fillet were essentially 

dismissed for the purposes of this analysis.  This also means that the “span” of the peak 

stress for various fillet radii as a percentage of the peak stress with no fillet is not 

reported here as it has been in the previous two sections. 

Table 3.16  FEA Estimated Peak Base Stress for 10µm Width Straight Flexure. 

Length Fillet Size (µm) 

µm 0 1 2 4 8 16 

300 2.036 2.247 2.053 1.841 1.612 1.425 

400 2.429 3.078 2.725 2.441 2.072 1.889 

500 2.962 4.081 3.342 2.911 2.615 2.337 
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Table 3.17  FEA Estimated Peak Base Stress for 10µm Width Tapered Flexure. 

Length Fillet Size (µm) 

µm 0 1 2 4 8 16 

300 1.265 1.815 1.484 1.272 1.069 0.992 

400 1.649 2.413 1.946 1.670 1.446 1.316 

500 2.044 3.030 2.355 1.963 1.833 1.564 

Table 3.18  FEA Estimated Peak Base Stress for 15µm Width Straight Flexure. 

Length Fillet Size (µm) 

µm 0 1 2 4 8 16 

300 1.265 1.815 1.484 1.272 1.069 0.992 

400 1.649 2.413 1.946 1.670 1.446 1.316 

500 2.044 3.030 2.355 1.963 1.833 1.564 

Table 3.19  FEA Estimated Peak Base Stress for 15µm Width Tapered Flexure. 

Length Fillet Size (µm) 

µm 0 1 2 4 8 16 

300 0.629 0.905 0.748 0.622 0.511 0.459 

400 0.820 1.221 0.932 0.799 0.666 0.592 

500 1.011 1.507 1.199 0.983 0.823 0.723 

Table 3.20  FEA Estimated Peak Base Stress for 20µm Width Straight Flexure. 

Length Fillet Size (µm) 

µm 0 1 2 4 8 16 

300 0.807 0.795 0.656 0.532 0.444 0.379 

400 0.745 1.080 0.850 0.693 0.583 0.498 

500 1.299 1.315 1.048 0.868 0.717 0.617 

Table 3.21  FEA Estimated Peak Base Stress for 20µm Width Tapered Flexure. 

Length Fillet Size (µm) 

µm 0 1 2 4 8 16 

300 0.386 0.579 0.440 0.358 0.305 0.263 

400 0.517 0.677 0.586 0.471 0.395 0.344 

500 0.582 0.864 0.704 0.575 0.486 0.417 
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Table 3.22  FEA Estimated Peak End Stress for 10µm Width Straight Flexure. 

Length Fillet Size (µm) 

µm 0 1 2 4 8 16 

300 0.269 0.273 0.246 0.226 0.218 0.233 

400 0.268 0.288 0.247 0.229 0.221 0.233 

500 0.276 0.295 0.257 0.229 0.220 0.233 

Table 3.23  FEA Estimated Peak End Stress for 10µm Width Tapered Flexure. 

Length Fillet Size (µm) 

µm 0 1 2 4 8 16 

300 1.058 1.485 1.264 1.068 1.016 0.967 

400 1.396 1.576 1.572 1.400 1.346 1.294 

500 1.669 1.911 1.837 1.763 1.636 1.587 

Table 3.24  FEA Estimated Peak End Stress for 15µm Width Straight Flexure. 

Length Fillet Size (µm) 

µm 0 1 2 4 8 16 

300 0.095 0.144 0.117 0.106 0.098 0.101 

400 0.095 0.143 0.122 0.105 0.098 0.102 

500 0.095 0.143 0.119 0.105 0.098 0.102 

Table 3.25  FEA Estimated Peak End Stress for 15µm Width Tapered Flexure. 

Length Fillet Size (µm) 

µm 0 1 2 4 8 16 

300 0.485 0.724 0.591 0.538 0.485 0.446 

400 0.628 0.827 0.742 0.647 0.616 0.567 

500 0.769 1.062 0.858 0.801 0.728 0.696 

Table 3.26  FEA Estimated Peak End Stress for 20µm Width Straight Flexure. 

Length Fillet Size (µm) 

µm 0 1 2 4 8 16 

300 0.056 0.081 0.068 0.059 0.055 0.057 

400 0.077 0.077 0.068 0.058 0.055 0.057 

500 0.055 0.076 0.068 0.059 0.055 0.057 
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Table 3.27  FEA Estimated Peak End Stress for 20µm Width Tapered Flexure. 

Length Fillet Size (µm) 

µm 0 1 2 4 8 16 

300 0.387 0.391 0.347 0.324 0.278 0.255 

400 0.362 0.504 0.443 0.394 0.362 0.329 

500 0.439 0.625 0.547 0.486 0.449 0.411 

 

Inspection of the data indicates that, as expected, fillets of increasing radii 

mitigate the peak stress of the flexure but with diminishing effect.  Since the same 

loading conditions were applied to the faces of the hammerhead in all designs, there is 

substantially more stress in the longer length and narrower width flexures.  The span of 

peak stress appears to be roughly the same for the tapered and straight flexures for a 

given flexure width and length, but at the base the tapered flexure has significantly lower 

overall stress (generally approximately 40%) when comparing similar designs with 

similar radius fillets.  This is consistent with the general expectation that the tapered 

flexure should have 40% less peak stress than a similarly loaded equivalent straight 

flexure.  At the end, as expected, the tapered flexure exhibits stress very similar to what it 

has at the base while the straight flexure exhibits almost no stress at all at this location. 

Since the tapered flexure was expected to have roughly 40% less stress than the 

straight flexure, it is difficult to draw many conclusions from the raw data.  Therefore, in 

each case the data were normalized by the theoretical peak stress in that location to see if 

this yielded any additional insights.  The normalized data are presented in Tables 3.28 - 

3.33.  Since the normalized peak stress at the end of the straight flexure results in very 

large and unreasonable results due to the fact that the theoretical value for stress is near 

zero, the stress at the end of the flexure has been omitted here. 
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Table 3.28  Normalized Peak Base Stress for 10µm Width Straight Flexure. 

Length Fillet Size (µm) 

µm 0 1 2 4 8 16 

300 1.713 1.892 1.728 1.549 1.357 1.199 

400 1.569 1.988 1.760 1.577 1.338 1.220 

500 1.553 2.139 1.752 1.526 1.370 1.225 

Table 3.29  Normalized Peak Base Stress for 10µm Width Tapered Flexure. 

Length Fillet Size (µm) 

µm 0 1 2 4 8 16 

300 1.660 2.382 1.947 1.670 1.403 1.302 

400 1.671 2.444 1.971 1.692 1.465 1.333 

500 1.685 2.498 1.942 1.618 1.512 1.290 

Table 3.30  Normalized Peak Base Stress for 15µm Width Straight Flexure. 

Length Fillet Size (µm) 

µm 0 1 2 4 8 16 

300 2.476 2.563 2.009 1.696 1.412 1.235 

400 1.760 2.571 2.038 1.698 1.439 1.248 

500 2.281 2.419 1.999 1.683 1.414 1.265 

Table 3.31  Normalized Peak Base Stress for 15µm Width Tapered Flexure. 

Length Fillet Size (µm) 

µm 0 1 2 4 8 16 

300 1.858 2.673 2.208 1.836 1.509 1.354 

400 1.868 2.783 2.124 1.821 1.519 1.349 

500 1.876 2.795 2.225 1.823 1.527 1.341 

Table 3.32  Normalized Peak Base Stress for 20µm Width Straight Flexure. 

Length Fillet Size (µm) 

µm 0 1 2 4 8 16 

300 2.716 2.675 2.209 1.791 1.494 1.277 

400 1.926 2.792 2.196 1.791 1.506 1.286 

500 2.724 2.756 2.198 1.820 1.504 1.294 
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Table 3.33  Normalized Peak Base Stress for 20µm Width Tapered Flexure. 

Length Fillet Size (µm) 

µm 0 1 2 4 8 16 

300 2.026 3.039 2.308 1.877 1.599 1.383 

400 2.096 2.743 2.376 1.907 1.601 1.395 

500 1.918 2.849 2.322 1.897 1.603 1.376 

 

Four significant items were noted from this data.  The first was that the 

normalized peak strain was consistently slightly higher for the tapered flexure than it was 

for the straight flexure.  The second was that there did not seem to be any significant 

dependence on the length of the flexure.  The third was that there did seem to be a 

dependence on the width of the flexure with that being, given the same fillet radius, 

normalized stress peaking was higher with increasing flexure width.  Finally, the 

normalized stress peaking values for fillet radii of 2, 4, and 8µm for the 10µm wide 

straight flexure matched very closely with the values for fillet radii of 4, 8, and 16µm for 

the 20µm wide straight flexure.  This combined with the first and third findings suggested 

that the real relationship may be fundamentally between the normalized stress peaking 

and the normalized fillet radius (the fillet radius normalized to the local flexure width). 

Figure 3.58 shows a plot of the Normalized Peak Stress plotted against the 

Normalized Fillet Radius for both the straight and tapered flexures with a length of 

400µm and the width of 15µm, which represent the center case of length and width.  The 

overlap of these two plots is quite remarkable. This suggests that the normalized stress 

peaking is dependent on the fillet radius normalized to the local flexure width, regardless 

of whether the flexure is straight or tapered.  It also suggests that there is a point of 

diminishing returns that occurs somewhere around a normalized fillet radius of 0.5 of the 
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local flexure width.  Figure 3.59 plots normalized peak stress against normalized fillet 

radius for all designs, and the data indicate these findings are universal across all designs. 

 

Figure 3.58  Normalized Peak Stress vs. Fillet Radius, 15µm Wide, 400µm Length. 
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Figure 3.59  Normalized Peak Stress vs. Fillet Radius, All Designs. 

Similar to what was plotted in the previous sections, the peak stress for each fillet 
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predictions (due to the ill-conditioning of the equations) for the zero fillet radius designs 

is also evident from the data in Figure 3.60.  For MEMS gyroscopes, this would enable 

driving the gyroscope resonance 40% harder resulting in an increase in sensitivity of 40% 

over that of an equivalent straight flexure. 

 

Figure 3.60  Normalized Peak Stress Versus Fillet Radius, All Designs. 
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similar fashion to what was calculated for the spring constants in the previous section.  A 

theoretical value for �BQX was not calculated due to the complexity of the geometry 

associated with the tapered flexures. 

Table 3.34  FEA Estimated QTED for 10µm Width Straight Flexure. 

Length Fillet Size (µm) Span 

µm 0 1 2 4 8 16 % 

300 115728 115427 114772 113400 110702 105815 8.3 

400 182606 182140 181339 179696 176456 170749 6.2 

500 262593 261742 260806 258887 255178 248789 4.9 

Table 3.35  FEA Estimated QTED for 10µm Width Tapered Flexure. 

Length Fillet Size (µm) Span 

µm 0 1 2 4 8 16 % 

300 120364 120115 119676 118744 116929 113651 5.4 

400 185827 185530 185083 184126 182320 179292 3.4 

500 261056 260802 260279 259310 257532 254906 2.3 

Table 3.36  FEA Estimated QTED for 15µm Width Straight Flexure. 

Length Fillet Size (µm) Span 

µm 0 1 2 4 8 16 % 

300 31665 31584 31422 31097 30443 29326 7.1 

400 49091 48995 48792 48382 47586 46208 5.7 

500 70128 70009 69774 69286 68357 66743 4.7 
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Table 3.37  FEA Estimated QTED for 15µm Width Tapered Flexure. 

Length Fillet Size (µm) Span 

µm 0 1 2 4 8 16 % 

300 32266 32214 32110 31906 31523 30894 4.1 

400 48303 48242 48133 47918 47531 46946 2.7 

500 66832 66769 66647 66428 66042 65550 1.8 

Table 3.38  FEA Estimated QTED for 20µm Width Straight Flexure. 

Length Fillet Size (µm) Span 

µm 0 1 2 4 8 16 % 

300 14550 14514 14455 14337 14129 13810 4.8 

400 20927 20885 20808 20657 20375 19916 4.6 

500 29039 28985 28894 28711 28365 27789 4.1 

Table 3.39  FEA Estimated QTED for 20µm Width Tapered Flexure. 

Length Fillet Size (µm) Span 

µm 0 1 2 4 8 16 % 

300 15229 15211 15175 15106 14991 14831 2.5 

400 20574 20555 20518 20447 20330 20189 1.8 

500 27143 27120 27080 27006 26889 26774 1.3 

 

Analysis of this data is more complicated than it may seem at first because the 

TED was estimated at, and is dependent on, the resonant frequency of the device.  So, 

while a cursory glance at these results may seem to indicate that a larger fillet radius 

decreases the �BQX, factoring the increases in resonant frequency indicated in Tables 3.10 

- 3.15 into the analysis, the decrease in �BQX is seen to be due, at least in part, to an 

increasing resonant frequency. 

Recalling that Zener derived a relationship between �BQX and operating 

frequency, 	J, for thin reeds [61], the relationship can be approximated by [64, 90]: 
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 �BQXH� = ZY�{¦TV
	J�1 + 	J��� , (3.30)

where the characteristic time constant, �, sometimes referred to as the Zener time 

constant (and its inverse sometimes referred to as the Debye frequency), is given by: 

 � = ��TV¨��  (3.31)

and where Y is the linear coefficient of thermal expansion, TV is the specific heat per unit 

volume, � is the thermal conductivity, {¦ is the equilibrium temperature, Z is the 

Young’s Modulus, and � is the beam width.  For operating frequencies below the Debye 

frequency, the �BQX increases linearly with decreasing 	J.  This region of frequencies 

below the Debye frequency is referred to as the iso-thermal operating region because the 

flexing of the material is happening slowly enough for the thermal transients caused by 

the strain transients associated with the bending motion to settle, thereby having the 

material remain in an iso-thermal condition.  For operating frequencies above the Debye 

frequency, the �BQX increases linearly with increasing 	J.  This region of frequencies 

above the Debye frequency is referred to as the adiabatic operating region because the 

flexing of the material is happening so quickly that the thermal transients caused by the 

strain transients associated with the bending motion have insufficient time to allow 

significant heat to flow, thereby losing essentially no energy and resulting in an adiabatic 

process.  For the purposes of the designs evaluated in this work, all of these devices 

operated in the iso-thermal region.  Therefore, it is reasonable to approximate that an 



 

118 

increase in resonant frequency should result in a decrease in �BQX of a proportional 

percentage.  That is, the f•QTED product should remain approximately constant. 

With this relationship in mind, it is found that for smaller width flexures, 

increases in the fillet radius tend to decrease �BQX more than what an increase in resonant 

frequency alone would warrant.  However, for the 20µm width flexure, it is found that 

the decrease in �BQX is just slightly larger than what would be expected from the 

corresponding increase in resonant frequency.  This general relationship seems to hold 

true for both the straight flexure and the tapered flexure but it is critical to note that the 

overall impact of the fillet on the �BQX of the tapered flexures is still roughly half of the 

impact on the straight flexures.  This implies a significantly reduced sensitivity (roughly 

half) on �BQX of the tapered flexures to manufacturing variations in the inside corners of 

the devices.  This sensitivity advantage is especially relevant for mode matched 

gyroscopes where the bias error of the gyroscope is directly proportional to the quality 

factor mismatch between the two modes of the gyroscope. 

For increasing lengths of the flexures, the �BQX increases.  This phenomenon is in 

agreement with the decrease in resonant frequency and is consistent with the behavior 

predicted by Zener’s equation.  It appears to hold true for both the straight and tapered 

flexures. 

Comparing the absolute �BQX performance of the straight and tapered flexures 

reveals that the tapered flexures have generally better performance (higher value) for 

�BQX when considering the higher resonant frequencies associated with the tapered 

flexures.  For example, the �BQX for both the straight and tapered flexure with L=400µm, 

W=20µm, and Fillet = 8µm is roughly 20,300, but the resonant frequency for the tapered 
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flexure is roughly 10% higher than that of the straight flexure.  Therefore, the tapered 

flexure still had higher performance than the straight flexure by about 10%.  This factor 

of roughly 10% appears to be fairly consistent across all design veriations.  Therefore, it 

appears that the tapered flexure has roughly 10% better TED performance than the 

straight flexure.  This is also most relevant to mode matched gyroscope designs because 

their sensitivity is directly proportional to the quality factor in the sense axis. 

Again, similar to what was plotted in the previous sections, the �BQX for each 

fillet radius was first compensated for differences in resonant frequency and then 

normalized to the straight flexure value with fillet radius of 16µm for each length and 

width combination.  These normalized �BQX values are plotted in Figure 3.61.  The 

straight flexure normalized �BQX values are shown with dashed red lines and the tapered 

flexure normalized �BQX values are shown with solid green lines.  Figure 3.61 clearly 

shows that the normalized �BQX values for the tapered flexures are consistently about 

10% higher than the equivalent straight flexure for all lengths, widths, and fillet radii and 

the sensitivity to fillet radius of the tapered flexures is about half that of the straight 

flexures.  For mode-matched MEMS gyroscopes, this implies an increase in sensitivity of 

about 10% due to the increased quality factor and a potential decrease in bias error of up 

to 50% due to the reduced sensitivity of TED to fillet radius variations. 
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Figure 3.61  Normalized QTED Versus Fillet Radius, All Designs. 
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this approximate relationship.  This result is compared with the sensitivity of the spring 

constant of the straight flexure to CDLoss.  Sensitivity to Sidewall Angle variation is 

considered to be covered by this same analysis because it just represents a continuous 

variation of the flexure width along the height of the flexure.  For relatively small 

0.95

1.00

1.05

1.10

1.15

1.20

0 4 8 12 16

N
o
rm

al
iz

ed
 Q

T
E

D

Fillet Radius (µm)

Straight

Tapered



 

121 

sidewall angles, the impact on spring constant can be estimated using the average flexure 

thickness.   

The analysis begins with a look at the sensitivity of the straight flexure to 

CDLoss.  The equation that relates the linear spring constant of straight flexure to the 

width of that flexure was given previously in Equation 3.28 and repeated here for 

convenience: 

 ����_R = Z%��4 ⋅ `~� + 34~� + 34�~)  . 
(3.32)

Taking the partial derivative of this with respect to � provides the desired 

sensitivity relationship: 

 �����_R�� = 34 Z%��`~� + 34~� + 34�~)  . 
(3.33)

The procedure for deriving the corresponding relationship for the tapered flexure 

is much more involved.  Since the width of the flexure in the tapered flexure is not a 

constant, the resulting spring constant equation does not result in a variable with which 

the desired sensitivity can be easily derived.  Therefore, it was necessary to go back to the 

derivation of the deflection documented in Section 3.1.2 and modify the equation based 

on the definition of the derivative.  This derivation begins with the equation for the width 

of the beam, �, as a function of position along the length of the beam: 
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 � = ���� − ��  
, 

(3.34)

where �� is the width of the flexure at the base, � is the total length of the flexure 

including the length to the center of the hammerhead feature, and � is the location along 

the length of the flexure.  A new relation must now be derived with a modified beam 

width equation as follows: 

 © = � + Δ� = ���� − �� + Δ� 
. 

(3.35)

The equation for the displacement field is then given by: 

 �`�) = ª 3`� − �)Z ⋅ _`�) 4�4�  
¦  , 

(3.36)

where 

 _`�) = %©�12 = % ����� − �� + Δ���
12  

(3.37)

 

_`�) = %12 «��� +� − �� -�� + 3��� +� − �� - Δ�

+             3�� +� − �� -�� Δ�� + Δ�� ¬ 
. 

(3.38)
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A simplifying assumption was made here that only the first two terms in this 

equation are significant.  This assumption is justified as long as Δ� ≪ ��:  

 _`�) ≈ %12 «��� +� − �� -�� + 3��� +� − �� - Δ�¬ 

. 

(3.39)

Substituting this into Equation 3.36 yields: 

 
�`�) = ª 3`� − �)

Z ⋅ %12 ��� @� − �� A�� + 3��� @� − �� A Δ�® 4�4�  
¦  

, 

(3.40)

which can be simplified to: 

 �`�) = 123���Z%��� ª 1`� − �)�� + 3��� Δ��� 4�4�  
¦  

. 

(3.41)

Here a substitution of variables becomes necessary.  Define: 

� = � − �  (3.42) 

4� = −4�  (3.43) 

and 

 � = 3��� Δ��� 
. 

(3.44)

The limits of integration then become: 
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�`� = 0) = �  (3.45) 

�`� = �) = � − � .  (3.46) 

Equation 3.41 now becomes: 

 �`�) = 123���Z%��� ª 1`�)�� + � 4�4� ¯H 
¯  

. 

(3.47)

Performing the first integration, details of which are provided in Section A.4 of Appendix 

A, yields: 

 �`�) = 123���Z%��� z °2±� − 2� ln7� + ±�8 + T�²4�¯H 
¯  , 

(3.48)

where 

T� = −2√� + 2� ln7� + √�8 .  (3.49) 

Substituting Equation 3.42 back into Equation 3.48 yields: 

 �`�) = 123���Z%��� z °2±� − 2� ln7� + ±�8 + T�²4�¯H 
¯  . 

(3.50)

After performing the integration and executing a relatively lengthy series of 

algebraic steps which are provided in section A.4 of Appendix A, the following relation 

is revealed: 
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�`�) = 123���Z%��� �43 `� − �)�� + 2�√� − 43 ���
+ 2� ´`� − � − ��)µln7� + √�8
−                           ln7� + √� − �8¶
+               �7√� − √� − �8 − �2·� . 

(3.51)

Here it is quite comforting to note that the first three terms of this equation are 

identical to that reported in Table 3.1 and that if Δ� goes to zero, then the remainder of 

the terms in the above expression go to zero. 

Extension of this relationship to the center of the hammerhead structure would be 

quite lengthy and only result in a slightly more accurate description of the desired 

relationship.  Therefore, the deflection of the flexure at the end of the flexure where it 

connects to the hammerhead, �`� = ~), was investigated.  First the desired sensitivity 

relationship, the sensitivity of the deflection with respect to a change in the width of the 

flexure 2¸�>`~)¹|, is defined by revisiting the definition of the derivative: 

 2¸�>`~)¹| = limº»→¦ �>`~)º½¾º½   −   �>`~)º½¾¦Δ¿  
. 

(3.52)

Here the subscript % has been introduced to indicate tapered flexure.  After 

another relatively lengthy series of algebraic steps and evaluating the limit, the details of 

which are provided in section A.4 of Appendix A, this results in the following relation: 
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 2¸�>`~)¹| = 36��3Z%��À *−~ + 4 ln +�4 -0 
. 

(3.53)

This relationship is not directly comparable with the similar relationship for the 

straight flexure found previously in Equation 3.33.  Therefore, a comparable relationship 

needed to be derived for the straight flexure.  Beginning with the equation for the 

deflection of the straight flexure: 

 ��`� = ~) = 12 ⋅ 3Z%�� �~�3 + 4~�2 � = 3~�Z%�� Á4~ + 64Â . (3.54)

To get the sensitivity of this with respect to the width it is necessary to calculate 

the partial with respect to the width: 

 2¸��`~)¹| = − 123~�Z%�À *~ + 32 40 
. 

(3.55)

Comparison of Equation 3.53 for the tapered flexure and Equation 3.55 for the 

straight flexure yields the following observations: 

1. The tapered equation has a constant multiplier of 36 in the numerator 

whereas the straight equation has only a multiplier of 12. 

2. Both equations have a width to the fourth power in the denominator.  It 

has been mentioned previously in this report that the tapered flexure 

typically has a base width that is 25% wider than that of the equivalent 

straight flexure.  Therefore, this width to the fourth power term would 

result in a factor of roughly 2.44 in the denominator of the tapered 
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equation, which comes close to, but does not completely offset, the factor 

of three mentioned in the above bullet. 

3. The tapered equation has a factor of �� in the numerator whereas the 

straight equation has only a factor of ~�.  Depending on the ratio of 4 to ~, 

typically 0.1, this could easily result in another factor of 1.2 in the tapered 

equation. 

4. The second term in the bracket has the opposite sign in the tapered 

equation and has a factor of ln @
̄A as opposed to the factor of 
�� for the 

straight equation.  This term would tend to make the sensitivity of the 

tapered flexure smaller than it would for the straight flexure, which could 

be a factor of roughly 35% for typical designs. 

When all of these factors are considered together, it appears that the sensitivity of 

the tapered flexure to CDLoss and sidewall angle will be roughly comparable to that of 

the straight flexure for typical designs.  A detailed algebraic analysis of these relations 

indicates that the tapered flexure should be marginally less sensitive to manufacturing 

variations for ~ to 4 ratios below about 14.5.   

A set of FEAs were performed to corroborate this finding.  First, a set of FEAs 

were conducted with an ~ to 4 ratio of 13.3 where ~ =400µm and 4 = 30µm, which 

would theoretically result in approximately equivalent sensitivities.  A second set of 

FEAs was conducted with an ~ to 4 ratio of 3, where ~ =150µm and 4 = 50µm, which is 

well below the ratio where the sensitivities of the tapered and straight flexures would be 

equivalent and should result in tapered flexure being less sensitive to CDLoss.  Table 

3.40 summarizes the results of these FEAs. 
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Table 3.40  CDLoss FEA Results. 

Flexure 

Type 

Length 

(µm) 

Equivalent 

Width 

(µm) 

Deflection 

(µm) 

Delta 

(%) 

Straight 400 
10.0 0.098273 

5.95 
9.8 0.104122 

Tapered 400 
10.0 0.094660 

6.79 
9.8 0.101085 

Straight 150 
10.0 0.012332 

3.04 
9.9 0.012707 

Tapered 150 
10.0 0.010865 

2.78 
9.9 0.011168 

 

These FEA results do generally corroborate the theoretical finding that sensitivity 

to CDLoss is comparable between the straight and tapered flexures, with the tapered 

flexure being 14% more sensitive to CDLoss for an ~ to 4 ratio of 13.3 and 9% less 

sensitive for an ~ to 4 ratio of 3.  These results also corroborate the general trend that 

tapered flexures will have lower sensitivity to CDLoss than straight flexures for lower ~ 

to 4 ratios.  Clearly the crossover point where the tapered flexure becomes less sensitive 

to CDLoss than the straight flexure is less than the theoretically approximated value of 

14.5, but there were a lot of approximations included in that derivation and the FEA 

suggested value is likely somewhere around 6.9. 

It is also important to recall that this sensitivity was derived for the deflection at 

the place where the flexure connected to the hammerhead.  For the center of the 

hammerhead, the second set of FEAs, where the L to d ratio was set to 3, resulted in 

exactly the same sensitivity to CDLoss for the tapered flexure as it did for the straight 

flexure.  Therefore, if the desired parameter of interest is the deflection of the 

hammerhead at its center point, then this preliminary analysis indicates that the tapered 
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flexures will likely have roughly the same sensitivity to manufacturing variations for L to 

d ratios of about 3. 

3.4  Summary of Relevant Characteristics of Quadratically Tapered Flexures 

In this chapter, we have performed several FEA studies that highlight several 

potential properties of quadratically tapered flexures.  These characteristics are 

summarized in the list below.  For the purposes of this list, an equivalent straight flexure 

is one that has the same length and spring constant but a constant (non-tapered) width.   

• Quadratically tapered flexures exhibit approximately 40% less peak stress 

than an equivalent straight flexure which could mean up to 40% higher 

sensitivity for MEMS gyroscopes. 

• Quadratically tapered flexures require a hammerhead feature to avoid 

sections of zero width. 

• Quadratically tapered flexures exhibit more rotational deflection than an 

equivalent straight flexure leading to a slight increase in the nonlinearity 

of the deflection. 

• For a given length of flexure, tapered flexures can be designed with 

greater stiffness than straight flexures before the compliance of the base 

becomes significant. 

• Quadratically tapered flexures exhibit roughly 10% lower TED which 

could provide an additional 10% increase in sensitivity for MEMS 

gyroscopes. 
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• The use of fillets to mitigate stress peaking in the inside corners appears to 

follow a universal curve for both tapered and straight flexures and appears 

to reach a point of diminishing returns for fillet radii roughly equal to half 

of the local flexure width. 

• The spring constants of quadratically tapered flexures exhibit significantly 

reduced sensitivity to variations fillet radii, which could significantly 

reduce quadrature error in mode-matched MEMS gyroscopes. 

• The TED of quadratically tapered flexures exhibits significantly reduced 

sensitivity to variations fillet radii, which could significantly reduce bias 

error in mode-matched MEMS gyroscopes. 

• The sensitivity of quadratically tapered flexures to CDLoss seems to be 

roughly the same as that of straight flexures for L to d ratios of about 3, 

with increased sensitivity for higher L to d ratios and reduced sensitivity 

for lower L to d ratios. 

• Since lower L to d ratios leave the widest part of the tapered flexure where 

TED losses are greatest, the L to d ratio may provide a design variable to 

trade-off TED performance against the sensitivity to CDLoss. 
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Chapter 4.  Anti-Phase Lever Mechanism Development 

This chapter provides information on the development of three alternative Anti-

Phase Lever Mechanism (APLM) designs based on quadratically tapered flexures and 

includes a comparison with the equivalent straight flexure-based designs.  These include 

a four-flexure pivot design, a six-flexure lever design, and a revised version of the 

University of California at Irvine (UCI) “inner lever coupling” design [94].  The analysis 

provided in this chapter includes a comparison to the original UCI inner lever coupling 

design as well [28]. Solid model renderings of these 7 designs are presented in Figures 

4.1 - 4.7.  Finite Element Analyses (FEAs) were designed and conducted to investigate 

the performance of the seven APLM design geometries shown in Figures 4.1 - 4.7.  The 

analyses investigated (1) peak stress under symmetric loading conditions, (2) relative 

displacement of the inner and outer masses under asymmetric force loading conditions, 

(3) separation of anti-phase and in-phase resonant modes, and (4) thermoelastic damping 

of each design. 

First the general operation, governing equations, and design flow process for each 

of the APLM designs is described.  Then the specific APLM design implementations that 

were evaluated, the Concentric Mass Resonator (CMR) configuration that was used in 

these evaluations, and the results of the FEA analyses will be presented.  Finally, an 

overall discussion of the FEA results to compare the differences in the designs as well as 
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to compare the overall performance of tapered flexures to that of straight flexures is 

provided. 

 

Figure 4.1  Four Straight Flexure Pivot APLM Solid Model Rendering. 

 

Figure 4.2  Four Tapered Flexure Pivot APLM Solid Model Rendering. 
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Figure 4.3  Six Straight Flexure Lever APLM Solid Model Rendering. 

 

Figure 4.4  Six Tapered Flexure Lever APLM Solid Model Rendering. 
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Figure 4.5  Original UCI APLM Solid Model Rendering. 

 

Figure 4.6  Straight Flexure Revised UCI APLM Solid Model Rendering. 
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Figure 4.7  Tapered Flexure Revised UCI APLM Solid Model Rendering. 

4.1  APLM Configuration Descriptions and Design Procedures 

This section describes the operation of each of the APLM designs, their governing 

equations, and the design flow for each.  The fundamental purpose of the APLM is to 

maintain anti-phase motion between two opposing masses in a dual mass resonator.  That 

is, as one mass moves in one direction, the APLM will force the other mass to move in 

the opposite direction.  For this work, straight and tapered flexures were compared in 

three APLM configurations. 

The first configuration, pictured in Figures 4.1 - 4.2, is a four-flexure pivot design 

wherein four flexures are arranged at right angles around a pivot point.  Two of these 

flexures are anchored to the substrate and the other two work as guided flexures attached 

to the opposing proof masses.  The straight and tapered versions of the four-flexure pivot 
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design are shown in deflected condition in Figures 4.8 and 4.9, respectively.  The straight 

flexure version of this configuration represents the simplest form of an APLM with the 

concept of operation being that motion from one mass will cause the center pivot point to 

rotate, which will in turn cause the other mass to move in the opposing direction.  

Through careful selection of the lengths and widths of the flexures in the design, the 

designer has control over the amount of coupling between the two masses. 

 

Figure 4.8  Deflected Straight Flexure Pivot APLM. 
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Figure 4.9  Deflected Tapered Flexure Pivot APLM. 

The second configuration, pictured in Figures 4.3 and 4.4, is a six-flexure lever 

design wherein there is a stiff cross-element (the lever) that is anchored to the substrate in 

the center through two flexures that allow the lever to rotate.  The lever is connected to 

the two opposing masses through two flexures on each end that allow the masses to 

translate in a guided motion.  The six-flexure lever APLM designs are shown in their 

deflected condition in Figures 4.10 and 4.11, for the straight and tapered flexures, 

respectively.  This configuration represents the most straightforward and rigid form of an 

APLM with the concept being that motion from one mass will necessarily cause the other 

mass to move in the opposing direction through the stiff lever arm. 
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Figure 4.10  Deflected Straight Flexure Lever APLM. 

Anchor 

Anchor 

Outer 

Mass 

Inner 

Mass 

Guided 

Motion 

Guided 

Motion 

Lever 



 

139 

 

Figure 4.11  Deflected Tapered Flexure Lever APLM. 

The final configuration, pictured in Figures 4.6 and 4.7, is a derivative of the inner 

lever coupling APLM originally developed by researchers at the University of California 

at Irvine (UCI) [28, 90], which is pictured in Figure 4.5.  The UCI inner lever coupling 

APLM is an extremely innovative and effective APLM geometry in a compact space 

[28].  It is shown in a deflected condition in Figure 4.12.  The UCI inner lever coupling 

APLM works by coupling the anti-phase motion of the two proof masses into the first 

bending mode of the clamped-clamped beam while coupling the in-phase mode of the 

two proof masses into the second bending mode of the clamped-clamped beam.  This 

coupling is accomplished through the two long, stiff levers that are connected to the proof 
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masses on one corner and the clamped-clamped beam on the opposite corner through 

short, thin tethers.  As pictured in Figure 4.12, the anti-phase separation of the proof 

masses creates a pull on the center of the clamped-clamped beam from both tethers in the 

same direction.  This couples the anti-phase mode into the first bending mode of the 

clamped-clamped beam.  If the proof masses attempt to deflect in the in-phase mode, one 

of the tethers will be pulling on the clamped-clamped beam and the other will be pushing 

on the clamped-clamped beam.  This set of push-pull forces, coupled with the small 

separation of the tether attachment points, creates a moment in the center of the clamped-

clamped beam, which effectively couples the in-phase mode of the proof masses into the 

second bending mode of the clamped-clamped beam.  This forces the in-phase mode of 

the proof masses to be at a higher frequency than the anti-phase mode. 
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Figure 4.12  Deflected UCI Inner Lever Coupling APLM in Anti-Phase Mode. 

Similar to the original UCI inner lever coupling APLM design, the operation of 

the revised UCI APLM design is based on coupling the guided motion of each mass to 

each other through a secondary resonator that has more compliance for the anti-phase 

mode than for the in-phase mode thereby forcing the in-phase mode frequency to be 

higher than that of the anti-phase mode.  The revised UCI APLM designs are shown in 

their deflected conditions in Figure 4.13 and Figure 4.14 for the straight and tapered 

flexures, respectively.  While the revised UCI APLM design operates in a manner very 

similar to that described for the original UCI inner lever coupling APLM design, it 

introduces three modifications which improve some performance characteristics. 
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Figure 4.13  Deflected Straight Flexure Revised UCI APLM. 
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Figure 4.14  Deflected Tapered Flexure Revised UCI APLM. 

The first modification is that the long stiff levers with small, thin tethers on 

opposing corners have been replaced with angled, moderately compliant flexures that go 

directly between the opposing corner locations.  The compliance of these flexures creates 

a fundamentally different mechanism for the primary spring force than the original UCI 

inner lever coupling APLM design.  That is, the spring constant of the original design 

was strongly dependent on the dimensions of the clamped-clamped beam whereas the 

spring constant of this revised design is dominated by the dimensions of these angled 

flexures. 

The second modification is that the angled flexures connect to a stiff, but movable 

block whereas the original UCI design had the stiff levers connect near the center of the 
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clamped-clamped beam.  This has an effect similar to allowing the gap between the 

attachment points, 2Ã, in the original UCI design go to zero.  The potential implications 

of letting the gap between the attachment points go to zero were discussed in reference 

[28].  Specifically, Dr. Simon stated, “While it is possible to merge the connection points, 

this results in the motion of the proof masses not necessarily being required to transmit 

through the clamped-clamped beam, resulting in a break down of the analytical 

expressions and assumptions, deteriorating the frequency separation potential. 

Maximizing 
�Ä has an additional consequence of creating a stress concentration, which 

can both increase the chance of device fracture and greatly increase thermoelastic 

damping.”  These concerns are mitigated by the final modification to the structure 

discussed in the next paragraph. 

The final modification to the original UCI design is that the clamped-clamped 

beam has been replaced by a relatively compliant shuttle consisting of a solid block, 

supported and guided by four folded flexures.  This is also a major departure from the 

original design in that the shuttle configuration does not necessarily have a second 

bending mode similar to that of the clamped-clamped beam into which the in-phase mode 

of the proof masses can couple.  Instead, the shuttle structure has more of a rotational 

mode into which the in-phase proof mass motion couples.  This accomplishes the same 

goal of coupling the in-phase proof mass mode into a higher order mode, although not 

necessarily the second mode, of the secondary resonator which should mitigate one of the 

concerns identified by Dr. Simon of maintaining modal frequency separation. 

The other two concerns identified by Dr. Simon are mitigated in the revised 

design as well.  First, maintaining some separation of the connection points where they 
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attach to the stiff block should mitigate the concern of creating a high stress concentration 

and increased likelihood of fracture.  Finally, the combination of introducing the 

compliant shuttle and the angled flexures, shifts the primary thermoelastic damping loss 

away from the clamped-clamped beam and into the angled flexures.  This should mitigate 

the final concern of increased thermoelastic damping loss raised by Dr. Simon due to 

merging the connection points, but care must be taken in the design to ensure that the 

width of these flexures is sufficiently thin to mitigate thermoelastic damping loss. 

The governing equations and design procedures for each APLM configuration are 

covered in the following subsections. 

4.1.1  Straight Flexure Pivot Design 

For the design of the straight flexure pivot APLM, the designer must decide how 

much of the total deflection of the proof mass, �, should be associated with the rotation of 

the pivot point,  

� = �BC> ∙ ~Å ,   (4.1) 

where �BC> is the angular rotation of the pivot point and ~Å  is the length of the guided 

flexure, and how much should be associated with the deflection of the guided flexures, ©.  

Figure 4.15 defines these quantities graphically. 
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Figure 4.15  Deflections of the Straight Flexure Pivot APLM. 

The solid-colored region represents the APLM in the deflected state and the shaded region represents the 

APLM in the undeflected state.  ~I and ~Å are the lengths of the anchor and guided flexures, respectively.  �BC> is the angular rotation of the pivot point.  The total displacement of the outer mass, �, is comprised of 

the displacement due to the projection of the rotation of the pivot point, � = �BC> ∙ ~Å, and the displacement 

due to the deflection, ©, of the guided flexure. 

Here we define the proportionality constant, Æ, between the deflection due to the 

rotation of the pivot point and the total deflection: 

 Æ = �� = ~Å ∙ �BC>�  
, 

(4.2)
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where �BC> is the angular rotation of the pivot point.  ~Å  is the length of the guided 

flexure and � is the displacement of the mass due to the projection of the rotation of the 

pivot point, i.e., � = �BC> ∙ ~Å. 

Due to the natural relationship between the linear and angular deflection spring 

constants of a cantilevered beam, the value of Æ is limited between 0 (zero) when the 

anchor flexures are infinitely stiff, and 1.5 when the anchor flexures have infinite 

compliance.  The derivation of these limits is provided in Section A.5 of Appendix A.  

Lower values of Æ reduce the inter-mass coupling across the APLM that occurs through 

the rotation of the pivot point.  Higher values of Æ increase the inter-mass coupling but 

can also result in long thin anchor flexures that may be difficult to fabricate in practice. 

It is important to note here that both the anchor flexures and the guided flexures 

are under both a force load and a moment load applied at the center of the pivot point.  

When the proof masses are deflected as shown in Figure 4.15, the anchor flexure has a 

net rotation but does not have a net deflection.  The guided flexure, however, has both a 

net rotation and a net deflection.  The derivation of the linear spring constant of the 

APLM acting on the proof mass is fairly complex and requires simultaneous solution of 

the angular rotations and linear deflections of both the anchor and guided flexures under 

both force and moment loads to meet these constraints.  Due to the complexity of this 

derivation, it is omitted here but is provided in Section A.5 of Appendix A. 

The design of the straight flexure pivot APLM proceeds as follows. 

1. The desired spring constant for one mass of the individual APLM, �V_BC>, 

and the thickness of the device, %, are either given or chosen by the 

designer.  If the designer is provided with a target resonant frequency, 	J, 
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then the designer uses the mass of one proof mass, x^Ç, and the number 

of APLMs in the design, �È�I^�Ç, to arrive at the desired spring 

constant, �V_BC>, using the following relation [30]: 

 �V_BC> = x^Ç ∙ 	J��È�I^�Ç 
. 

(4.3)

2. Choose a value for the ratio of displacements, Æ, between 0 (zero) and 1.5.  

A value around unity (1.0) is recommended to balance between inter-mass 

coupling and the length of the anchor flexure. 

3. Choose a reasonable value for the length of the guided flexure, ~Å .  This 

value can vary widely based on the desired resonant frequency and overall 

dimensions of the design, but it is generally recommended that the length 

of the guided flexure be at least 3 times the thickness of the device, %, to 

ensure that the stresses along the length of the flexure are the dominant 

stresses. 

4. Calculate the width of the guided flexure, �Å, using the following 

equation, which is derived in Section A.5 of Appendix A: 

 �Å = ~Å * 2 ∙ �V_BC>`2 − Æ)Z%0��
 , 

(4.4)

where Z is the Young’s Modulus of the flexure material. 

5. If �Å is not acceptable, note that ~Å  and �Å are linearly proportional in 

Equation 4.4 and scale ~Å  as needed to obtain an acceptable value of �Å.  
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If an acceptable combination cannot be obtained, then a new value for Æ 

must be selected, but note that Æ appears under the cubed-root in Equation 

4.4. So, adjustments to Æ will have diminished impact on the values of ~Å  

and �Å. 

6. To maintain the same stress in the guided and anchor flexures at the pivot 

point, set the width of the anchor flexure, �I, equal to the width of the 

guided flexure:  

�I = �Å.  (4.5) 

7. Calculate the length of the anchor flexure, ~I, using the following 

equation, which is derived in Section A.5 of Appendix A: 

 ~I = ~Å 2Æ3 − 2Æ 
. 

(4.6)

One final note is that the straight flexure pivot APLM pictured in Figure 4.15 has 

a small square block at the center of the pivot point which was neglected in the derivation 

of the design equations.  There are three factors that enable this to be neglected.  The first 

is that the moment in this region due to the force applied at the pivot point should be 

small due to the close proximity (short lever arm) resulting in negligible additional 

bending of the flexure.  The second is that the moment applied from the anchor flexure is 

expected to be small to allow for strong coupling between the two masses, again resulting 

in negligible additional bending of the flexure.  Finally, the size of the block is small 

compared to the overall lengths of the guided and anchor flexures, resulting in negligible 

additional deflection. 
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4.1.2  Tapered Flexure Pivot Design 

For the tapered flexure pivot APLM design, we are also able to define a 

proportionality constant, P, similar to that of the straight flexure pivot design that 

describes the proportion of the total deflection that corresponds to the rotation of the 

pivot point, a, compared with the total deflection, c.  These dimensions are shown 

graphically in Figure 4.16 and the expression for P is given by: 

 Æ = �� = `��Å + ��Å) ∙ �BC>�  
, 

(4.7)

where �BC> is the angular rotation of the pivot point.  ��Å and ��Å  are the lengths of the 

two elements of the guided flexure and � is the displacement of the mass due to the 

projection of the rotation of the pivot point, i.e., � = �BC> ∙ `��Å + ��Å). 

Since the tapered flexure has more rotational compliance than that of the straight 

flexure, the proportionality constant has a different range of possible values from 0 

(zero), when the anchor flexures are infinitely stiff, to 3 when the anchor flexures have 

infinite compliance.  The derivations of these limits are provided in Section A.6 of 

Appendix A.  Also, since both the anchor and the guided flexures bend into an S-shape, 

we note that there a zero-stress point somewhere along the length of each flexure 

resulting in the need to place a block at the proper position along its length, but not 

necessarily in the center.  This results in both the anchor and the guided flexures 

consisting of two tapered flexures, each of different lengths, and different widths.  This 

makes the design of the tapered flexure pivot APLM more complicated than that of the 
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straight flexure pivot APLM.  The full derivation of the design equations is provided in 

Section A.6 of Appendix A for reference, and only the design procedure is captured here. 

 

Figure 4.16  Deflections of the Tapered Flexure Pivot APLM. 

The solid-colored region represents the APLM in the deflected state and the shaded region represents the 

APLM in the undeflected state.  ��I and ��I are the lengths of the two elements of the anchor flexure, and ��Å and ��Å are the lengths of the two elements of the guided flexure.  �BC> is the angular rotation of the 

pivot point.  The total displacement of the outer mass, �, is comprised of the displacement due to the 

projection of the rotation of the pivot point, � = �BC> ∙ `��Å + ��Å), and the displacement due to the 

deflection, ©, of the guided flexure.  The size of the square blocks in the anchor and guided flexures is 24. 

The design of the tapered flexure pivot APLM proceeds as follows: 

1. The desired spring constant for one mass, kv_Tot, the size of the 

hammerhead features, 24, and the thickness of the device, t, are either 
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given or chosen by the designer.  If the designer is provided with a target 

resonant frequency, 	J, then the designer uses the mass of one proof 

mass, x^Ç, and the number of APLMs in that axis of the design, 

�È�I^�Ç, to arrive at the desired spring constant, �V_BC>, using the 

following relation [30]: 

 �V_BC> = x^Ç ∙ 	��È�I^�Ç 
. 

(4.8)

2. Choose a value for the ratio of displacements, P, between 0 (zero) and 3.  

A value around unity (1.0) is recommended to balance inter-mass coupling 

and the length of the anchor flexure. 

3. Choose a reasonable value for the length of the second element of the 

guided flexure, ��Å .  This value can vary widely based on the desired 

resonant frequency and overall dimensions of the design, but it is 

generally recommended that the length of the flexure be at least 3 times 

the thickness of the device, %, to ensure that the stresses along the length of 

the flexure are the dominant stresses. 

4. Calculate the length of the first element of the guided flexure, ��Å, by 

taking an initial guess (0.355��Å is recommended) and iterating through 

the following equations until the solution converges. The derivation of this 

is given in Section A.6 of Appendix A: 
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(`��Å) = `2Æ − 3)��Å�� + `3 − 3Æ)��Å��Å�� − 3��Å�� ��Å

+ `3 − Æ)��Å�� + 2Æ4�� 

(4.9)

(Ë`��Å) = �`�^H�)� ��ÅÌ� + `3 − 3Æ)��ÅÌ� − �� ��ÅHÌ���Å  (4.10) 

 ��ÅÍÎÏ = ��ÅÐ}Ñ − (7��ÅÐ}Ñ8(Ë7��ÅÐ}Ñ8 
. 

(4.11)

5. Calculate the base width of the first element of the guided flexure, ���Å, 

using the following equation, which is derived in Section A.6 of 

Appendix A: 

 ���Å =
⎩⎪⎨
⎪⎧�V_BC> ∙ 8 ∙ ��Å�� ���Å�� − 24�� − 2��Å�� + 3��Å��Å�� �Z ∙ % ⎭⎪⎬

⎪⎫
��
 

, 

(4.12)

where Z is the Young’s Modulus of the flexure material. 

6. Calculate the base width of the second element of the guided flexure, 

���Å, using the following equation, from Section A.6 of Appendix A: 

 ���Å = ���Å���Å��Å 
. 

(4.13)
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7. If any of the values for ��Å, ��Å , ���Å, and ���Å are not acceptable, then 

scale ��Å  and repeat steps 4, 5, and 6 until all values are acceptable.  

While the governing equations are inherently non-linear, all widths and 

lengths will scale roughly in linear proportion to ��Å  for values of Æ 

around unity.  If an acceptable combination cannot be obtained, then a 

new value for P must be selected and the process must begin again at step 

2, but note that due to the non-linear nature of the governing equations, 

adjustments to Æ will have diminished impact on the values of the lengths 

and widths of the flexures until Æ approaches the limits of its range. 

8. Having fully designed the guided flexure, we now calculate the spring 

constant of the pivot point, �Ç�ÙÚÛ, that relates the moment applied by the 

guided and anchor flexures, x, and the total rotation at the pivot point, 

�BC>, using the following equations that were derived in Section A.6 of 

Appendix A: 

 �Ç�ÙÚÛ = Z ⋅ % ⋅ ���Å�
24��Å�� ���Å�� − ��Å�� � 

. 

(4.14)

9. To maintain the same stress in the guided and anchor flexures at the pivot 

point, set the base width of the second element of the anchor flexure equal 

to the base width of the first element of the guided flexure:  

���I = ���Å.  (4.15) 
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10. Here we must employ the Multivariate Newton’s Method for 

simultaneously solving multiple nonlinear equations for the anchor flexure 

lengths, which follows the general form [95]: 

ÜÝÞß = ÜÝ − Áàá`ÜÝ)ÂH�á`ÜÝ),  (4.16) 

where ÜÝ is the vector of desired variables given by: 

 ÜÝ = *��Iâ��Iâ0 
. 

(4.17)

á`ÜÝ) is the vector of nonlinear functions given by: 

á`ÜÝ) = �(I7��Iâ , ��Iâ8ÃI7��Iâ , ��Iâ8�.  (4.18) 

The functions (I`��I, ��I) and ÃI`��I, ��I) are defined below from 

Section A.6 of Appendix A.  àá`ÜÝ) is the Jacobian of á`ÜÝ) given by: 

 àá`ÜÝ) = ⎣⎢
⎢⎡ �(���I

�(���I�Ã���I
�Ã���I⎦⎥

⎥⎤ = *�XD ©XD�XD 4XD0 
. 

(4.19)

The designer must take an initial guess for ��I, and ��I.  Initial guesses 

of ��I = ��Å and ��I = ��Å are recommended.  The designer must then 

iterate through the following equations, derived in Section A.6 of 

Appendix A, until the solution converges: 

(I`��I, ��I) =  ���I�� + 3��IÌ� ��I − 2��I�� − 24���  (4.20) 
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 ÃI`��I, ��I) = �Ç�ÙÚÛ − Z ⋅ % ⋅ ���I�
24 ∙ é��I − ��I�� ∙ ��I�� ê (4.21)

 �XD = �(���I = �32 ��I�� + 32 ��IH����I� (4.22)

 ©XD = �(���I = �3��I�� − 3��I�� � (4.23)

 �XD = �Ã���I = − Z ⋅ % ⋅ ���I�48 ��IH�� ∙ ��I��
���I − ��I�� ∙ ��I�� �� (4.24)

 4XD = �Ã���I = Z ⋅ % ⋅ ���I�24 �1 −  12 ∙ ��I�� ∙ ��IH���
���I − ��I�� ∙ ��I�� ��  (4.25)

|àá| = �XD4XD − ©XD�XD  (4.26) 

 ��IâëÌ = ��Iâ − 4XD ∙ (7��Iâ , ��Iâ8 − ©XD ∙ Ã7��Iâ , ��Iâ8ìàá7��Iâ , ��Iâ8ì  (4.27)

and  

 ��IâëÌ = ��Iâ − �XD ∙ (7��Iâ , ��Iâ8 − �XD ∙ Ã7��Iâ , ��Iâ8ìàá7��Iâ , ��Iâ8ì  
. 

(4.28)

11. Calculate the base width of the first element of the anchor flexure, ���I, 

using the following equation from Section A.6 of Appendix A: 
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 ���I = ���I���I��I 
. 

(4.29)

It is again important to note that the pivot APLMs pictured in Figure 4.8 and 

Figure 4.16 have a small square block at the center of the pivot point which was 

neglected in the derivation of the design equations.  The assumption to neglect this block 

for the tapered flexure pivot APLM should be valid for the same reasons provided in the 

previous discussion for the straight flexure pivot APLM design.  It is highlighted here 

that this design procedure results in the same stress (both compressive and tensile) along 

the entire length of every tapered flexure element of the design as shown graphically in 

Figure 4.17. 
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Figure 4.17  Equivalent Principle Stress in the Tapered Flexure Pivot APLM. 

4.1.3  Straight Flexure Lever Design 

The design and operation of the straight flexure lever APLM is relatively 

straightforward.  It consists of two proof masses, one lever arm, and six identical 

flexures.  Therefore, each proof mass has an effective total of three of the flexures (per 

APLM) acting on it.  Each flexure is applying a moment to the lever which is converted 

to a linear force on the proof mass at the center of the location where the flexures attach 

to the proof mass.  Figure 4.18 defines the relevant quantities graphically. 
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Figure 4.18  Deflections of the Straight Flexure Lever APLM. 

The solid-colored region represents the APLM in the deflected state and the shaded region represents the 

APLM in the undeflected state.  ~DEN  and ~�NVNM  are the lengths of the flexure and lever, respectively.  � is 

the angular rotation of the lever.  The total displacement of the outer mass, �, is the product of the rotation 

and length of the lever, � = � ∙ ~�NVNM .  The half width of the lever is 4�. 

The lever is applying both a force load and a moment load to the flexures at the 

center of the lever which is beyond the end of the flexure.  Also, while the center point of 

the lever is allowed to have a net rotation, it is not allowed to have a net deflection in the 

x-axis.  The end of the flexure where it connects to the lever, however, has both a net 

rotation and a small net deflection.  This complicates the derivation of the design 

equations.  Therefore, the derivation of the design equations is provided in section A.7 of 

Appendix A and only the design procedure is captured here. 
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The design of the straight flexure lever APLM proceeds as follows. 

1. The desired spring constant for one mass of the individual APLM, �V_BC>, 

and the thickness of the device, t, are either given or chosen by the 

designer.  If the designer is provided with a target resonant frequency, 	J, 

then the designer uses the mass of one proof mass, x^Ç, and the number 

of APLMs in the design, �È�I^�Ç, to arrive at the desired spring 

constant, �V_BC>, using the following relation [30]: 

 �V_BC> = x^Ç ∙ 	��È�I^�Ç 
. 

(4.30)

2. The length of the lever arm, ~�NVNM, and the length of the flexure, ~DEN , 

are either given or can be chosen using engineering judgment.  It is 

generally recommended that the length of the flexure, ~DEN , be at least 3 

times the thickness of the device, %, to ensure that the stresses along the 

length of the flexure are the dominant stresses.  It is also recommended 

that the length of the lever be on the order of 100 greater than the expected 

maximum displacement of the proof masses to keep the rotation angle of 

the lever to a reasonable value. 

3. Choose a value for the constant, ], which relates the stiffness of the lever 

to the stiffness of the system.  That is  

��NVNM = ] ∙ �V_BC>.  (4.31) 

This constant relates how much displacement will occur due to the 

bending of lever as compared with that of the rotation of the lever.  This 
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constant also sets the rigidity of the coupling from one mass to the other in 

anti-phase mode and aids in pushing the common-mode resonant to a 

frequency higher than that of the anti-phase mode.  It is recommended that 

this constant be chosen between 10 and 100, with a typical value of around 

50. 

4. Calculate the minimum value of ��NVNM using the equation below and 

select a value that is greater than or equal to that value, from Section A.7 

of Appendix A: 

 ��NVNM ≥ ~�NVNM +4 ∙ ] ∙ �V_BC>Z ∙ % -��
 
, 

(4.32)

where Z is the Young’s Modulus of the material. 

5. Since the constant 4� was defined as the half-width of the lever, set 4� 

equal to half of the desired value of ��NVNM, from Section A.7 of 

Appendix A: 

 4� = ��NVNM2 ≥ ~�NVNM2 +4 ∙ ] ∙ �V_BC>Z ∙ % -��
 
. 

(4.33)

6. Calculate the value of the spring constant that relates the angular rotation 

of the lever to the total applied moment, �Ç�BC>, from Section A.7 of 

Appendix A: 

�Ç�BC> = �V_BC> ∙ ~�NVNM� .  (4.34) 
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7. Calculate the value of the spring constant that relates the angular rotation 

of the lever to the applied moment of a single flexure, �Ç�DEN , from 

Section A.7 of Appendix A: 

 �Ç�DEN = �Ç�BC>3 = �V_BC> ∙ ~�NVNM�3  
. 

(4.35)

8. Calculate the width of the guided flexure, �DEN , using the following 

equation from Section A.7 of Appendix A: 

 �DEN = é�Ç�DEN 12 ∙ ~DEN Z ∙ % �1 − 32 `� + 4�)�`2~DEN � + 64��)�ê��
 
, 

(4.36)

where � = `~DEN + 4�). 

9. If �DEN  is not acceptable, then scale ~DEN  and/or ~�NVNM accordingly and 

repeat the above calculations until an acceptable value is obtained.  �DEN  

will generally scale with the cubic root of ~DEN  and with ~�NVNM to the 

two-thirds power. 

4.1.4  Tapered Flexure Lever Design 

The tapered flexure lever APLM operates in a similar manner to that of the 

straight flexure lever APLM and the design is relatively straightforward.  There are two 

proof masses, one lever arm, and six flexures.  Therefore, each proof mass has an 

effective total of three of the flexures (per APLM) acting on it.  Each flexure is applying 

a moment to the lever which is converted to a linear force on the proof mass at the center 
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of the location where the flexures attach to it.  Figure 4.19 defines the relevant quantities 

graphically. 

 

Figure 4.19  Deflections of the Tapered Flexure Lever APLM. 

The solid-colored region represents the APLM in the deflected state and the shaded region represents the 

APLM in the undeflected state.  �� and �� are the lengths of the two elements of the tapered flexures and ~�NVNM  is the length of the lever.  � is the angular rotation of the lever.  The total displacement of the outer 

mass, �, is the product of the rotation and length of the lever, � = � ∙ ~�NVNM .  The half width of the lever is 4� and the size of the small square block in the tapered flexure is 24. 

The lever is applying a force load and a moment load to the flexures that are 

located on the centerline of the lever which is beyond the end of the flexure.  Also, while 

the center of the pivot point is allowed to have a net rotation, it is constrained from 
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having a net deflection in the x-axis.  However, the end of the flexure where it attaches to 

the lever has both a net rotation and a small net deflection.  This complicates the 

derivation of the design equations quite a bit.  Therefore, the detailed derivation of the 

design equations is provided in section A.8 of Appendix A and only the resulting design 

procedure is captured here. 

The design of the tapered flexure lever APLM proceeds as follows. 

1. The desired spring constant for one mass of the individual APLM, �V_BC>, 

and the thickness of the device, t, are either given or chosen by the 

designer.  If the designer is provided with a target resonant frequency, 	J, 

then the designer uses the mass of one proof mass, x^Ç, and the number 

of APLMs in that axis of the design, �È�I^�Ç, to arrive at the desired 

spring constant, �V_BC>, using the following relation [30]: 

 �V_BC> = x^Ç ∙ 	J��È�I^�Ç 
. 

(4.37)

2. The length of the lever arm, ~�NVNM, is either given or can be chosen using 

engineering judgment.  It is recommended that the length of the lever be 

on the order of 100 greater than the expected maximum displacement of 

the proof masses to keep the rotation angle of the lever to a reasonable 

value. 

3. Choose a value for the constant, ], which relates the stiffness of the lever 

to the stiffness of the system.  That is ��NVNM = ] ∙ �V_BC>.  Similar to that 

of the straight flexure lever APLM design, this constant relates how much 

displacement will occur due to the bending of lever as compared with that 
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of the rotation of the lever.  This constant also sets the rigidity of the 

coupling from one mass to the other in anti-phase mode and aids in 

pushing the common-mode resonant to a frequency higher than that of the 

anti-phase mode.  It is recommended that this constant be chosen between 

10 and 100, with a typical value of around 50. 

4. Calculate the minimum value of ��NVNM using the equation below and 

select a value that is greater than or equal to that value, from Section A.8 

of Appendix A: 

 ��NVNM ≥ ~�NVNM +4 ∙ ] ∙ �V_BC>Z ∙ % -��
 . 

(4.38)

5. Since the constant 4� was defined as the half-width of the lever, set 4� 

equal to half of the desired value of ��NVNM, from Section A.8 of 

Appendix A: 

 4� = ��NVNM2 ≥ ~�NVNM2 +4 ∙ ] ∙ �V_BC>Z ∙ % -��
 . 

(4.39)

6. Calculate the value of the spring constant that relates the angular rotation 

of the lever to the total applied moment, �Ç�BC>, from Section A.8 of 

Appendix A: 

�Ç�BC> = �V_BC> ∙ ~�NVNM� .  (4.40) 

7. Calculate the value of the spring constant that relates the angular rotation 

of the lever to the applied moment of a single flexure, �Ç�DEN , from 

Section A.8 of Appendix A: 
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 �Ç�DEN = �Ç�BC>3 = �V_BC> ∙ ~�NVNM�3  
. 

(4.41)

8. Using engineering judgement, choose a value for the size of the 

hammerhead, 24.  This value can vary widely based on the overall 

dimensions of the design and the anticipated lengths of the flexures.  It is 

desirable to keep the block small so that the added mass does not 

introduce unwanted flexural modes in the flexure itself, but it needs to be 

large enough to keep the narrowest part of the tapered flexure above the 

minimum feature size of the fabrication process employed to fabricate the 

device.  In this work, the block size was typically between 40µm and 

50µm. 

9. Using engineering judgement, choose a value for the length of the second 

element of the flexure, ��.  This value can vary widely based on the 

desired resonant frequency and overall dimensions of the design, but it is 

generally recommended that the length of the flexure be at least 3 times 

the thickness of the device, %, to ensure that the stresses along the length of 

the flexure are the dominant stresses. 

10. To determine the length of ��, employ Newton’s Method to solve the 

governing nonlinear equation numerically.  Here we define the function, 

(`��), and its derivative with respect to ��, (Ë`��), as follows, from 

Section A.8 of Appendix A: 

(`��) = ���� − 24�� − 2���� + 3��Ì��� − 34���Ì� + 34���Ì� (4.42) 
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(Ë`��) = �� ��Ì� + �� ��HÌ��� + �� 4���HÌ�.  (4.43) 

11. Select an initial guess for �� and iterate using the following equation until 

the value has adequately converged.  It is recommended that the initial 

guess be approximately 0.355��: 

 ��ÍÎÏ = ��Ð}Ñ − (7��Ð}Ñ8(Ë7��Ð}Ñ8 
. 

(4.44)

12. If the value for �� is not acceptable, then scale �� accordingly and repeat 

steps 9 and 10 until an acceptable value for �� is obtained.  While the 

governing equations for this relationship are nonlinear, the relationship 

between �� and �� is approximately linear. 

13. Calculate the base width of the first element of the flexure, ���, using the 

following equation, from Section A.8 of Appendix A: 

 ��� =
⎣⎢⎢
⎢⎡24 ∙ �Ç�DEN ∙ ����� ∙ ���� − ����Z ⋅ % ⋅ `�� + 4�) ⎦⎥⎥

⎥⎤
��
 
, 

(4.45)

where Z is the Young’s Modulus of the material. 

14. Calculate the base width of the second element of the flexure, ���, using 

the following equation, from Section A.8 of Appendix A: 
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 ��� = �������� 
. 

(4.46)

15. If either ��� or ��� are not acceptable, then scale �� and/or ~�NVNM 

accordingly and repeat the above calculations until acceptable values are 

obtained.  Generally, the flexure base widths will be proportional to ~�NVNM��  

and to ��Ì�. 

4.1.5  University of California at Irvine (UCI) Inner Lever Coupling Design 

Figure 4.20 shows the critical dimensions of the UCI inner lever coupling APLM 

design.  The equations that govern the behavior of this design are documented in 

Reference [28] and only the final equations are included here.  The anti-phase spring 

constant was reported to be: 

 

�IJ>GH^LP�N = é`~ − Ã)�Z_`2~)� ℎ� * �ℎ�� + ℎ� 23 ~�`~
−      Ã)`~ + 3Ã) + ℎ`4Ã~�)0êH�

 
, 

[28] (4.47)

where _ refers to the moment of inertia of the clamped-clamped beam.  ~ is the length of 

the clamped-clamped beam.  The separation width of the attachment points of the two 

long, stiff levers to the clamped-clamed beam is 2Ã, and ℎ and � are the length and 

width of the long, stiff levers, respectively, as depicted in Figure 4.20. 
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Figure 4.20  Critical Dimensions of UCI Inner Lever Coupling APLM. 

The solid-colored region represents the APLM in the deflected state and the shaded region represents the 

APLM in the undeflected state.  ~ and �KK are the length and width of the clamped-clamped beam, 

respectively which comprise the secondary resonator.  The separation width of the attachment points of the 

two long, stiff levers to the clamped-clamed beam is 2Ã.  ℎ and � are the length and width of the long, stiff 

levers, respectively. 

The spring constant equation in Equation 4.47 was derived for the total 

differential displacement of the two proof masses.  So, this value must be doubled to 

compare it with the spring constants that only consider the forces acting on a single proof 

mass as has been presented for the other APLM designs in this chapter. 

Noting that the moment of inertia of the clamped-clamped beam is given by: 
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 _ = % ⋅ �KK�12  
, 

[30] (4.48)

where % is the thickness of the device and �KK is the width of the clamped-clamped beam.  

Substituting Equation 4.48 into Equation 4.47 yields: 

 

�IJ>GH^LP�N = é12`~ − Ã)�Z%�KK� `2~)� ℎ� * �ℎ�� + ℎ� 23 ~�`~
−          Ã)`~ + 3Ã) + ℎ`4Ã~�)0 êH�

 . 

[28] (4.49)

Reference [28] provides some guidance and insight into the selection of the 

parameters ~, Ã, �, and ℎ.  Here we assume that these parameters are either given or 

selected through engineering judgment.  The final step is to solve for the width of the 

clamped-clamped beam.  Rearranging Equation 4.49 to solve for �KK we arrive at the 

following expression: 

 

�KK = é3ℎ`~ − Ã)�2Z%�~� * �ℎ�� + ℎ� 23 ~�`~ − Ã)`~ + 3Ã)
+                             4ℎÃ~�0 �IJ>GH^LP�Nê��

 
. 

[28] (4.50)

 

4.1.6  Straight Flexure Revised UCI Design 

The design of the straight flexure revised UCI APLM is very straightforward.  

The critical dimensions are just the length, ~ID, and width, �ID, of the angled flexures, 

which are labeled in Figure 4.21.  There are several other relevant dimensions labeled in 
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Figure 4.21 but they do not have a dominant impact on the operation of the device as long 

as the folded flexures are relatively compliant.  These dimensions include the width, 

�\Eï, and length, ~\Eï, of the shuttle block; the width, �DD, and length, ~DD, of the 

flexures in the folded flexure; the separation of the angled flexure attachment points to 

the shuttle block, 4ID, and the orthogonal components, � and ©, of the angled flexure 

layout.  It is important to note that higher  �P  ratios impose stronger coupling of the proof 

masses both to the shuttle block and to one another. 
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Figure 4.21  Critical Dimensions of the Straight Flexure Revised UCI APLM. 

The solid-colored region represents the APLM in the deflected state and the shaded region represents the 

APLM in the undeflected state.  The length and width of the angled flexures are ~ID  and �ID, respectively.  

The width and length of the shuttle block is �\Eï and ~\Eï , respectively.  The width and length of the folded 

flexures are �DD  and ~DD , respectively.  The separation of the angled flexure attachment points to the 

shuttle block is 4ID , and the orthogonal components of the angled flexure layout are � and ©. 

The design of the straight flexure revised UCI APLM proceeds as follows. 

1. The desired spring constant for one mass of the individual APLM, �V_BC>, 

and the thickness of the device, t, are either given or chosen by the 

designer.  If the designer is provided with a target resonant frequency, 	J, 

then the designer uses the mass of one proof mass, x^Ç, and the number 
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of APLMs in the design, �È�I^�Ç, to arrive at the desired spring 

constant, �V_BC>, using the following relation [30]: 

 �V_BC> = x^Ç ∙ 	��È�I^�Ç 
. 

(4.51)

2. Using engineering judgment, choose a value for the length of the angled 

flexure, ~ID.  This value can vary widely based on the desired resonant 

frequency and overall dimensions of the design and was typically around 

900µm for the designs in this dissertation, but it is generally recommended 

that the length of the flexure be at least 3 times the thickness of the device, 

%, to ensure that the stresses along the length of the flexure are the 

dominant stresses. 

3. Calculate the width of the angled flexure, �ID, using the following 

equation [30]: 

 �ID = ~ID *�V_BC>Z ∙ % 0��
 
, 

(4.52)

where E is the Young’s Modulus of the flexure material. 

4. If �ID is not acceptable, then scale ~ID accordingly, recalculate �ID and 

iterate until both values are acceptable.  �ID should scale in direct 

proportion to ~ID.  Note that the width of the angled flexure, �ID, is the 

dominant factor in the thermoelastic damping loss.  Therefore, it is 

desirable to keep �ID to a relatively small value, which can be set through 

the proper selection of ~ID within the limits of the fabrication process. 
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5. The following considerations can help guide the selection of all other 

variables.  In this design, the in-phase mode of the proof masses couples 

into the first rotational mode of the shuttle block.  Setting the shuttle block 

size, ~\Eï and �\Eï, to larger values (typically 200µm for the designs in 

this dissertation) enables greater separation of the attachment points of the 

folded flexures and provides increased stiffness against this mode, which 

will push the resonant frequency of the proof mass in-phase mode to 

higher frequencies.  Increased separation of the angled flexure attachment 

points, 4ID, mitigates against the high stress point that Dr. Simon warned 

against [28] and was typically about 80µm for the designs in this 

dissertation.  The folded flexures are not intended to contribute 

significantly to the operation of this design.  Therefore, it is recommended 

that the stiffness of the folded flexures be about an order of magnitude 

smaller than that of the angled flexure.  Therefore, it is recommended that 

the width of the folded flexures, �DD, be set to the minimum feature size 

of the fabrication process and that the length of the folded flexures, ~DD, 

be guided by that stiffness.  �DD was typically 10µm and ~DD was 

typically 200µm for the devices modeled in this dissertation.  It is 

recommended to select an 
P� ratio of about ten (10) to ensure good anti-

phase coupling between the two proof masses and to ensure that the 

contribution of the folded flexures is minimized. 
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4.1.7  Tapered Flexure Revised UCI APLM Design 

The design of the tapered flexure revised UCI APLM is also very straightforward 

and follows a pattern very similar to that of the straight flexure revised UCI APLM .  The 

critical dimensions are just the length, ~ID, and the base width, ��ðñ, of the angled 

flexures, as well as the half length of the hammerhead feature in the angled flexure, 4��, 

which are labeled in Figure 4.22.  Similar to the straight flexure version, there are several 

other relevant dimensions labeled in Figure 4.22 but they do not have a dominant impact 

on the operation of the device as long as the folded flexures are relatively compliant.  

These dimensions include the width, �\Eï, and length, ~\Eï, of the shuttle block; the 

width, �DD, and length, ~DD, of the flexures in the folded flexure; the separation of the 

angled flexure attachment points to the shuttle block, 4ID, and the orthogonal 

components, � and ©, of the angled flexure layout.  The  �P  ratio, however, is an important 

design consideration as higher  �P  ratios provide stronger coupling of the proof masses to 

the shuttle block and to one another. 
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Figure 4.22  Critical Dimensions of the Tapered Flexure Revised UCI APLM. 

The solid-colored region represents the APLM in the deflected state and the shaded region represents the 

APLM in the undeflected state.  The length of the two tapered flexures in the angled flexure is ~ID  and the 

width of the angled flexures at their base is ��ðñ .  The half-length of the hammerhead in the center of the 

angled flexure is 4��.  The width and length of the shuttle block is �\Eï and ~\Eï , respectively.  The width 

and length of the folded flexures are �DD  and ~DD , respectively.  The separation of the angled flexure 

attachment points to the shuttle block is 4ID , and the orthogonal components of the angled flexure layout 

are � and ©. 

The design of the tapered flexure revised UCI APLM proceeds as follows. 

1. The desired spring constant for one mass of the individual APLM, �V_BC>, 

and the thickness of the device, t, are either given or chosen by the 

designer.  If the designer is provided with a target resonant frequency, 	J, 

then they use the mass of one proof mass, x^Ç, and the number of 
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APLMs in that axis of the design, �È�I^�Ç, to arrive at the desired 

spring constant, �V_BC>, using the following relation [30]: 

 �V_BC> = x^Ç ∙ 	��È�I^�Ç 
. 

(4.53)

2. Choose a value for the length of the angled flexure, ~ID, and the half 

length of the hammerhead feature, 4��.  The length of the angled flexure, 

~ID, can vary widely based on the desired resonant frequency and overall 

dimensions of the design and was typically around 450µm for the designs 

in this dissertation, but it is generally recommended that the length of the 

flexure be at least 3 times the thickness of the device, %, to ensure that the 

stresses along the length of the flexure are the dominant stresses.  The half 

length of the hammerhead feature, 4��, which was typically around 50µm 

for the devices evaluated in this dissertation, should be chosen such that 

the narrowest part of the tapered flexure is still above the smallest feature 

size of the fabrication process.  As discussed in Chapter 3, the trade-off 

between thermoelastic damping performance and sensitivity to critical 

dimension loss during fabrication is another consideration for the selection 

of half length of the hammerhead feature, 4��.   

3. Calculate the base width of the angled flexure, ��ðñ, using the following 

equation derived from Table 3.1: 
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 ��ðñ =
⎣⎢⎢
⎢⎡8 ∙ 72 ∙ �V_BC>8 ∙ ��ID�  −  �ID�� ∙ 4���� �Z ∙ % ⎦⎥⎥

⎥⎤
��
 

, 

(4.54)

where �ID = ~ID + 4�� and the spring constant, �V_BC>, has been 

multiplied by two to obtain the spring constant for one element of the 

angled flexure. 

4. If ��ðñ is not acceptable, then scale ~ID and/or 4�� accordingly, 

recalculate ��ðñ and iterate until both values are acceptable.  ��ðñ should 

roughly scale in direct proportion to ~ID.  Note that the width of the 

angled flexure, �ID, is the dominant factor in the thermoelastic damping 

loss.  Therefore, it is desirable to keep �ID to a relatively small value, 

which can be set through the proper selection of ~ID within the limits of 

the fabrication process. 

5. The following considerations can help guide the selection of all other 

variables.  In this design, the in-phase mode of the proof masses will 

couple into the first rotational mode of the shuttle block.  Setting the 

shuttle block size, ~\Eï and �\Eï, to larger values (typically 200µm for the 

designs in this dissertation) enables greater separation of the attachment 

points of the folded flexures and provides increased stiffness against this 

mode, which will push the in-phase resonant frequency higher.  Increased 

separation of the angled flexure attachment points, 4ID, mitigates against 

the high stress point that Dr. Simon warned against [28] and was typically 
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about 80µm for the designs in this dissertation.  The folded flexures are 

not intended to contribute significantly to the operation of this design.  

Therefore, it is recommended that the stiffness of the folded flexures be 

about an order of magnitude smaller than that of the angled flexure.  

Therefore, it is recommended that the width of the folded flexures, �DD, 

be set to the minimum feature size of the fabrication process and that the 

length of the folded flexures, ~DD, be guided by that stiffness.  �DD was 

typically 10µm and ~DD was typically 200µm for the devices modeled in 

this dissertation.  It is recommended to select an 
P� ratio of about ten (10) 

to ensure good anti-phase coupling between the two proof masses and to 

ensure that the contribution of the folded flexures is minimized. 

4.2  APLM FEA Modeling and Results 

A solid model was generated for each of the design configurations described in 

the previous section in a Concentric Mass Resonator (CMR) configuration and a set of 

finite element analyses (FEA) were performed on each of these models.  These FEA 

analyses investigated (1) peak stress under symmetric loading conditions, (2) relative 

displacement of the inner and outer masses under asymmetric force loading conditions, 

(3) separation of anti-phase and in-phase resonant modes, and (4) thermoelastic damping 

of each design.  First a description is provided of the CMR configuration that was used in 

the analysis followed by the specific design details for each device configuration 
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investigated.  Finally, a description of the FEA analyses performed and a presentation of 

the results are provided. 

4.2.1  Concentric Mass Resonator Configuration Description 

The Concentric Mass Resonator (CMR) configuration is based on a single degree 

of freedom resonator version of the concentric mass gyroscope configuration.  For the 

purposes of the current investigation, no attempt was made to optimize the design of a 

full resonator.  Rather, the CMR was a convenient configuration to investigate the 

properties of various APLM designs which incorporate either straight or tapered flexures.  

Therefore, there were no electrodes included in the models.  All loads applied to the 

system were applied as pressure loads to the edges of the parts.  A solid model of the 

CMR configuration incorporating the straight flexure pivot APLM design is provided in 

Figure 4.23.  This same device is shown deflected in two extremes of the desired anti-

phase mode in Figures 4.24(a) and (b).  In Figure 4.24, the green blocks are anchored to 

the substrate.  This same device is shown in the two extremes of the unwanted in-phase 

mode in Figures 4.25(a) and (b).  Here again, the green blocks are anchored to the 

substrate. 
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Figure 4.23  Solid Model of the Concentric Mass Resonator Configuration. 

All devices were modeled in a 100µm thick <100> Single Crystal Silicon (SCS) 

layer using the same material properties provided previously in Figure 3.5.  The insulator 

layer beneath the device layer was 1µm thick thermal silicon dioxide with the same 

material properties provided previously in Figure 3.6.  The dimensions of the square 

inner proof mass were 3mm by 3mm.  The inner dimensions of the outer proof mass were 

5mm by 5mm.  To maintain mass symmetry of the inner and outer masses, the outer 

dimensions of the outer proof mass were set to 5.831mm by 5.831mm. 
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Figure 4.24  Anti-Phase Mode of the Concentric Mass Resonator Configuration. 

The maximum positive displacement in one half of the oscillation is shown in (a) and the maximum 

negative displacement in the other half of the oscillation is shown in (b) to depict the desired anti-phase 

mode of the concentric mass resonator configuration. 
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Figure 4.25  In-Phase Mode of the Concentric Mass Resonator Configuration. 

The maximum positive displacement in one half of the oscillation is shown in (a) and the maximum 

negative displacement in the other half of the oscillation is shown in (b) to depict the undesired in-phase 

mode of the concentric mass resonator configuration. 
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All designs targeted a resonant frequency of 5kHz and all designs incorporated 

four APLMs, one near each corner.  Depending on the method of attachment of the 

specific APLM to the proof masses, attachment blocks were added to the proof masses as 

required.  This led to some slight differences in the masses of each design configuration 

but reasonable attempts were made to ensure a fair comparison between design 

configurations. 

4.2.2  Specific Design Details of the APLM Configurations 

This section provides the specific design details for each device investigated.  

Based on the stress peaking results presented in Section 3.3.1.3, fillets were added to all 

inside corners that were approximately half of the local flexure width for all designs other 

than the UCI inner lever coupling design. 

The design procedure documented in Section 4.1.1 for the straight flexure pivot 

APLM design was followed and resulted in the design specifications documented in 

Table 4.1.  The solid model of the resulting device is pictured in Figure 4.26 and a close-

up of the APLM is shown in Figure 4.27.  Labels of the relevant feature sizes in Table 4.1 

were defined in Section 4.1.1 but are repeated graphically in Figure 4.27 for reference. 

The design procedure documented in Section 4.1.2 was also followed for the 

tapered flexure pivot APLM design resulted in the design specifications that are 

documented in Table 4.2.  The solid model of the resulting device is pictured in 

Figure 4.28 and a close-up of the APLM is shown in Figure 4.29.  Labels of the relevant 

feature sizes in Table 4.2 were defined in Section 4.1.2 but are repeated graphically in 

Figure 4.29 for reference. 
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To ensure a fair comparison between the straight and tapered versions of the four-

flexure pivot APLM design, the tapered flexure version was actually designed first.  The 

combined length of the N1G and N2G guided flexure elements was then used to set the 

length of the guided flexure element, LG, of the straight flexure design to ensure that the 

total length of the guided flexure was the same for both designs.  The value for the 

proportionality constant, P, was chosen to be a moderate value of 0.9 for both designs.  

Also, the size of the square block at the pivot point was set to the same value for both 

designs.  These choices resulted in reasonable widths and lengths for all flexures. 

Table 4.1  Straight Flexure Pivot APLM Design Specifications. 

Parameter Label Units Value 

Device Thickness t µm 100 

Proportionality Constant P unitless 0.9 

Guided Flexure Length LG µm 354.676 

Guided Flexure Width wG µm 13.635 

Anchor Flexure Length LA µm 532.014 

Anchor Flexure Width wA µm 13.635 

Pivot Point Block Size wPP µm 40 

 



 

186 

 

Figure 4.26  Straight Flexure Pivot CMR Solid Model. 

 

Figure 4.27  Straight Flexure Pivot APLM Close-Up. 
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Table 4.2  Tapered Flexure Pivot APLM Design Specifications. 

Parameter Label Units Value 

Device Thickness t µm 100 

Proportionality Constant P unitless 0.9 

Guided Flexure 1st Element Length N1G µm 104.676 

Guided Flexure 1st Element Base Width wb1G µm 12.088 

Guided Flexure 2nd Element Length N2G µm 250.000 

Guided Flexure 2nd Element Base Width wb2G µm 18.681 

Anchor Flexure 1st Element Length N1A µm 57.532 

Anchor Flexure 1st Element Base Width wb1A µm 7.493 

Anchor Flexure 2nd Element Length N2A µm 149.749 

Anchor Flexure 2nd Element Base Width wb2A µm 57.532 

Tapered Flexure Hammerhead Half-Width d µm 20 

Pivot Point Block Size wPP µm 40 

 

Figure 4.28  Tapered Flexure Pivot CMR Solid Model. 
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Figure 4.29  Tapered Flexure Pivot APLM Close-Up. 

The design procedure documented in Section 4.1.3 for the straight flexure lever 

APLM design was followed and resulted in the design specifications documented in 

Table 4.3.  The solid model of the resulting device is pictured in Figure 4.30 and a close-

up of the APLM is shown in Figure 4.31.  Labels of the relevant feature sizes in Table 4.3 

were defined in Section 4.1.3 but are repeated here in Figure 4.31 for reference. 

The design procedure documented in Section 4.1.4 was followed for the tapered 

flexure lever APLM design and resulted in the design specifications that are documented 

in Table 4.4.  The solid model of the resulting device is pictured in Figure 4.32 and a 

close-up of the APLM is shown in Figure 4.33.  Once again, labels of the relevant feature 

sizes in Table 4.4 were defined in Section 4.1.4 but are repeated here in Figure 4.33 for 

reference. 

Similar to the order mentioned previously for the four-flexure pivot designs, to 

ensure as fair of a comparison as possible between the straight and tapered versions of the 
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six-flexure lever APLM designs, the tapered flexure version was actually designed first.  

This enabled the combined length of the N1 and N2 flexure elements of the tapered 

flexure design to be used to set the length of the flexure, LFlex, of the straight flexure 

design. 

To begin the design procedure, it was necessary to first set the length of the lever, 

LLever, to the same value for both the straight and tapered flexure designs.  To have a 

reasonable comparison to the four-flexure pivot designs, it was desired to have the length 

of the lever be close to the total length of the guided flexure in the four-flexure pivot 

design, which was approximately 375 µm.  However, the length of the lever impacts 

other elements of the six flexure lever designs including the final flexure widths, total 

angular deflection, and the total stress in the flexures.  Considering all of these factors, 

the length of the lever was finally set to be 450 µm.  (Note:  To maintain comparability 

with this design, the total length of this lever was used to set critical dimensions for the 

UCI and revised UCI APLM designs that are discussed later.)  Similarly, the relative 

stiffness constant, R, impacts multiple parameters beyond just the lever width, and the 

final value was selected to be 45, which led to an overall lever width of 80µm.   

For comparison to the four-flexure pivot designs, it was also desired to have the 

total flexure lengths of the six-flexure lever design, including the half width of the lever, 

be roughly the same as the total length of the anchor flexure of the tapered flexure lever 

design, which was about 230µm.  Therefore, N2 of the tapered flexure was set to be 

120µm.  This resulted in a value of 58.588µm for N1 and an overall length (including d3) 

of 218.588µm, which was very close to the target value.  All other parameters of the 

design resulted from these selections using the design procedure documented previously. 
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Table 4.3  Straight Flexure Lever APLM Design Specifications. 

Parameter Label Units Value 

Device Thickness t µm 100 

Lever Length LLever µm 450 

Lever Width wLever µm 80 

Half Lever Width d3 µm 40 

Lever to Flexure Stiffness Ratio R unitless 45 

Flexure Length LFlex µm 178.588 

Flexure Width wFlex µm 10.416 

 

Figure 4.30  Straight Flexure Lever CMR Solid Model. 
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Figure 4.31  Straight Flexure Lever APLM Close-Up. 

Table 4.4  Tapered Flexure Lever APLM Design Specifications. 

Parameter Label Units Value 

Device Thickness t µm 100 

Lever Length LLever µm 450 

Lever Width wLever µm 80 

Half Lever Width d3 µm 40 

Lever to Flexure Stiffness Ratio R unitless 45 

Flexure 1st Element Base Length N1 µm 58.588 

Flexure 1st Element Base Width wb1 µm 7.765 

Flexure 2nd Element Base Length N2 µm 120 

Flexure 2nd Element Base Width wb2 µm 11.114 

Tapered Flexure Half Hammerhead Size d µm 20 
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Figure 4.32  Tapered Flexure Lever CMR Solid Model. 

 

Figure 4.33  Tapered Flexure Lever APLM Close-Up. 
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The design procedure documented in Section 4.1.5 for the UCI inner lever 

coupling design was followed and resulted in the design specifications documented in 

Table 4.5.  The solid model of the resulting device is pictured in Figure 4.34 and a close-

up of the APLM is shown in Figure 4.35.  Labels of the relevant feature sizes in Table 4.5 

were defined in Section 4.1.5 but are repeated here in Figure 4.35 for reference. 

To facilitate a reasonable comparison to the other lever-based designs, the length 

of the solid block, h, was chosen to be the same as the total length of the lever in the six-

flexure lever designs, which was 900µm.  From this value and the desire to maintain 

relative geometries similar to what UCI had documented in their literature [28, 90], the 

width of the solid block, w, was chosen to be 100µm.  The length of the clamped-

clamped beam, 2L, was chosen to be the same as the total length of the flexures including 

the width of the lever in the six-flexure lever designs which was 218.588µm.  The 

separation between the attachment flexures at the center of the clamped-clamped beam, 

2g, was set to be 20µm to be consistent with the values reported by UCI in the literature 

[28].  These values were used to calculate the width of the clamped-clamed beam 

according Equation 4.50 to arrive at a value of 31.681µm.  No fillets were used in this 

design because this design incorporates only straight flexures and the motivation for the 

study of fillets is to compare how fillets affect the performance of tapered flexures versus 

that of straight flexures. 
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Table 4.5  UCI Inner Lever Coupling APLM Design Specifications. 

Parameter Label Units Value 

Device Thickness t µm 100 

Half Length of Clamped-Clamped Beam L µm 109.294 

Width of Clamped-Clamped Beam wcc µm 31.681 

Lever Attachment Half Separation g µm 10 

Length of Lever Block h µm 900 

Width of the Lever Block w µm 100 

 

Figure 4.34  UCI Inner Lever Coupling CMR Solid Model. 
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Figure 4.35  UCI Inner Lever Coupling APLM Close-Up. 

The design procedure documented in Section 4.1.6 for the straight flexure revised 

UCI APLM design was followed and resulted in the design specifications documented in 

Table 4.6.  The solid model of the resulting device is pictured in Figure 4.36 and a close-

up of the APLM is shown in Figure 4.37.  Labels of the relevant feature sizes in Table 4.6 

were defined in Section 4.1.6 and are repeated in Figure 4.37 for reference. 

The design procedure documented in Section 4.1.7 was also followed for the 

tapered flexure revised UCI APLM design and resulted in the design specifications that 

are documented in Table 4.7.  The solid model of the resulting device is pictured in 

Figure 4.38 and a close-up of the APLM is shown in Figure 4.39.  Once again labels of 

the relevant feature sizes in Table 4.7 were defined in Section 4.1.7 but are repeated in 

Figure 4.39 for reference. 

To ensure as fair of a comparison as possible between these and the original UCI 

inner lever coupling design, the axial parameters of the angled flexure, a and b, were set 
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to the length and width of the long block in the UCI design, which were 900µm and 

100µm, respectively.  To accommodate the fillets and the widths of the flexures, the 

separation between the attachment points, dAF, had to be wider than that of the original 

UCI design and was set to 80µm, but this difference should not be significant because the 

angled flexures are attaching to a solid shuttle block as opposed to a clamped-clamped 

beam.  The dimensions of the shuttle block, LBlk and wBlk, were chosen to be 200µm by 

200µm to accommodate the widths of the flexures and the fillets.  The length of the 

folded flexure, LFF, was set to be to be the same as the total length of the flexures 

including the width of the lever in the six flexure lever designs which was 218.588µm 

and was also the length of the clamped-clamped beam in the original UCI inner lever 

coupling design.  The width of the folded flexures, wFF, were somewhat arbitrary, but 

since the desire was to make these flexures relatively compliant, they were set to 10µm 

which is a common small feature size for Deep Reactive Ion Etch (DRIE) MEMS 

devices. 

For the tapered flexure design, the half-length of the hammerhead feature was 

chosen to be relatively small, just 50µm, to highlight the thermoelastic damping 

performance benefit of the tapered flexure over that of the straight flexure.  All other 

parameters of the designs followed from these dimension selections using the design 

procedure documented previously. 
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Table 4.6  Straight Flexure Revised UCI APLM Design Specifications. 

Parameter Label Units 

Straight 

Flexure 

Design 

Device Thickness t µm 100 

Angled Flexure Length LAF µm 905.539 

Angled Flexure Width wAF µm 30.471 

Shuttle Block Width wBlk µm 200 

Shuttle Block Length LBlk µm 200 

Folded Flexure Width wFF µm 10 

Folded Flexure Length LFF µm 218.588 

Angled Flexure Attachment Separation dAF µm 80 

Angled Flexure X-axis Dimension a µm 900 

Angled Flexure Y-axis Dimension b µm 100 

 

 

Figure 4.36  Straight Flexure Revised UCI CMR Solid Model. 
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Figure 4.37  Straight Flexure Revised UCI APLM Close-Up. 

Table 4.7  Tapered Flexure Revised UCI APLM Design Specifications. 

Parameter Label Units 

Tapered 

Flexure 

Design 

Device Thickness t µm 100 

Angled Flexure Length LAF µm 402.769 

Angled Flexure Width wAF µm 37.915 

Angled Flexure Hammerhead Half Width dHH µm 50 

Shuttle Block Width wBlk µm 200 

Shuttle Block Length LBlk µm 200 

Folded Flexure Width wFF µm 10 

Folded Flexure Length LFF µm 218.588 

Angled Flexure Attachment Separation dAF µm 80 

Angled Flexure X-axis Dimension a µm 900 

Angled Flexure Y-axis Dimension b µm 100 
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Figure 4.38  Tapered Flexure Revised UCI CMR Solid Model. 

 

Figure 4.39  Tapered Flexure Revised UCI APLM Close-Up. 
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4.2.3  FEA Analyses and Results 

As mentioned previously, a set of finite element analyses were performed on each 

of the APLM models in the concentric mass resonator configuration.  These FEA 

analyses investigated (1) peak stress under symmetric loading conditions, (2) relative 

displacement of the inner and outer masses under asymmetric force loading conditions, 

(3) separation of anti-phase and in-phase resonant modes, and (4) thermoelastic damping 

of each design.  This section provides a description of the analyses performed and 

presents the results of these analyses.   

Before the finite element analyses were executed, a mesh sensitivity study was 

performed to determine the optimum mesher settings required to accurately estimate the 

desired parameters with a reasonable amount of computation time.  The details of that 

mesh sensitivity study are provided in Section B.2 of Appendix B.  The resulting mesher 

settings are provided in Figure 4.40.  A couple of views of a representative concentric 

mass resonator mesh are shown in Figure 4.41 and Figure 4.42.  In these figures it can be 

seen that these mesher settings resulted in denser meshes in and near the fillets and 

device edges, as well as a modest graduation of element size along the thickness of the 

model corresponding to the severity of typical stress gradients seen in Chapter 3. 
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Figure 4.40  Concentric-Mass Resonator FEA Mesher Settings. 

 

Figure 4.41  Concentric Mass Resonator Mesh for FEA, Oblique View. 
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Figure 4.42  Concentric Mass Resonator Mesh for FEA, APLM View. 

To compare the peak stresses under symmetric loading conditions for each of the 

designs, an FEA was designed to place the structures under similar loading conditions.  

For these analyses, the bottom of the oxide layer that attaches to the substrate, pictured in 

Figure 4.43 for the straight flexure pivot design, was given a FixAll boundary condition.  

Additionally, the edges of the inner and outer proof masses, pictured in Figure 4.44 for 

the straight flexure pivot design, were given LoadPatch conditions.  For all designs, the 

outer proof mass edges were loaded with +1kPa and -1kPa.  For the four-flexure pivot 

and six-flexure lever designs, the inner proof mass edges were loaded with +1.94365kPa 

and -1.94365kPa to keep the applied force the same as that applied to the outer mass. 

Similarly, for the UCI inner lever coupling design, the inner mass edges were loaded with 

+1.608538kPa and -1.608538kPa, and for the revised UCI inner lever coupling designs, 

the inner mass edges were loaded with +1.457738kPa and -1.457738kPa.  This resulted 

in a net force of 600µN being applied to each proof mass for all designs. 
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Figure 4.43  Four-Flexure Pivot FixAll Boundary Locations (Bottom View). 

 

Figure 4.44  Four-Flexure Pivot LoadPatch Boundary Locations. 
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Inspection of the resulting data indicates that the stress was the highest in the 

center of the model along the Z-axis, as shown in Figure 4.45.  Therefore, to capture the 

peak stress, a surface slice of data was extracted from the center of the model, as shown 

in Figure 4.46.  The stress behavior was captured in two different ways.  The first was 

simply a global search for the highest principal stress.  This value is reported as “Peak 

Stress”.  The second, reported simply as “Stress”, is a little more nuanced.  As was noted 

in previous chapters, there is a stress peaking behavior that occurs at the location where 

the flexures attach to the anchor blocks or to the proof mass.  It was also known that the 

straight flexures reach a natural maximum in stress at the attachment point independent 

of this stress peaking behavior.  It was desirable to estimate the natural stress at the 

attachment point without the influence of the stress peaking behavior.  This was 

accomplished by using data a small distance away from the attachment point (away from 

the stress peaking behavior) and calculating a linear fit of stress versus location.  This fit 

was then extrapolated back to the attachment point.  The exact range of locations used for 

each curve fit was unique for each case and determined by a visual inspection of the data 

using engineering judgement.  Figure 4.47 shows a typical outline of the locations of the 

data points along the outer edge of the flexure structure around the point of interest.  

Figure 4.48 shows a typical set of data around the point of interest and highlights the 

range of data used for the curve fit calculation as well as the extrapolated line that 

provided the estimate of the stress at the attachment point.  The geometry and dimensions 

of the tapered flexures were painstakingly designed to have constant stress on the outer 

edge of the flexure, which makes it unnecessary to apply this technique to the tapered 

flexures under symmetric loading conditions.  However, under asymmetric loading 
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conditions, the stress on the outer edge of the tapered flexure was not necessarily 

constant.  For this reason and to maintain consistency in the data analysis between flexure 

types and loading conditions, the extrapolated curve fit approach to estimate stress was 

applied to the tapered flexures under symmetric loading conditions as well.  

 

Figure 4.45  Stress Peaking in Center of Model Along the Z-axis. 
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Figure 4.46  Data Slice Location to Capture Peak Stress. 

The location of the planar surface data slice is pictured by the brown plane and is shown cutting through the 

center of the model vertically.  Since the peak stress was known to occur in the vertical center of the model 

faces, this data slice made data processing less cumbersome than working with the global set of data. 
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Figure 4.47  Typical Data Slice Point Locations Around Flexure Attachment Point. 

This figure shows the locations of the individual data points in the planar surface data slice near one of the 

flexure attachment points.  The figure shows the highest density of data points (corresponding to the finite 

elements) in the fillet with the flexure having the second highest density of data points.  The attachment 

block had the lowest density of data points. 
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Figure 4.48  Principal Stress Data Points and Typical Curve Fit. 

This figure highlights the distinction between what is being reported as “stress” and “peak stress”.  The 

“peak stress” is the absolute peak stress that includes the effects of stress peaking in the inner corner 

whereas “stress” is an estimate of the surface stress in the flexure at the base of the flexure without the 

effects of the stress peaking in the inner corner.  This estimate is obtained through linear extrapolation of 

surface stress data in the flexure some distance away from the inner corner. 

The primary results of the FEA analyses to determine peak stress under 

symmetric loading conditions are presented in Table 4.8.  The data indicate that the 

tapered flexure designs have consistently lower stress than the equivalent straight flexure 

designs, reducing the Peak Stress by 30% and the Stress by 37% on average.  The data 

also indicate that the six-flexure lever designs display the highest stress levels, and the 

revised UCI designs display the lowest stress levels.  A slight variation in the 

displacements across the designs is noted stemming from the additional masses added to 

some designs to accommodate attachment points of the APLM geometries. 



 

209 

Table 4.8  Symmetric Loading Conditions FEA Results. 

APLM Design 
Displacement Peak Stress Stress 

(µm) (MPa) (MPa) 

Straight Flexure Pivot 0.574 29.0 21.1 

Tapered Flexure Pivot 0.557 21.1 12.7 

Straight Flexure Lever 0.533 35.0 27.3 

Tapered Flexure Lever 0.536 24.8 16.9 

UCI Inner Lever Coupling 0.503 26.4 10.9 

Straight Flexure Revised UCI 0.447 10.8 8.1 

Tapered Flexure Revised UCI 0.449 7.3 5.3 

 

For completeness, Figures 4.49 - 4.55 indicate the location of the measurement of 

the stress and the peak stress for each of the designs.  For the UCI inner lever coupling 

design, the peak stress may be a little misrepresentative because it did not occur in the 

main clamped-clamped beam, but instead occurred in one of the tethers that connect one 

of the connector blocks to the proof mass.  Additionally, the stress in the UCI inner lever 

coupling design was reported at the location where the clamped-clamped beam connects 

to an anchor as shown in Figure 4.55 but the peak stress in the clamped-clamped beam 

actually occurred in the center of the beam between the two tether connectors.  It is 

important to recall here that no fillets were incorporated into the UCI inner lever coupling 

design and it is likely that the peak stress between the two tethers could have been 

significantly reduced using a combination of fillets and iterating the separation distance 

of the tether connectors.  Therefore, it was decided that the location where the clamped-

clamped beam attaches to the anchor block is the most representative location to use to 

characterize the typical stress for that design. 
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Figure 4.49  Straight Flexure Pivot Peak Stress Location Under Symmetric Load. 
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Figure 4.50  Tapered Flexure Pivot Peak Stress Location Under Symmetric Load. 
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Figure 4.51  Straight Flexure Lever Peak Stress Location Under Symmetric Load. 
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Figure 4.52  Tapered Flexure Lever Peak Stress Location Under Symmetric Load. 
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Figure 4.53  Straight Flexure Revised UCI Peak Stress Location Under Symmetric Load. 
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Figure 4.54  Tapered Flexure Revised UCI Peak Stress Location Under Symmetric Load. 
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Figure 4.55  UCI Inner Lever Coupling Peak Stress Location Under Symmetric Load. 

To compare the relative displacements under asymmetric loading conditions for 

each of the designs, an FEA was designed to place each of the structures under similar, 

asymmetric loading conditions.  Similar to the symmetric loading FEAs, the bottom of 

the oxide layer that attaches to the substrate was given a FixAll boundary condition, as 

was pictured in Figure 4.43 for the straight flexure pivot design.  For the asymmetric 

loading condition, however, only the edges of the outer proof mass were given 

LoadPatch conditions, similar to what was pictured in Figure 4.44.  For all designs, the 

outer proof mass edges were loaded with +1kPa and -1kPa.  This resulted in a net force of 

600µN being applied to the outer proof mass for all designs. 
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The primary results of the FEA analyses are presented in Table 4.9.  Here the 

definitions of peak stress and stress are the same as in the discussion for symmetric 

loading conditions.  Once again, the data indicate that the tapered flexure designs have 

significantly lower stress than the equivalent straight flexure designs with the only 

exception being the peak stress for the tapered flexure pivot design.  This design also 

demonstrated the worst coupling of the outer mass to the inner mass.  The data also 

indicate that the four-flexure pivot designs generally demonstrate the highest stress levels 

with the lowest inter-mass coupling and the revised UCI designs demonstrate the lowest 

stress with a modest inter-mass coupling.  The six-flexure lever designs consistently 

demonstrate the best inter-mass coupling (nearly one-for-one) with modest stress levels. 

Table 4.9  Asymmetric Loading Condition FEA Results. 

APLM Design 

Outer 

Mass 

Disp. 

Inner 

Mass 

Disp. 

Relative 

Disp. 

Peak 

Stress 
Stress 

(µm) (µm) (%) (MPa) (MPa) 

Straight Four-Flexure Pivot 0.436 -0.139 31.9 25.709 19.098 

Tapered Four-Flexure Pivot 0.465 -0.092 19.8 28.198 15.669 

Straight Six-Flexure Lever 0.274 -0.260 95.0 18.001 13.976 

Tapered Six-Flexure Lever 0.275 -0.262 95.0 13.045 8.690 

UCI Inner Lever Coupling 0.318 -0.183 57.4 23.077 12.653 

Straight Flexure Revised UCI 0.282 -0.165 58.6 6.796 5.609 

Tapered Flexure Revised UCI 0.284 -0.165 58.1 5.526 4.188 

 

For completeness, Figures 4.56 - 4.62 indicate the location of the measurement of 

the peak stress for each of the designs.  For this analysis the stress was estimated from the 

same flexure as the peak stress except for the UCI inner lever coupling design.  For the 



 

218 

UCI inner lever coupling design, the peak stress again occurred in one of the tethers 

rather than in the clamped-clamped beam.  Additionally, unlike the symmetric load case, 

the stress in the UCI inner lever coupling design for the asymmetric load case was 

expected to occur in the center of the clamped-clamped beam between the connection 

points of the two tethers.  More specifically, it was expected that the highest stress 

location would be where the outer proof mass tether connected to the clamped-clamped 

beam as depicted in Figure 4.63, which is where the stress was estimated.  Once again, no 

fillets were incorporated into the UCI inner lever coupling design and it is likely that the 

peak stress between the two tethers could have been significantly reduced using a 

combination of fillets and iterating the separation distance of the tether connectors. 

A significant finding is that the tapered flexure lever design demonstrated nearly 

one-to-one displacement of the two proof masses and continued to exhibit uniform stress 

along the length of the flexure.  Additionally, all tapered flexures in the tapered flexure 

lever design exhibited the same stress under the asymmetric load.  This is shown in 

Figure 4.64.  This was not the case for any other design except the straight flexure lever 

design.  This is because the stiff lever equally distributes the load to all six flexures in the 

six-flexure lever designs which maintains their loading characteristics within the design 

intent, whereas asymmetric loading on the other APLM designs creates asymmetric 

loading on the flexures inconsistent with the design intent. 
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Figure 4.56  Straight Flexure Pivot Peak Stress Location Under Asymmetric Load. 
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Figure 4.57  Tapered Flexure Pivot Peak Stress Location Under Asymmetric Load. 
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Figure 4.58  Straight Flexure Lever Peak Stress Location Under Asymmetric Load. 
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Figure 4.59  Tapered Flexure Lever Peak Stress Location Under Asymmetric Load. 
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Figure 4.60  Straight Flexure Revised UCI Peak Stress Location Under Asymmetric Load. 
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Figure 4.61  Tapered Flexure Revised UCI Peak Stress Location Under Asymmetric Load. 
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Figure 4.62  UCI Inner Lever Coupling Peak Stress Location Under Asymmetric Load. 
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Figure 4.63  UCI Inner Lever Coupling Stress Location Under Asymmetric Load. 
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Figure 4.64  Tapered Flexure Lever Principal Stress Under Asymmetric Load. 

To compare the modal separation effectiveness of the various APLM designs, a 

modal analysis was conducted on each design.  Similar to the other analyses, the bottom 

of the oxide layer that attaches to the substrate, pictured in Figure 4.43 for the straight 

flexure pivot design, was given a FixAll boundary condition.  The solver was configured 

to return the first 25 modes.  For each design, the anti-phase mode and the in-phase mode 

resonant frequencies were identified and these are presented in Table 4.10.  The table also 

presents the modal separation value which is calculated as follows: 
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 x64�� 25£�ò�%ó6¤ = (ô^ − (I^(I^ ∙ 100% , (4.55)

where (ô^ is the in-phase resonant frequency and (I^ is the anti-phase resonant frequency. 

Table 4.10  Modal Separation FEA Results. 

APLM Design 

Anti-Phase 

Frequency (fAP) 

In-Phase 

Frequency (fIP) 

Modal 

Separation 

(Hz) (Hz) (%) 

Straight Four-Flexure Pivot 4924 6853 39.2 

Tapered Four-Flexure Pivot 5002 6118 22.3 

Straight Six-Flexure Lever 5097 32390 535.4 

Tapered Six-Flexure Lever 5080 32411 538.0 

UCI Inner Lever Coupling 4816 9181 90.6 

Straight Flexure Revised UCI 5074 9923 95.6 

Tapered Flexure Revised UCI 5059 9798 93.7 

 

The data in the table indicate that all designs achieved anti-phase resonant 

frequencies very close to their design target of 5kHz.  The four-flexure pivot designs 

demonstrated the poorest modal separation performance with the tapered flexure version 

of that design having the worst performance of all designs.  The six-flexure lever designs 

demonstrated excellent performance with essentially no difference in modal separation 

performance between the straight and tapered flexures versions of that design.  The lever 

to flexure stiffness ratio, R, for the six-flexure lever designs was designed to a value of 

45.  It was anticipated that this would result in a nominal modal separation on the order of 

√] = √45 ≈ 6.7 or 670% if the lever was the predominant compliant element for the in-

phase mode.  The values presented in Table 4.10 are not quite that high and indicate that 

other elements of the design are adding some compliance to the in-phase mode.  
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However, this level of modal separation is very impressive and this design essentially 

gives the designer the ability to place the in-phase resonant frequency at any reasonable, 

desired frequency.  Finally, it is noted that the UCI inner lever coupling design and the 

revised UCI designs had very similar modal separation performance. 

To compare the thermoelastic damping performance of the various APLM 

designs, a Direct Harmonic analysis was conducted on each design.  Similar to the other 

analyses, the bottom of the oxide layer that attaches to the substrate, pictured in 

Figure 4.43 for the straight flexure pivot design, was given a FixAll boundary condition.  

Additionally, the edges of the inner and outer proof masses, pictured in Figure 4.44 for 

the straight flexure pivot design, were given LoadPatch Harmonic Surface Boundary 

Conditions at the anti-phase resonant frequency estimated by the modal analysis 

summarized in Table 4.10.  For all designs, the outer proof mass edges were loaded with 

+10mPa and -10mPa.  For the four-flexure pivot and six-flexure lever designs, the inner 

proof mass edges were loaded with -19.4365mPa and +19.4365mPa to keep the applied 

harmonic force the same as that for the outer mass. Similarly, for the UCI inner lever 

coupling design, the inner mass edges were loaded with -16.08538mPa and 

+16.08538mPa, and for the revised UCI inner lever coupling designs, the inner mass 

edges were loaded with -14.57738mPa and +14.57738mPa.  This resulted in a net 

harmonic force of 6nN being applied to each proof mass for all designs. 

To ensure a fair comparison across the designs it was necessary to account for the 

small variation in resonant frequencies across the designs.  Therefore, in addition to the 

quality factor, the product of the resonant frequency and the quality factor, called the (�  

product, is also presented in Table 4.11.  The (� product should provide a fair 
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comparison because the (� product should be relatively constant for a particular design 

configuration as long as the device is operating in the isothermal mode.   

Table 4.11  Thermoelastic Damping FEA Results. 

APLM Design 

TED Quality 

Factor �BQX 

Frequency - 

Quality Factor 

Product (� `× 10�) (GHz) 

Straight Flexure Pivot 608.8 2.998 

Tapered Flexure Pivot 680.7 3.405 

Straight Flexure Lever 861.8 4.393 

Tapered Flexure Lever 915.7 4.652 

UCI Inner Lever Coupling 79.9 0.385 

Straight Flexure Revised UCI 148.1 0.751 

Tapered Flexure Revised UCI 157.5 0.797 

 

The data in the table indicate that the tapered flexure versions outperformed the 

straight flexure versions in all designs by a range of about 6-14%.  The six-flexure lever 

design configuration significantly outperformed all other design configurations with an 

(� product that is nearly 6 times that of the revised UCI design.  It was noted in the 

analysis of the data from the UCI inner lever coupling design that the device was 

operating in the transition region between the isothermal regime and the Debye 

frequency.  Therefore, it would not be entirely fair to compare the thermoelastic damping 

performance of this design to the other designs. 
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4.3  Discussion of APLM Study Results 

Straight and tapered flexure versions of three different APLM designs were 

modeled in a concentric mass resonator configuration and compared against each other 

and to a reference design based on the UCI inner lever coupling mechanism.  The 

performance of these designs was assessed for (1) stress and peak stress under symmetric 

loading conditions; (2) stress, peak stress, and relative mass displacement under 

asymmetric loading conditions; (3) modal separation of anti-phase and in-phase resonant 

modes; and (4) thermoelastic damping.  A generalized comparison of the design 

configurations is fairly challenging.  Therefore a “stoplight” chart is presented in Table 

4.12 to provide a visual comparison of the designs.   

One primary finding of this analysis is that the tapered flexure designs had 

consistently lower stress and peak stress than the equivalent design incorporating straight 

flexures, typically by about 35%.  The only exception to this occurred in one location of 

the tapered flexure pivot design and was largely due to the asymmetric load configuration 

imparting a stress distribution that was significantly different from its intended design.  

The tapered flexure designs also demonstrated improved thermoelastic damping 

performance over the equivalent straight flexure designs, typically between 6-14%.  With 

the exception of the tapered flexure pivot deign, there was generally no difference in the 

performance of the straight and tapered flexure designs for relative displacement under 

asymmetric loading conditions or for modal separation. 
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Table 4.12  Anti-Phase Lever Mechanism Stoplight Chart. 

 

The tapered flexure pivot design consistently demonstrated poor performance and 

was the most difficult to design.  The root cause is a fundamental inconsistency in the 

characteristics of tapered flexures and the mode of operation of the four-flexure pivot 

APLM design. Tapered flexures have approximately twice as much rotational deflection 

as the equivalent straight flexure.  The four-flexure pivot APLM design links the two 

masses in anti-phase mode through the rotation of the pivot point.  The tapered flexures 

may be great candidates for the anchor flexures, but the guided flexures would 
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demonstrate better coupling performance if they had less rotational compliance.  This 

suggests two alternate approaches to what was investigated in this work.  The first is that 

it may be a fairer comparison if the proportionality constant that sets the ratio of 

displacements, P, of the tapered flexure design was set to twice that of the straight flexure 

design.  The second is a hybrid four-flexure pivot design wherein the guided flexures are 

straight flexures and the anchor flexures are tapered flexures. 

The four-flexure pivot designs demonstrated relatively high stress levels, poor 

inter-mass coupling, and poor modal separation, but did have the second highest 

thermoelastic damping performance.  The revised UCI inner lever coupling design either 

matched or outperformed the original UCI inner lever coupling design in every category 

with the most significant finding being a significant reduction in stress while improving 

the thermoelastic damping performance.  The tapered flexure version of the revised UCI 

design demonstrated very similar or significantly improved performance over the straight 

flexure version in every category.  Finally, the six-flexure lever design exhibited some of 

the highest stress concentrations, but significantly outperformed all of the designs in 

every other category including near one-to-one inter-mass coupling, five times better 

modal separation than any other design, six times better thermoelastic damping 

performance than the revised UCI design, and maintained the same constant stress 

distribution under asymmetric loading conditions as it does under symmetric loading 

conditions.  Comparing the straight and tapered flexure versions of the six-flexure lever 

design, the tapered flexure version again demonstrated very similar or significantly 

improved performance over the straight flexure version. 
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Therefore, if the designer is not pushing the flexures to the stress limits of the 

material, the tapered flexure lever design is the best design configuration.  However, if 

the designer is expecting to stress the flexures near the limits of the material, then the 

tapered flexure revised UCI design will probably provide adequate performance in all 

categories while reducing the stress in the flexures. 

It is important to note here that the “equivalence” of these designs was largely 

based on the lengths of key elements of the design.  This effectively held all designs to a 

very similar footprint.  It is recommended that future research investigate the sensitivity 

of each design to changes in this footprint to obtain a more complete comparative 

assessment of the designs.   
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Chapter 5.  Dual-Mass Resonator Fabrication Experimental Results 

This chapter presents the results of an extensive set of fabrication experiments 

conducted on a dual proof mass resonator configuration which experimentally measured 

the performance of quadratically tapered flexures, the inclusion of fillets, and the tapered 

flexure lever APLM.  Specifically, the performance was estimated by statistical 

measurement of resonant frequency variability, and ringdown time performance and 

variability (presented as resonator quality factor, which is a measure of thermoelastic 

damping).  The experimental results are compared with Finite Element Analysis (FEA) 

results for these experimental configurations. 

There were six experiments consisting of a total of 20 distinct device designs.  

Some device designs contributed to more than one experiment.  The six experiments are 

described below.   

 

 Experiment 1 - Characterize the impact of the inclusion of fillets on the performance 

of straight flexure resonators of three different flexure widths. 

 Experiment 2 - Characterize the impact of the inclusion of fillets on the performance 

of tapered flexure resonators of three different flexure base widths. 

 Experiment 3 - Using devices from Experiments 1 and 2, compare the performance 

of the straight and tapered flexure resonators with and without fillets 

for the three different flexure widths. 
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 Experiment 4 - Characterize the trade-off between quality factor and sensitivity to 

manufacturing variations as a function of flexure length to 

hammerhead block size  @�
A  ratio in tapered flexures. 

 Experiment 5 - Characterize the performance of the tapered flexure lever APLM 

resonator and compared to that of the widest flexure width of the 

straight and tapered revised UCI APLMs of Experiments 1 and 2. 

 Experiment 6 - This is the Control in the experiment.  Characterize the performance 

of legacy designs included on this wafer for comparison to that of 

other wafers. 

 

We first describe the features and general operation of the dual-mass resonator 

configuration used for these experiments.  We then describe the specific APLM and 

coupler spring design implementations that were evaluated, the performance predictions 

made through FEA modeling, and the experimental results arranged by experiment.  

Finally, we will present a short discussion of the overall findings which compare tapered 

flexures to straight flexures, the incorporation of fillets, and an overall comparison of the 

fabricated APLMs. 

Fabrication data was collected for each experiment.  However, issues with 

instrumentation prevented data collection from 10 of the 20 device designs.  This was 

because the quality factor of these devices was so high that electrical contact with the 

probe card would cause the device to resonate with or without the presence of a drive 

signal, which made the estimation of ringdown time and quality factor impossible.  

Ultimately, data was collected from a total of 107 devices spanning 10 of the 20 designs, 
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including 64 devices from Experiments 1, 2 and 3, 35 devices from Experiment 4, 8 

devices from Experiment 5, and 6 devices from Experiment 6 (Control). 

5.1  Dual Mass Resonator Design Configuration 

This section describes the features and general operation of the dual-mass 

resonator configuration used for the fabrication experiments.  The work reported in this 

chapter was performed in partnership with researchers from the Army Research 

Laboratory who were experimenting with APLM and coupler spring configurations to 

improve the performance of the quad-mass gyroscope under development there.  These 

researchers are the inventors of the straight flexure revised UCI APLM design described 

in the Chapter 4.  These researchers had developed a dual-mass resonator configuration 

for their experiments including device layout, fabrication process, and a vacuum probe 

station experimental setup to interrogate the properties of these resonators.  Their 

research goals aligned very closely with the present work.  Therefore, their general 

layout, fabrication process, and experimental setup were leveraged in this work.  A solid 

model rendering of the baseline dual-mass resonator configuration is shown in Figure 5.1 

and an optical photograph of one of the fabricated devices is shown in Figure 5.2. 
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Figure 5.1  Dual-Mass Resonator Configuration for Fabrication Experiments. 
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Figure 5.2  Dual-Mass Resonator Photo. 

The dual mass resonator operates in anti-phase mode with the motion of the two 

masses being from left to right in Figure 5.2.  The baseline device has two straight flexure 

revised UCI APLMs at the top and bottom of the center of the device which are the 

primary flexures in the quad mass gyroscope design.  The baseline resonator design also 

has 4 pairs of coupler springs, two in the center of each proof mass.  These coupler 

springs are folded flexures which are used in the quad mass gyroscope to transmit only a 

single axis of motion to the drive and sense longitudinal capacitors (comb banks).  The 
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dual mass resonator device has 8 sets of drive longitudinal capacitors (comb banks) and 4 

sets of sense longitudinal capacitors.  Finally, the device has 4 banks of parallel plate 

capacitors for resonant frequency tuning.  The device and electrode blocks are anchored 

to the substrate under each of the 22 metalized blocks.  The overall dimensions of the 

device are 4mm by 4mm.  The device is made in the 100µm thick <100> single crystal 

silicon device layer of a silicon on insulator wafer that has a 5µm silicon dioxide 

insulation layer on top of a 500µm substrate. The thicknesses of the device and substrate 

layers are common and readily available.  The oxide layer thickness, however, is less 

common and required a special order.  To fabricate an SOI wafer with an oxide layer of 

this thickness, oxide layers of 2.5µm each had to be grown on two different wafers which 

were subsequently bonded together.  This additional thickness is preferable for this 

device design due to the relatively large extent of the design (4mm by 4mm), since a very 

small amount of wafer bowing could result in interference if a thinner oxide layer were 

used.   

This dual-mass configuration was being used to investigate methods to reduce the 

sensitivity to DRIE manufacturing variations and improve the yield of the quad-mass 

gyroscopes.  Specifically, improvements in resonant frequency matching, quality factors, 

and quality factor matching between the two axes of the quad mass gyroscope were being 

sought.  These objectives align precisely with the goals of the research in this 

dissertation, with the only difference being that the intent herein was to apply these 

results to a concentric mass gyroscope configuration rather than a quad mass gyroscope 

configuration.  Both of these gyroscope configurations are mode-matched gyroscopes and 

benefit from improvements to these common elements.  Therefore, a wafer was laid out 
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which consisted of tapered flexure, filleted, and alternate APLM design experiments 

using their dual-mass resonator configuration.  The wafer layout used the same electrode 

locations and fabrication processes as the previous dual mass resonator wafer, so that the 

existing vacuum probe card, experimental setup, and interrogation routines could be 

utilized.   

The wafer layout included 638 resonators spanning 26 designs with 12 to 30 

copies of each design distributed across the wafer to obtain performance statistics that 

capture manufacturing variations across the wafer.  Six of the 26 designs were “hybrid” 

designs (180 devices) that incorporated both straight and tapered flexures and no 

information or analysis of those designs is included herein.  Each of the resonators were 

interrogated for resonant frequency and quality factor, and an estimate of the average and 

standard deviation of these parameters was calculated for each design.  Each of the 6 

device designs in Experiments 1 and 2 had 21 devices oriented with the oscillatory 

motion along the x-axis of the wafer and 9 devices oriented with the oscillatory motion 

along the y-axis of the wafer.  A higher number of devices were placed in the x-axis 

direction than the y-axis direction to mitigate against yield and fabrication issues thereby 

increasing the probability of obtaining a statistically significant number of similar devices 

for each design in the same orientation.  For each y-axis device, an x-axis device was 

placed in an adjacent die location to provide the best possible comparison between the x 

and y axis devices.  Average and standard deviation statistics for the resonant frequency 

and quality factor were calculated using these adjacent devices to characterize any 

directional sensitivity that may be present on the wafer. 



 

242 

5.2  Dual Mass Resonator Implementations, FEA Predictions, and Experimental 

Results 

This section, arranged by experiment, describes the specific APLM and coupler 

spring design implementations that were evaluated, the performance predictions made 

through FEA modeling, and the experimental results. 

Before the finite element analyses were executed, a mesh sensitivity study was 

performed to determine the optimum mesher settings required to accurately estimate the 

desired parameters in a reasonable amount of computation time.  The details of that mesh 

sensitivity study are provided in Section B.2 of Appendix B.  The resulting mesher 

settings are provided in Figure 5.3.  Additionally, since the boundary conditions for all 

FEA analyses were applied as pressure-based surface boundary conditions, it was 

unnecessary to model the electrodes.  Therefore, for the finite element analyses, the 

device and mesh were simplified significantly by removing the capacitive comb fingers 

and the release holes from the solid model.  Since one of these modifications removed 

mass and the other modification increased mass, together they netted little change in the 

overall mass.  A representative dual-mass resonator solid model with these features 

removed is provided in Figure 5.4 and several views of the resulting mesh for the same 

device are shown in Figures 5.5 - 5.8.  It can be seen that these mesher settings resulted in 

denser meshes in and around the fillets and device edges, as well as a modest graduation 

of element size along the thickness of the model, each of which correspond to the severity 

of typical stress gradients seen in the FEA results presented in previous chapters. 
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Figure 5.3  Dual-Mass Resonator FEA Mesher Settings. 
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Figure 5.4  Simplified Dual-Mass Resonator Configuration for FEA. 
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Figure 5.5  Simplified Dual-Mass Resonator Mesh for FEA, Oblique View. 

 

Figure 5.6  Simplified Dual-Mass Resonator Mesh for FEA, Edge View. 
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Figure 5.7  Simplified Dual-Mass Resonator Mesh for FEA, APLM View. 

 

Figure 5.8  Simplified Dual-Mass Resonator Mesh for FEA, Coupler Spring View. 
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5.2.1  Experiment 1 - Straight Flexures with and without Fillets 

The purpose of Experiment 1 was to assess the impact of the incorporation of 

fillets in straight flexure designs on resonant frequency and quality factor statistics.  

Experiment 1 consisted of 6 unique resonator designs incorporating 3 different straight 

flexure widths (7.5µm, 10µm, and 15µm) with and without fillets.  Figure 5.9 shows a 

representative straight flexure revised UCI APLM layout with the flexure designators 

identified.  Figure 5.10 shows a representative coupler spring layout with the flexure 

designators identified.   

 

Figure 5.9  Experiment 1 Revised UCI APLM Flexure Element Designations. 
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Figure 5.10  Experiment 1 Coupler Spring Flexure Element Designations. 

Only the angled flexures in the revised UCI APLM were modified for the 

different flexure configurations as part of the design variations.  The folded flexure and 

shuttle block portion of the revised UCI APLM design was held to a constant design 

consisting of 10µm width straight flexures with fillets, regardless of the flexure type, 

flexure width, or fillet configuration of the angled flexures.  This was done to reduce 

fabrication risk and manufacturing variability on this portion of the design since it was 

not expected to have a significant impact on the overall performance of the device.  Table 

5.1 summarizes the design configuration for the folded flexure and shuttle block portion 

of the revised UCI APLM.  The small shoulders on the sides of the shuttle protrude 13µm 

from the sides and are primarily there to accommodate the fillets of the angled flexures.  

Table 5.2 summarizes the angled flexure (Flexure C) design configurations of the revised 

UCI APLM for the various designs of Experiment 1.  The variable names used in 

Table 5.1 and 5.2 were defined in Section 4.1.6 but are repeated graphically here in 
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Figure 5.11 for convenience.  Table 5.3 summarizes the design configurations of the 

coupler springs for the various designs of Experiment 1.  To enable visual comparison of 

the various designs in Experiment 1, optical photographs of the fabricated devices are 

provided zoomed into the APLMs in Figure 5.12 and zoomed into the coupler springs in 

Figure 5.13.  Broader views of the solid model renderings of the APLMs are provided in 

Appendix C, Figures C.1 - C.6.  Broader views of the solid model renderings of the 

coupler springs are provided in Appendix C, Figures C.7 - C.12. 

Table 5.1  APLM Shuttle Block and Folded Flexure Design Configuration. 

Parameter Label Units Value 

Shuttle Block Width wBlk µm 70 

Shuttle Block Length LBlk µm 200 

Flexure A Width wFF_A µm 10 

Flexure B Width wFF_B µm 10 

Flexure A Length LFF_A µm 225 

Flexure B Length LFF_B µm 265 

Angled Flexure Attachment Separation dAF µm 60 
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Figure 5.11  Straight Flexure Revised UCI APLM Variable Definitions. 

Table 5.2  Experiment 1 Revised UCI APLM Flexure C Design Configurations. 

Design 
a 

(µm) 

b 

(µm) 

Flexure 

Width 

(µm) 

Flexure 

Length 

(µm) 

Fillets 

1 720 40 7.5 721.110 No 

2 720 40 7.5 721.110 Yes 

3 720 40 10 721.110 No 

4 720 40 10 721.110 Yes 

5 720 40 15 721.110 No 

6 720 40 15 721.110 Yes 
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Table 5.3  Experiment 1 Coupler Spring Design Configurations. 

Design 

Flexure D Flexure E 

Fillets Width 

(µm) 

Length 

(µm) 

Width 

(µm) 

Length 

(µm) 

1 7.5 500 7.5 460 No 

2 7.5 500 7.5 460 Yes 

3 10 500 10 460 No 

4 10 500 10 460 Yes 

5 15 500 15 460 No 

6 15 500 15 460 Yes 
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Figure 5.12  Experiment 1 Straight Flexure Revised UCI APLMs. 

(a) Design 1, 7.5µm Width w/o Fillets; (b) Design 2, 7.5µm Width w/ Fillets; (c) Design 3, 10µm Width 

w/o Fillets; (d) Design 4, 10µm Width w/ Fillets; (e) Design 5, 15µm Width w/o Fillets; (f) Design 6, 15µm 

Width w/ Fillets. 
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Figure 5.13  Experiment 1 Straight Flexure Coupler Springs. 

(a) Design 1, 7.5µm Width w/o Fillets; (b) Design 2, 7.5µm Width w/ Fillets; (c) Design 3, 10µm Width 

w/o Fillets; (d) Design 4, 10µm Width w/ Fillets; (e) Design 5, 15µm Width w/o Fillets; (f) Design 6, 15µm 

Width w/ Fillets. 

Two different finite element analyses were performed to predict the impact of the 

incorporation of fillets on the resonant frequency and quality factor statistics.  These 

included modal analysis and thermoelastic damping analysis.  To perform the modal 

analysis, the bottoms of all of the insulation layer pads, highlighted in yellow in Figure 

5.14, were given a FixAll boundary condition and the solver was configured to return the 

first 10 structural modes.  The anti-phase mode was identified from the results and is 
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reported as the resonant frequency.  To perform the thermoelastic damping analysis, the 

anchor pads were once again given a FixAll boundary condition as shown in Figure 5.14, 

and two edges of the proof masses, shown in Figure 5.15, were given a LoadPatch 

harmonic boundary condition which applied a harmonic sinusoidal pressure of 0.1Pa 

peak at the resonant frequency indicated by the modal analysis.  The dimensions of the 

edge of each proof mass were 3540µm long by 100µm thick.  This resulted in each mass 

having a peak force load of 35.4nN applied to it. 

 

Figure 5.14  Anchor Pad Locations for Modal and TED Analyses (Bottom View). 
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Figure 5.15  Harmonic Boundary Condition Surfaces for TED Analysis. 

To estimate the sensitivity of the resonant frequency and thermoelastic damping 

to Critical Dimension Loss (CDLoss) of the flexure width, the flexures widths (including 

the fillets) of each of the six designs were varied by plus and minus 0.1µm and the modal 

analysis and thermoelastic damping analyses were conducted on each model.  The modal 

analysis results are presented in Table 5.4 and the thermoelastic damping results are 

presented in Table 5.5.  A linear least squares curve fit was applied to the three data 

points for each design and the slopes from those curve fits are provided in the tables as 

well.  For the designs that included fillets, the fillets effectively shortened the length of 

the flexures thereby stiffening them and increasing their resonant frequencies by a small 

amount.  The variation in the slopes between the designs with fillets and those without 

fillets was on the same order as the variation in the resonant frequencies.  Therefore, it is 

a fairer comparison to normalize the slope by the nominal resonant frequency.  These 

normalized slopes are also included in Table 5.4.  Similarly, since the existence of the 
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fillets increased the resonant frequency, it also increased the thermoelastic damping (i.e., 

reduced the quality factor).  Therefore, the slopes in Table 5.5 were also normalized by 

their nominal quality factor and these normalized slopes are also included in Table 5.5.  

Table 5.6 presents the ratios of the normalized slopes for the designs with and without 

fillets.  The data in this table shows how much fillets may mitigate resonant frequency 

and thermoelastic damping variations due to manufacturing variability in the flexure 

widths (i.e., CDLoss).  The results indicate that the simple incorporation of fillets alone 

does not significantly mitigate resonant frequency or thermoelastic damping variability 

due to CDLoss.  The mitigation was negligible for the 7.5µm and 10µm flexure widths 

and was a modest 3-5% for the 15µm flexure width.  However, it is important to recall 

here that this was not the purpose of including fillets.  Fillets were included for two 

primary reasons which were to mitigate stress peaking at the ends of the flexures, and to 

reduce manufacturing variability in the inside corners.  The latter effect could not be 

modeled and predicted using FEA because no statistical data was available for the 

manufacturing variability of the inside corners.  However, representative optical 

photographs are provided in Figure 5.16 that show the over-etching that commonly 

occurs on inside corners (often referred to as “mouse bites”) when fillets are not included, 

as compared with the smooth inside corners created when fillets are included. 
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Figure 5.16  Photographs of Inside Corners, (a) without and (b) with Fillets. 

Table 5.4  Experiment 1 FEA Resonant Frequency Results. 

Design 
Flexure 

Description 

-0.1µm 

Flexure 

Width 

Nominal 

Flexure 

Width 

+0.1µm 

Flexure 

Width 

Slope 
Normalized 

Slope 

(Hz) (Hz) (Hz) (Hz/nm) ((∆Hz/Hz)/µm) 

1 
7.5µm 

w/o Fillets 
2108.5 2148.6 2189.7 0.4061 0.1890 

2 
7.5µm 

w/ Fillets 
2124.5 2165.4 2206.4 0.4097 0.1892 

3 
10µm 

w/o Fillets 
3191.6 3237.7 3283.8 0.4609 0.1424 

4 
10µm 

w/ Fillets 
3224.1 3271.0 3319.3 0.4762 0.1456 

5 
15µm 

w/o Fillets 
5735.1 5786.9 5847.9 0.5640 0.0975 

6 
15µm 

w/ Fillets 
5816.6 5872.4 5925.8 0.5460 0.0930 

 

(a) (b)

“Mouse

Bites” 

Fillets 
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Table 5.5  Experiment 1 FEA Thermoelastic Damping (QTED) Results. 

Desig

n 

Flexure 

Descriptio

n 

-0.1µm 

Flexure 

Width 

Nominal 

Flexure 

Width 

+0.1µm 

Flexure 

Width 

Slope 
Normalized 

Slope 

(unitless) (unitless) (unitless) (1/nm) (1/µm) 

1 
7.5µm 

w/o Fillets 
4.295E+06 4.128E+06 3.966E+06 -1645.5 -0.3986 

2 
7.5µm 

w/ Fillets 
4.217E+06 4.051E+06 3.892E+06 -1625.1 -0.4011 

3 
10µm 

w/o Fillets 
1.685E+06 1.629E+06 1.576E+06 -547.4 -0.3360 

4 
10µm 

w/ Fillets 
1.641E+06 1.587E+06 1.533E+06 -537.9 -0.3390 

5 
15µm 

w/o Fillets 
4.245E+05 4.154E+05 4.058E+05 -93.4 -0.2250 

6 
15µm 

w/ Fillets 
4.079E+05 3.988E+05 3.904E+05 -87.4 -0.2190 

 

Table 5.6  Experiment 1 FEA with and without Fillets Slope Ratios. 

Design 

Flexure 

Width 

(µm) 

Resonant 

Frequency 

Normalized 

Slope Ratio 

QTED 

Normalized 

Slope Ratio 

(%) (%) 

1 & 2 7.5 0.1 0.6 

3 & 4 10 2.3 0.9 

5 & 6 15 -4.6 -2.6 

 

 

As mentioned previously, the fabricated wafer included 30 copies of all 6 

Experiment 1 resonator designs.  For each of these designs, 9 copies were oriented with 

the resonator motion along the y-axis of the wafer and 21 were oriented with the 

resonator motion along the x-axis of the wafer.  For each of the y-axis devices, an x-axis 

device was placed in an adjacent cell.  The locations of the individual design 
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configurations on the wafer are shown for all designs in Appendix C, Figures C.25 - 

C.30, but a representative distribution is shown in Figure 5.17.  The double block items 

are the locations where there was an x-axis device adjacent to a y-axis device.  These 

figures demonstrate a relatively even distribution of the design instances across the wafer. 

 

Figure 5.17  Experiment 1 Design 2 Locations on Wafer, 7.5µm Width w/ Fillet. 

While it was anticipated that a search for the resonant frequency would be 

required to interrogate the devices, in practice the devices were very sensitive and the 
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vast majority of them exhibited some resonance as soon as the probe tips came into 

contact with the device.  Therefore, the power spectral density of the sense signal was 

inspected immediately after probe tip contact and the approximate resonant frequency 

was readily identified.  The lock-in amplifier was then set to output a 10mV peak sine 

wave at that frequency and the frequency was then adjusted by hand, typically in the 

tenths of hertz digit, until a significant response (>100mV sense signal) was obtained 

from the device at which time the drive signal was removed.  This frequency value was 

recorded as the resonant frequency, (õ.  The lock-in amplifier provided a demodulated 

amplitude output from the sense signal using this frequency which was recorded to a data 

file to estimate the ringdown time constant, �X.  The ringdown time was estimated using 

a linear least squares curve fit of the natural logarithm of this demodulated amplitude 

signal as follows.  The amplitude signal follows a traditional exponential decay equation 

given in Equation 5.1: 

 [I = [I¦ ∙ 5H>/�ö , 
(5.1)

where [I is the amplitude signal, [I¦ is the initial amplitude of the amplitude signal, % is 

time, and �X is the ringdown time constant.  Taking the natural logarithm of both sides 

yields  

 ln`[I) = ln +[I¦ ∙ 5H >�ö- = ln`[I¦) ∙ ln +5H >�ö- = ln`[I¦) − %�X 
, 

(5.2)

which can easily be fitted with the standard line equation.  Occasionally, due to a self-

sustaining resonance, a device under test would not ring down to zero volts as is 
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suggested by Equation 5.1.  In these cases, the final offset value was estimated and 

subtracted from the of the raw [I data before computing the natural logarithm and 

performing the curve fit.  This offset estimation was often iterated a few times to 

determine the offset that provided the best overall curve fit.  The quality factor was then 

estimated using the following equation: 

 � = �X ∙ 2¨(õ2 = �X ∙ ¨ ∙ (õ . 
(5.3)

Typical vacuum levels in the vacuum probe station chamber were around 0.4µTorr, well 

below the pressure required to ensure that air damping did not limit the quality factor 

[86]. 

Much of the data collected from the first measurement set was suspect for many 

reasons including excessive noise on the sense channel and uncertainty about the quality 

of the contact between the probe pins and the device under test.  Therefore, the data 

presented herein is largely from the second measurement set.  As mentioned previously, 

data was only collected on the designs with 15µm width flexures because too many of the 

devices with 7.5µm and 10µm flexure widths would self-resonate which prevented 

ringdown data collection.  Also, not all quality factor measurements were included in the 

quality factor results presented herein.  There were two criteria that would cause a quality 

factor measurement to be excluded.  The first criterion was if the quality factor was 

physically impossible.  Thermoelastic damping is a fundamental material property that 

limits the quality factor of a resonator made of that material in a particular geometry.  

The second was if the quality factor was too low to be limited by thermoelastic damping.  

That is, if another source of damping was limiting the overall quality factor more than the 
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predicted thermoelastic damping, then that data point was excluded.  Therefore, the 

measured quality factor had to fall between one-half and one of the predicted quality 

factor (
÷øùÎÑúûÛÎÑ� ≤ �ÇNP�FMN
 ≤ �^MN
GK>N
) to be included in the statistics.   

Table 5.7 presents the statistics of the acceptable resonant frequency and quality 

factor measurements taken from the second measurement set of the Experiment 1 x-axis 

devices.  Unfortunately, there was significant across-wafer variation of both the resonant 

frequency and the quality factor which dominated the statistics in Table 5.7.  Figure 5.18 

and Figure 5.19 plot the measured resonant frequencies and quality factors, respectively, 

against the die location row on the wafer.  The correlation between die location and both 

the resonant frequency and quality factor is very clear.  Therefore, a linear least squares 

curve fit was applied to both the resonant frequency and the quality factor data as a 

function of wafer row and column number and this fit was subtracted from the raw 

measurements.  Table 5.8 presents the statistics of the resonant frequency and quality 

factor measurements that were compensated for these across-wafer trends.   

Table 5.7  Experiment 1 Probe Station Measurement Results, X-axis Devices. 

Design 
Flexure 

Description 

Resonant 

Frequency 
Quality Factor 

(Hz) (unitless) 

Mean St. Dev. Mean St. Dev. 

5 
15 µm 

4893.2 323.3 316315 44718.9 
w/o Fillets 

6 
15 µm 

5000.7 328.8 318463 54407.7 
w/ Fillets 

 

The data indicate several things.  First, the average resonant frequencies were 

significantly less that FEA predictions, which suggests a significant amount of CDLoss 
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(~1.6µm) in fabrication.  Second, inclusion of fillets raised the average resonant 

frequency as predicted by the FEA.  Third, fillets did reduce the variability of the 

resonant frequency and by quite a bit more than what was predicted by the FEA.  This 

suggests that manufacturing variations of the inside corners contributes significantly to 

the overall resonant frequency variability and that the introduction of fillets can help 

mitigate that effect.  Lastly, fillets do not appear to have a statistically significant effect 

on either the average quality factor or the quality factor variability. 

 

Figure 5.18  Experiment 1 Resonant Frequency Versus Wafer Row. 
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Figure 5.19  Experiment 1 Resonant Frequency Versus Wafer Row. 

Table 5.8  Experiment 1 Results, X-axis Devices, Compensated for Across-Wafer Trends. 

Design 
Flexure 

Description 

Resonant 

Frequency 
Quality Factor 

(Hz) (unitless) 

Mean St. Dev. Mean St. Dev. 

5 
15 µm 

-23.9 139.8 -9421 32598.7 
w/o Fillets 

6 
15 µm 

113.3 115.6 -8216 35337.4 
w/ Fillets 

 

Table 5.9 presents the statistics of the differences in resonant frequency and 

quality factor measurements taken from adjacent x-axis and y-axis devices.  The 

differences were calculated by subtracting the y-axis measurement from the x-axis 

measurement.  Since these differences were taken between devices that were adjacent to 

each other on the wafer, there was no need to compensate for across wafer variations.  
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The data indicate that adjacent x-axis and y-axis devices had resonant frequencies that 

were very closely matched but, even so, the introduction of fillets significantly reduced 

the variability of the resonant frequency deltas.  The y-axis devices also appear to have a 

slightly higher resonant frequency on average than the x-axis devices.  This could be due 

to a mask or lithography bias or some directionality in the fabrication process.  The 

quality factor data, on the other hand, appears to be completely uncorrelated between the 

x-axis and y-axis devices except that the y-axis devices appear to have a higher quality 

factor on average than the x-axis devices.  It is important to note here that, while there 

were nine pairs of each design on the wafer, due to yield issues, only 7 total pairs of 

devices were available for this analysis, 4 pairs for the 15µm wide design without fillets 

and only 3 pairs for the 15µm wide design with fillets.  This limited data set should 

temper the over-interpretation of these findings as there is not enough data to support 

statistical confidence in the perceived correlation. 

Table 5.9  Experiment 1 Measurement Results, X-axis and Y-axis Adjacent Devices. 

Design 
Flexure 

Description 

Resonant 

Frequency Deltas 

Quality Factor 

Deltas 

(Hz) (unitless) 

Mean St. Dev. Mean St. Dev. 

5 
15 µm 

-11.9 48.9 -54119 222393.1 
w/o Fillets 

6 
15 µm 

-10.9 20.7 -120539 105577.5 
w/ Fillets 
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5.2.2  Experiment 2 - Tapered Flexures with and without Fillets 

The purpose of Experiment 2 was to assess the impact of the incorporation of 

fillets in tapered flexure designs on resonant frequency and quality factor statistics.  

Experiment 2 consisted of 6 unique resonator designs incorporating tapered flexure 

designs equivalent to the straight flexure designs in Experiment 1 that had widths of 

7.5µm, 10µm, and 15µm, with and without fillets.  Here again the “equivalent” tapered 

flexure is defined as one that has the same length as the straight flexure and a base width 

that gives the same linear spring constant. 

For all of the tapered flexures designs in Experiment 2, given the length of the 

tapered flexure, L, the value of the half-length of the hammerhead feature, d, was selected 

to maintain an @�
A ratio of approximately 3 because previous analysis indicated this @�
A 

ratio would slightly improve the quality factor over that of the straight flexure while 

retaining similar performance for sensitivity to manufacturing variations.  However, the 

value of the @�
A ratio was decreased in the 7.5µm equivalent flexure width designs to 

ensure that the minimum neck width of the tapered flexure was above the minimum 

feature size (5µm) allowed by the fabrication process design rules.  This resulted in an 

@�
A ratio of approximately 2 for those designs. 

Here we document the general procedure to replace a straight cantilever beam 

flexure with a tapered cantilever beam flexure.  It is important to note that a guided 

flexure consists of two cantilever beams connected end to end.  Similarly, a tapered 

guided flexure consists of two tapered cantilever beams connected end to end as was 

mentioned in Section 3.2.5.  Therefore, the cantilever flexure lengths in the following 
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discussion correspond to half of the lengths of the straight flexures used in Experiment 1 

designs. 

Given a straight flexure of length, N, and width, w, to be replaced by a tapered 

flexure of length, L, with hammerhead half-length, d, and base width of wb, first select a 

reasonable value for the hammerhead half-length, d.  Noting that 

~ + 4 = �,  (5.4) 

the value of d could alternatively be determined by first selecting a desired @�
A ratio and 

solving for d, which yields: 

 
4 = �~4 + 1 

. 
(5.5)

The length of the tapered flexure is then given by: 

~ = � − 4.  (5.6) 

Combining the equation for the linear spring constant of a tapered flexure given in 

Table 3.1 with the standard equivalent expression for the straight flexure [30], the base 

width of the equivalent tapered flexure, wb, can then be determined using the following 

equation: 

 �� = � ∙ ü2 ∙ «1 − +4�-��¬ý�/�
 (5.7)

or alternatively, in terms of the @�
A ratio: 
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 �� = � ∙ ⎩⎨
⎧2 ∙ ⎣⎢⎢

⎢⎡1 − þ 1~4 + 1�
��

⎦⎥⎥
⎥⎤
⎭⎬
⎫�/�

 

, 

(5.8)

which asymptotically approaches � √2�
 (approximately 1.26�) as the @�
A ratio gets large 

and approaches zero as the @�
A ratio gets small.  It is important to check the neck width 

of the tapered flexure at the hammerhead to ensure that it does not fall below the 

minimum allowable feature size of the fabrication process.  The neck width (flexure 

width at the hammerhead) is given by: 

 �¯NKï = �� ∙ �4� 
. 

(5.9)

If the neck width falls below the minimum allowable feature size of the fabrication 

process, then d must be increased and the process must be iterated. 

Figure 5.20 shows a representative tapered flexure revised UCI APLM layout 

with the flexure designators identified.  Table 5.10 summarizes the Flexure C APLM 

design configurations for Experiment 2.  The shuttle block and folded flexure portions of 

the APLM design were the same for all Experiment 2 design configurations and were 

identical to those described in Table 5.1 for the Experiment 1 configuration.  The two 

flexures that constitute the coupler springs, Flexure D and Flexure E, are shown in Figure 

5.21.  Tables 5.11 and 5.12  summarize the Experiment 2 coupler spring design 

configurations for Flexure D and Flexure E, respectively.  To enable visual comparison 

of the various designs in Experiment 2, optical photographs of the fabricated devices are 
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provided zoomed into the APLMs in Figure 5.22 and zoomed into the coupler springs in 

Figure 5.23.  Broader views of the solid model renderings of the APLMs are provided in 

Appendix C, Figures C.13 - C.18.  Broader views of the solid model renderings of the 

coupler springs are provided in Appendix C, Figures C.19 - C.24. 

 

Figure 5.20  Experiment 2 Tapered Flexure Revised UCI APLM Element Designations. 
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Table 5.10  Experiment 2 Tapered Flexure Revised UCI APLM Design Configurations. 

Design 
a 

(µm) 

b 

(µm) 

Base 

Width 

wb_C 

(µm) 

Flexure 

Length 

LC 

(µm) 

Hammerhead 

Half-length 

dC 

(µm) 

L/d Ratio 

(unitless) 
Fillets 

1 720 40 8.801 240.555 120 2.005 No 

2 720 40 8.801 240.555 120 2.005 Yes 

3 720 40 12.052 270.555 90 3.006 No 

4 720 40 12.052 270.555 90 3.006 Yes 

5 720 40 18.078 270.555 90 3.006 No 

6 720 40 18.078 270.555 90 3.006 Yes 

 

 

Figure 5.21  Experiment 2 Coupler Spring Element Designations. 
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Table 5.11  Experiment 2 Coupler Spring Flexure D Design Configurations. 

Design 

Base 

Width 

wb_D 

(µm) 

Flexure 

Length 

LD 

(µm) 

Hammerhead 

Half-length 

dD 

(µm) 

L/d Ratio 

(unitless) 
Fillets 

1 8.841 170 80 2.125 No 

2 8.841 170 80 2.125 Yes 

3 12.051 187.5 62.5 3.0 No 

4 12.051 187.5 62.5 3.0 Yes 

5 18.076 187.5 62.5 3.0 No 

6 18.076 187.5 62.5 3.0 Yes 

 

Table 5.12  Experiment 2 Coupler Spring Flexure E Design Configurations. 

Design 

Base 

Width 

wb_E 

(µm) 

Flexure 

Length 

LE 

(µm) 

Hammerhead 

Half-length 

dE 

(µm) 

L/d Ratio 

(unitless) 
Fillets 

1 8.822 155 75 2.067 No 

2 8.822 155 75 2.067 Yes 

3 12.051 172.5 57.5 3 No 

4 12.051 172.5 57.5 3 Yes 

5 18.076 172.5 57.5 3 No 

6 18.076 172.5 57.5 3 Yes 
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Figure 5.22  Experiment 2 Tapered Flexure Revised UCI APLMs. 

(a) Design 1, 7.5µm Width w/o Fillets; (b) Design 2, 7.5µm Width w/ Fillets; (c) Design 3, 10µm Width 

w/o Fillets; (d) Design 4, 10µm Width w/ Fillets; (e) Design 5, 15µm Width w/o Fillets; (f) Design 6, 15µm 

Width w/ Fillets. 
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Figure 5.23  Experiment 2 Tapered Flexure Coupler Springs. 

(a) Design 1, 7.5µm Width w/o Fillets; (b) Design 2, 7.5µm Width w/ Fillets; (c) Design 3, 10µm Width 

w/o Fillets; (d) Design 4, 10µm Width w/ Fillets; (e) Design 5, 15µm Width w/o Fillets; (f) Design 6, 15µm 

Width w/ Fillets. 

Modal analysis and thermoelastic damping analysis were performed via finite 

element analysis on the device designs in Experiment 2 in a manner similar to that 

described in Section 5.2.1 for Experiment 1 to predict the impact of the incorporation of 

fillets on the resonant frequency and quality factor sensitivity to CDLoss.  The modal 

analysis results are presented in Table 5.13 and the thermoelastic damping results are 

presented in Table 5.14.  Similar to the results in Experiment 1, the fillets effectively 
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shortened the length of the flexures thereby increasing the resonant frequencies, and 

reducing the quality factor by a small amount.  Table 5.15 presents the ratios of the 

normalized slopes for the designs with and without fillets.  Similar to the results from 

Experiment 1 FEAs, the results indicate that the simple incorporation of fillets alone does 

not significantly mitigate resonant frequency and thermoelastic damping variability due 

to CDLoss, but the fillets do mitigate the stress peaking around the inside corner of the 

flexures and it was anticipated that the natural fillet radius variation in the manufacturing 

process would be significantly mitigated by the intentional inclusion of fillets in the 

design. 

Table 5.13  Experiment 2 FEA Resonant Frequency Results. 

Design 
Flexure 

Description 

-0.1µm 

Flexure 

Width 

Nominal 

Flexure 

Width 

+0.1µm 

Flexure 

Width 

Slope 
Normalized 

Slope 

(Hz) (Hz) (Hz) (Hz/nm) ((∆Hz/Hz)/µm) 

1 
7.5µm 

w/o Fillets 
2107.1 2152.7 2196.0 0.4442 0.2063 

2 
7.5µm 

w/ Fillets 
2122.7 2166.0 2209.4 0.4336 0.2002 

3 
10µm 

w/o Fillets 
3194.0 3248.0 3287.1 0.4657 0.1434 

4 
10µm 

w/ Fillets 
3216.2 3266.4 3316.7 0.5026 0.1539 

5 
15µm 

w/o Fillets 
5708.2 5760.8 5818.8 0.5529 0.0960 

6 
15µm 

w/ Fillets 
5783.9 5842.0 5902.4 0.5922 0.1014 
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Table 5.14  Experiment 2 FEA Thermoelastic Damping (QTED) Results. 

Design 
Flexure 

Description 

-0.1µm 

Flexure 

Width 

Nominal 

Flexure 

Width 

+0.1µm 

Flexure 

Width 

Slope 
Normalized 

Slope 

(unitless) (unitless) (unitless) (1/nm) (1/µm) 

1 
7.5µm 

w/o Fillets 
4.259E+06 4.074E+06 3.912E+06 -1735.3 -0.4259 

2 
7.5µm 

w/ Fillets 
4.202E+06 4.031E+06 3.864E+06 -1689.8 -0.4192 

3 
10µm 

w/o Fillets 
1.706E+06 1.642E+06 1.594E+06 -562.1 -0.3424 

4 
10µm 

w/ Fillets 
1.684E+06 1.624E+06 1.566E+06 -590.8 -0.3638 

5 
15µm 

w/o Fillets 
4.376E+05 4.280E+05 4.181E+05 -97.7 -0.2282 

6 
15µm 

w/ Fillets 
4.258E+05 4.158E+05 4.063E+05 -97.7 -0.2349 

 

Table 5.15  Experiment 2 FEA with and without Fillets Slope Ratios. 

Design 

Equivalent 

Flexure Width 

(µm) 

Resonant 

Frequency 

Normalized 

Slope Ratio 

QTED 

Normalized 

Slope Ratio 

(%) (%) 

1 & 2 7.5 -3.0 -1.6 

3 & 4 10 7.3 6.3 

5 & 6 15 5.6 3.0 

 

 

Similar to Experiment 1, the fabricated wafer included 30 copies of all 6 

Experiment 2 resonator designs with 9 copies oriented along the y-axis of the wafer and 

21 oriented along the x-axis of the wafer.  For each of the y-axis devices, an x-axis device 

was placed in an adjacent cell.  The locations on the wafer for the individual design 

configurations are provided in Appendix C, Figures C.31 - C.36. 
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Resonant frequency and quality factor data was collected from the fabricated 

wafer and analyzed in a manner consistent with that described for Experiment 1.  Table 

5.16 presents the statistics of the acceptable resonant frequency and quality factor 

measurements for the Experiment 2 x-axis devices.  Like Experiment 1, there was 

significant across-wafer variation of both the resonant frequency and the quality factor 

which dominated the statistics in Table 5.16.  Table 5.17 presents the statistics of the 

resonant frequency and quality factor measurements that were compensated for these 

across-wafer trends.   

Similar to the results of Experiment 1, the average resonant frequencies were 

significantly less than FEA predictions, which suggests a significant amount of CDLoss 

in fabrication.  Fillets again raised the average resonant frequency as predicted by the 

FEA.  Fillets also reduced the variability of the resonant frequency and by quite a bit 

more than what was predicted by the FEA, suggesting that manufacturing variations on 

the inside corners contributes significantly to the overall resonant frequency variability 

and that the introduction of fillets can help mitigate that effect.  Only 4 of the Design 5 

devices (without fillets) had quality factors that fell within the acceptable quality factor 

guidelines described in the previous section for Experiment 1, whereas 9 of the Design 6 

devices (with fillets) had acceptable quality factors.  Therefore, while it would not be 

wise to place too much value on the interpretation of the quality factor statistics presented 

in Tables 5.16 and 5.17, this dramatic difference in devices with acceptable quality factor 

suggests that the incorporation of fillets significantly increased the quality factor yield of 

the tapered flexure devices.   
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Table 5.16  Experiment 2 Probe Station Measurement Results, X-axis Devices. 

Design 
Flexure 

Description 

Resonant 

Frequency 
Quality Factor 

(Hz) (unitless) 

Mean St. Dev. Mean St. Dev. 

5 
15 µm 

4888.3 401.2 365762 49338.6 
w/o Fillets 

6 
15 µm 

4917.1 324.4 310993 50568.2 
w/ Fillets 

 

Table 5.17  Experiment 2 Results, X-axis Devices, Compensated for Across-Wafer Trends. 

Design 
Flexure 

Description 

Resonant 

Frequency 
Quality Factor 

(Hz) (unitless) 

Mean St. Dev. Mean St. Dev. 

5 
15 µm 

-103.8 169.7 34403 23402.2 
w/o Fillets 

6 
15 µm 

-0.4 122.7 -525 20720.3 
w/ Fillets 

 

Table 5.18 presents the statistics of the differences in resonant frequency and 

quality factor measurements taken from adjacent x-axis and y-axis devices.  There was 

only one pair of devices for Design 5 (without fillets) that had acceptable frequency and 

quality factor measurements.  Therefore, variability data is not available for that design 

and there is little confidence in the comparison of these results.  However, these results 

are included for completeness.  Once again, a significantly higher number of Design 6 

devices (with fillets), four pairs, had acceptable frequency and quality factor 

measurements.  This further supports the argument that the incorporation of fillets 

significantly increases the quality factor yield of the tapered flexure devices. 
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Table 5.18  Experiment 2 Measurement Results, X and Y-axis Adjacent Devices. 

Design 
Flexure 

Description 

Resonant 

Frequency 
Quality Factor 

(Hz) (unitless) 

Mean St. Dev. Mean St. Dev. 

5 
15 µm 

57.9 N/A -291954 N/A 
w/o Fillets 

6 
15 µm 

27.9 28.5 -76356 133419.8 
w/ Fillets 

 

5.2.3  Experiment 3 – Straight vs. Tapered Flexure Performance 

The purpose of Experiment 3 was to use the devices from Experiments 1 and 2 to 

compare the performance of the straight and tapered flexure dual mass resonator 

configurations with and without fillets.  There were no additional devices fabricated for 

this experiment as it is just a comparative analysis of the results from Experiments 1 and 

2.  Since no data is available for the 7.5µm and 10µm flexure width devices, this section 

focuses on the 15µm flexure width device results. 

Tables 5.19 - 5.21 show the finite element predictions for normalized resonant 

frequency slopes, thermoelastic damping limited quality factor (QTED), and normalized 

QTED damping slopes, respectively, for the 15µm flexure width designs in Experiments 1 

and 2.  These analyses largely predict very comparable results between straight and 

tapered flexures.  The most significant predictions were that tapered flexures were 

expected to increase the quality factor by 3-4% and that tapered flexures generally 

increased the slopes by a few percent.  Additionally, while fillets reduced the slopes of 

the straight flexure designs by a few percent, they increased the slopes of both the 

resonant frequency and the quality factor in the tapered flexure designs by a few percent. 
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The experimental results for the x-axis devices from Experiment 1 and 2 are 

presented in Table 5.22 for the raw measurements and in Table 5.23 for the 

measurements that were compensated for across-wafer variations.  The data supports the 

FEA prediction that tapered flexures increase the quality factor by a few percent and that 

tapered flexures increase the frequency variability by a few percent.  However, the 

compensated data suggests that tapered flexures reduce the variability of the quality 

factor as compared with straight flexure designs. While there is a reduction in the quality 

factor variability of the tapered flexure design with fillets, the reduction is not statistically 

significant.  However, this does suggest that the incorporation of fillets into the tapered 

flexure design did not significantly increase the quality factor variability as was 

suggested by the FEA predictions. 

 

Table 5.19  FEA Normalized Resonant Frequency Slopes. 

Design 
Flexure 

Description 

Experiment 1 

Straight 

Experiment 2 

Tapered 

((∆Hz/Hz)/µm) ((∆Hz/Hz)/µm) 

5 
15µm 

w/o Fillets 
0.097 0.096 

6 
15µm 

w/ Fillets 
0.093 0.101 
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Table 5.20  FEA QTED Results. 

Design 
Flexure 

Description 

Experiment 1 

Straight 

Experiment 2 

Tapered 

Million Million 

5 
15µm 

w/o Fillets 
0.415 0.428 

6 
15µm 

w/ Fillets 
0.399 0.416 

 

Table 5.21  FEA Normalized QTED Damping Slopes. 

Design 
Flexure 

Description 

Experiment 1 

Straight 

Experiment 2 

Tapered 

µm-1 µm-1 

5 
15µm 

w/o Fillets 
-0.225 -0.228 

6 
15µm 

w/ Fillets 
-0.219 -0.235 

 

Table 5.22  Experiment 1 and 2 Results, X-axis Devices. 

Design 
Flexure 

Description 

Resonant 

Frequency 
Quality Factor 

(Hz) (unitless) 

Mean St. Dev. Mean St. Dev. 

Exp. 1, 

Straight 

Flexure 

15 µm 
4893.2 323.3 316315 44718.9 

w/o Fillets 

15 µm 
5000.7 328.8 318463 54407.7 

w/ Fillets 

Exp. 2, 

Tapered 

Flexure 

15 µm 
4888.3 401.2 365762 49338.6 

w/o Fillets 

15 µm 
4917.1 324.4 310993 50568.2 

w/ Fillets 
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Table 5.23  Experiment 1 and 2 Results, X-axis Devices, Compensated for Across-Wafer Trends. 

Design 
Flexure 

Description 

Resonant 

Frequency 
Quality Factor 

(Hz) (unitless) 

Mean St. Dev. Mean St. Dev. 

Exp. 1, 

Straight 

Flexure 

15 µm 
-23.9 139.8 -9421 32598.7 

w/o Fillets 

15 µm 
113.3 115.6 -8216 35337.4 

w/ Fillets 

Exp. 2, 

Tapered 

Flexure 

15 µm 
-103.8 169.7 34403 23402.2 

w/o Fillets 

15 µm 
-0.4 122.7 -525 20720.3 

w/ Fillets 

 

 

5.2.4  Experiment 4 - Quality Factor Versus Manufacturing Sensitivity Trade Off 

The purpose of Experiment 4 was to characterize the trade-off between quality 

factor and sensitivity to manufacturing variations as a function of flexure length to 

hammerhead block size  @�
A  ratio in tapered flexures.  Experiment 4 consisted of 4 

resonator designs incorporating 4 different tapered flexures equivalent to the 10µm 

straight flexure design in Experiment 1.  All designs in Experiment 4 included fillets.  

These four tapered flexure designs corresponded to  @�
A  ratios of 2, 3, 4, and 5.  The 

design with the  @�
A  ratio of 3 was common to Design 4 of Experiment 2 while the other 

three designs were unique to Experiment 4.  Unlike Experiments 1 and 2, only 12 copies 

of each of the Experiment 4 designs were included on the wafer and there were no 

devices placed in the y-axis orientation. 
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The procedure for direct flexure replacement documented in Section 5.2.2 was 

followed for the designs in Experiment 4.  All of the feature labels are consistent with 

those defined in Figures 5.20 and 5.21 provided in Section 5.2.2.  Table 5.24 summarizes 

the Flexure C APLM design configurations for Experiment 4.  The shuttle block and 

folded flexure portions of the APLM design were the same for all Experiment 4 design 

configurations and were identical to those described in Table 5.1 for the Experiment 1 

configuration.  Tables 5.25 and 5.26 summarize the Experiment 4 coupler spring design 

configurations for Flexure D and Flexure E, respectively.  Optical photographs of the 

fabricated device APLMs and coupler springs are provided in Figures 5.24 and 5.25, 

respectively.   

Table 5.24  Experiment 4 Tapered Flexure Revised UCI APLM Design Configurations. 

Design 

L/d 

Ratio 

(unitless) 

a 

(µm) 

b 

(µm) 

Base 

Width 

(µm) 

Flexure 

Length 

LC 

(µm) 

Hammerhead 

Half-length 

dC 

(µm) 

Fillets 

1 2.005 720 40 11.735 240.555 120 Yes 

2 3.006 720 40 12.052 270.555 90 Yes 

3 4.008 720 40 12.213 288.555 72 Yes 

4 5.009 720 40 12.307 300.555 60 Yes 

 

Table 5.25  Experiment 4 Coupler Spring Flexure D Design Configurations. 

Design 

L/d 

Ratio 

(unitless) 

Base 

Width 

(µm) 

Flexure 

Length 

LD 

(µm) 

Hammerhead 

Half-length 

dD 

(µm) 

Fillets 

1 2.012 11.738 167.0 83.0 Yes 

2 3.000 12.051 187.5 62.5 Yes 

3 4.000 12.212 200.0 50.0 Yes 

4 5.024 12.309 208.5 41.5 Yes 
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Table 5.26  Experiment 4 Coupler Spring Flexure E Design Configurations. 

Design 

L/d 

Ratio 

(unitless) 

Base 

Width 

(µm) 

Flexure 

Length 

LE 

(µm) 

Hammerhead 

Half-length 

dE 

(µm) 

Fillets 

1 2.007 11.736 153.5 76.5 Yes 

2 3.000 12.051 172.5 57.5 Yes 

3 4.000 12.212 184.0 46.0 Yes 

4 5.005 12.307 191.7 38.3 Yes 

 

 

Figure 5.24  Experiment 4 Tapered Flexure Revised UCI APLM Designs. 

(a) L/d=2, (b) L/d=3, (c) L/d=4, and (d) L/d=5. 
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Figure 5.25  Experiment 4 Tapered Flexure Coupler Spring Designs. 

(a) L/d=2, (b) L/d=3, (c) L/d=4, and (d) L/d=5. 
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Two finite element analyses, modal analysis and thermoelastic damping analysis, 

were performed on the device designs in Experiment 4 in a manner similar to that 

described in Section 5.2.1 to predict the impact of various  @�
A  ratios on the resonant 

frequency and quality factor statistics.  The modal analysis results are presented in Table 

5.27 and the thermoelastic damping results are presented in Table 5.28.   

Figure 5.26 plots the resonant frequency normalized slope on the primary vertical 

axis against @�
A ratio.  Figure 5.26 also plots the (�BQX  product on the secondary 

vertical axis.  The data indicate that resonant frequency sensitivity to manufacturing 

variations is increasing with increasing @�
A ratio and the (�BQX product is also 

increasing.  This suggests that the @�
A ratio can be used by the designer to increase the 

(�BQX product of the design but at the cost of increasing the resonant frequency 

sensitivity to manufacturing variations.  Similarly, Figure 5.27 plots the �BQX normalized 

slope on the primary vertical axis against @�
A ratio and plots the (�BQX product on the 

secondary vertical axis.  The data indicate that �BQX sensitivity to manufacturing 

variations is increasing in magnitude with increasing @�
A ratio as is the (�BQX product.  

This also suggests that the @�
A ratio could be used by the designer to increase the (�BQX 

product of the design but this would also be at the cost of increasing the �BQX sensitivity 

to manufacturing variations. 
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Table 5.27  Experiment 4 FEA Resonant Frequency Results. 

Design L/d Ratio 

-0.1µm 

Flexure 

Width 

Nominal 

Flexure 

Width 

+0.1µm 

Flexure 

Width 

Slope 
Normalized 

Slope 

(Hz) (Hz) (Hz) (Hz/nm) ((∆Hz/Hz)/µm) 

1 2 3217.3 3266.9 3317.0 0.4985 0.1526 

2 3 3216.2 3266.4 3316.7 0.5026 0.1539 

3 4 3210.9 3261.9 3312.5 0.5079 0.1557 

4 5 3208.6 3259.8 3311.6 0.5150 0.1580 

 

Table 5.28  Experiment 4 FEA Thermoelastic Damping (QTED) Results. 

Design 
L/d 

Ratio 

-0.1µm 

Flexure 

Width 

Nominal 

Flexure 

Width 

+0.1µm 

Flexure 

Width 

Slope 
Normalized 

Slope 

(unitless) (unitless) (unitless) (1/nm) (1/µm) 

1 2 1.659E+06 1.601E+06 1.544E+06 -577.8 -0.3610 

2 3 1.684E+06 1.624E+06 1.566E+06 -590.8 -0.3638 

3 4 1.707E+06 1.645E+06 1.586E+06 -607.6 -0.3695 

4 5 1.721E+06 1.658E+06 1.597E+06 -621.4 -0.3749 
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Figure 5.26  Experiment 4 Resonant Frequency Sensitivity vs. fQ Product Trade. 

 

Figure 5.27  Experiment 4 QTED Sensitivity vs. fQ Product Trade. 
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The fabricated wafer included 12 copies of each of the resonator designs specific 

to Experiment 4 and 30 copies of the design common with Experiment 2, 9 of which 

were in the y-axis orientation.  The locations on the wafer for the individual design 

configurations are provided in Appendix C, Figures C.37 - C.40. 

Resonant frequency and quality factor measurements were taken from as many of 

the Experiment 4 devices as possible in the vacuum probe station in the same manner as 

described for Experiment 1 in Section 5.2.1.  Many of the devices had quality factors that 

were so high that the devices self-resonated when they came into contact with the probe 

card electronics, which prevented ringdown estimates for these devices.  Ringdown data 

was successfully collected from 35 distinct devices, but only 8 yielded acceptable quality 

factor measurements.  However, acceptable resonant frequency measurements were 

obtained from 31 devices.  Resonant frequency measurements were rejected if they were 

higher than FEA predictions. 

Table 5.29 presents the statistics of the acceptable resonant frequency and quality 

factor measurements taken from the Experiment 4 devices.  Due to the limited number of 

measurements available, the quality factor standard deviations presented in this table are 

calculated from only 2 or 3 data points.  So, caution must be used when interpreting these 

quality factor results.  The resonant frequency standard deviations were dominated by 

variations across the wafer.  So, a linear curve fit against wafer row and column was 

applied to the data and the data was compensated for this linear variation.  The resulting 

resonant frequency statistics are captured in Table 5.30.  There was not enough ringdown 

sample data to perform a similar compensation on the quality factor data. 
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Once again, the resonant frequency measurements are well below the FEA 

predicted values, which suggests a significant amount of CDLoss (~1.8-2.0µm).  While 

not many quality factors were within a factor of 2 of the FEA predicted values, there 

were 10 quality factor measurements that were in excess of one million and 12 of the 

rejected quality factor measurements were between five hundred thousand and one 

million measurements, which suggests that there was very little anchor loss and that the 

fabrication was generally fairly symmetric.  However, fabrication asymmetry in the 

device or oxide layers, which leads to anchor loss, is one of the most likely causes of the 

poor quality factor performance from the other devices.  Another likely source of poor 

quality factor performance is contamination either from the fabrication process or from 

residual chemicals in the probe chamber. 

In general, the statistics for L/d=5 design were out of line with the other designs.  

One potential cause for this could be the width of the neck of the flexure compared to the 

amount of CDLoss.  Based on the measured resonant frequency and assuming that the 

resonant frequency generally goes with width cubed, the CDLoss for this design was 

estimated to be about 2µm, whereas the expected neck width was only 5µm wide.  

Therefore, it is very likely that the strain distribution at the tip of this flexure was 

significantly different than it was designed to be.  If the data from the L/d=5 design is 

disregarded, the resonant frequency standard deviation trend, quality factor trend, and 

quality factor standard deviation trend generally follow the FEA predicted resonant 

frequency slope trend, quality factor trend, and quality factor slope trend.  Of significant 

note is the relationship between across-wafer compensated resonant frequency standard 

deviation and the average quality factor with respect to L/d ratio.  This relationship is 
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plotted in Figure 5.28 and compares quite well to the FEA predicted relationship 

presented in Figure 5.26.  This limited data notionally supports the ability of the L/d ratio 

to increase the quality factor at the expense of resonant frequency variability. 

 

Table 5.29  Experiment 4 Measurement Results, X-axis Devices. 

Design 

L/d 

Ratio 

Resonant 

Frequency 
Quality Factor 

(unitless) (Hz) (unitless) 

  Mean St. Dev. Mean St. Dev. 

1 2 2450.6 312.3 1098371 35128 

2 3 2435.8 334.8 1132059 N/A 

3 4 2481.1 417.9 1214195 282995 

4 5 2310.5 321.6 1046388 8338 

 

Table 5.30  Experiment 4 Measurement Results Compensated for Across-Wafer Trends. 

Design 

L/d 

Ratio 

Resonant 

Frequency 

(unitless) (Hz) 

  Mean St. Dev. 

1 2 5.1 62.8 

2 3 18.4 172.7 

3 4 51.4 348.5 

4 5 -102.9 112.6 
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Figure 5.28  Experiment 4 Resonant Frequency St. Dev. vs. Quality Factor Measurements. 

 

5.2.5  Experiment 5 - Tapered Flexure Lever APLM Performance 

The purpose of Experiment 5 was to characterize the performance of the tapered 

flexure lever APLM and compare it to that of the straight and tapered flexure revised UCI 

APLMs of Experiments 1 and 2.  Experiment 5 consisted of only 1 resonator design 

which replaced each of the revised UCI APLMs in the base configuration with a tapered 

flexure lever APLM with fillets.  Figure 5.29 shows a solid model rendering of the 

Experiment 5 device and Figure 5.30 shows an optical photograph of the fabricated 

device.  Incorporating the tapered flexure lever APLM into the dual mass resonator 
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configuration while maintaining all of the same electrical pad locations was a very 

difficult task and required significant rearrangement of all of the elements near the center 

of the design.  Care was taken to ensure the same number of capacitive finger overlaps in 

each of the longitudinal capacitors as well as the same amount of capacitive area on the 

tuning capacitors, leading to some very uncommon and less than ideal geometries.  The 

horseshoe-shaped electrode and anchor that formed the base of the revised UCI APLM 

designs was not used in the Experiment 5 design at all.  This feature was retained, 

however, to provide a landing pad for the probe pin as well as a block for the electrode 

metalization since the same metalization mask was used for this design.  A mixture of 

solid model renderings and optical photographs of these revised element configurations 

are provided in Figures 5.31 - 5.35.  Twelve copies of the Experiment 5 design were 

included on the fabrication wafer. 
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Figure 5.29  Experiment 5 Tapered Flexure Lever APLM DMR Solid Model. 
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Figure 5.30  Experiment 5 Tapered Flexure Lever APLM DMR Photo. 
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Figure 5.31  Experiment 5 Design, Tapered Flexure Lever APLM. 
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Figure 5.32  Experiment 5 Design, Revised Center Longitudinal Capacitive Drive. 
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Figure 5.33  Experiment 5 Design, Revised Center Longitudinal Capacitive Sense Bank. 
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Figure 5.34  Experiment 5 Design, Revised Center Tuning Capacitors. 

 

Figure 5.35  Experiment 5 Design, Revised Horseshoe-Shaped Electrodes/Anchors. 
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The geometry of the design led to a naturally stiff tapered flexure lever APLM 

design.  Therefore, the Experiment 5 device was designed to match the spring constant of 

the 15µm wide straight flexure dual mass resonator design.  An initial attempt to 

implement this design while keeping the 15µm wide coupler springs led to very thin 

flexures in the tapered flexure lever APLM.  Therefore, the Experiment 5 coupler spring 

design utilizes the 7.5µm equivalent-width tapered flexure design with fillets from 

Experiment 2 Design 2.  This approach led to more reasonable flexure widths in the 

tapered flexure lever APLM portion of the Experiment 5 design.   

The procedure for tapered flexure lever APLM design documented in Section 

4.1.4 was followed for this design.  All of the feature labels are consistent with those 

defined in Figure 4.19 provided in Section 4.1.4 but that figure is repeated here as 

Figure 5.36 for convenience.  Table 5.31 summarizes the tapered flexure lever APLM 

design for Experiment 5.  Table 5.32 summarizes the Experiment 5 coupler spring design 

configuration which is identical to that of Experiment 2 Design 2 but is also repeated here 

for convenience.  An optical photograph tapered flexure lever APLM of the fabricated 

device is provided in Figure 5.31 and an optical photograph of the coupler springs of the 

fabricated device is provided in Figure 5.37.   
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Figure 5.36  Tapered Flexure Lever APLM Dimension Labels. 
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Table 5.31  Experiment 5 Tapered Flexure Lever APLM Design. 

Parameter Label Units Value 

Device Thickness t µm 100 

Lever Length LLever µm 400 

Lever to Flexure Stiffness Ratio R unitless 80 

Lever Width wLever µm 90 

Half Lever Width d3 µm 45 

Flexure 1st Element Base Length N1 µm 63.176 

Flexure 1st Element Base Width wb1 µm 7.468 

Flexure 2nd Element Base Length N2 µm 120 

Flexure 2nd Element Base Width wb2 µm 10.292 

Tapered Flexure Half Hammerhead Size d µm 30 

L to d Ratio for Flexure 1 (L/d)1 unitless 1.106 

L to d Ratio for Flexure 2 (L/d)2 unitless 3.000 

 

Table 5.32  Experiment 5 Coupler Spring Flexure Designs. 

Flexure 

L/d 

Ratio 

(unitless) 

Base 

Width 

(µm) 

Flexure 

Length 

L 

(µm) 

Hammerhead 

Half-length 

d 

(µm) 

Fillets 

D 2.125 8.841 170 80 Yes 

E 2.067 8.822 155 75 Yes 
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Figure 5.37  Experiment 5 Design, Coupler Springs. 

Two finite element analyses, modal analysis and thermoelastic damping analysis, 

were performed on the Experiment 5 device design in a manner similar to that described 

in Section 5.2.1 to predict the performance of the tapered flexure lever APLM.  Since the 

tapered flexure lever APLM resulted in different attachment points to the substrate, the 

FixAll boundary conditions that anchored the device in the FEAs are slightly different 

than the previous designs and are pictured in Figure 5.38.  The outer edges of the 

resonator proof masses were not changed.  So, there was no change to the LoadPatch 

conditions from the previous analyses. 
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Figure 5.38  Experiment 5 Anchor FEA Boundary Condition Locations (Bottom View). 

Once again, to estimate the sensitivity of the resonant frequency and thermoelastic 

damping to flexure width, the flexures widths (including the fillets) were varied by plus 

and minus 0.1µm and the modal analysis and thermoelastic damping analyses were 

conducted on each model.  The modal analysis results are presented in Table 5.33 and the 

thermoelastic damping results are presented in Table 5.34.  A linear least squares curve 

fit was applied to the three data points and the slopes from those curve fits are provided 

in the tables as well.  Similar to what was done before, it is a fairer comparison to 
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normalize the slope by the nominal resonant frequency.  These normalized slopes are also 

included in Tables 5.33 and 5.34. 

The first thing to note about these results is that the resonant frequency was 

significantly higher than the resonant frequencies for the 15µm wide flexure designs from 

Experiments 1 and 2 found in Tables 5.4 and 5.13 respectively.  While the Experiment 5 

system was designed to have the same spring constant, the masses of the resonators were 

not able to be held constant due to layout constraints.  Therefore, there was significantly 

less mass in the proof masses for the Experiment 5 design.  The Generalized Mass 

parameter returned by the FEA for this mode of the modal analysis was 14.88% lower 

than that of Design 5 of Experiment 1 (15µm width straight flexures).  This decrease in 

mass gives rise to the bulk of the increased resonant frequency.  The second thing to note 

is that the Experiment 5 device exhibited higher QTED than the Experiment 1 and 2 

devices with 15µm wide flexures summarized in Tables 5.5 and 5.14 respectively.  

Accounting for the significant differences in resonant frequencies by comparing the 

(�BQX products of these designs indicates that the Experiment 5 design is 20-25% higher 

than that of the Experiment 1 and 2 designs, which is significantly less than the factor of 

nearly 6 that was seen in the APLM study.  It also appears that this increase in 

thermoelastic damping performance comes at the cost of a significant increase in 

sensitivity to manufacturing variations, as the normalized slopes of both the resonant 

frequency and the �BQX are about a factor of 2 larger than that of the Experiment 1 and 2 

designs.  The significant difference in predicted performance increase over that of the 

revised UCI design is likely due to overall geometric footprint constraints of the APLM.  

Tall and narrow footprints are likely to favor the revised UCI APLM designs while short 
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and wide footprints are likely to favor the lever APLM designs.  This variability 

underscores the need for future research to develop a more thorough understanding of the 

impacts of geometric footprint on the performance of each of the APLM configurations. 

Table 5.33  Experiment 5 FEA Resonant Frequency Results. 

Description 

-0.1µm 

Flexure 

Width 

Nominal 

Flexure 

Width 

+0.1µm 

Flexure 

Width 

Slope 
Normalized 

Slope 

(Hz) (Hz) (Hz) (Hz/nm) ((∆Hz/Hz)/µm) 

Tapered 

Flexure Lever 

APLM 

6098.2 6214.7 6332.0 1.1692 0.1881 

 

Table 5.34  Experiment 5 FEA Thermoelastic Damping (QTED) Results. 

Description 

-0.1µm 

Flexure 

Width 

Nominal 

Flexure 

Width 

+0.1µm 

Flexure 

Width 

Slope 
Normalized 

Slope 

(unitless) (unitless) (unitless) (1/nm) (1/µm) 

Tapered 

Flexure Lever 

APLM 

4.886E+05 4.669E+05 4.457E+05 -214.4 -0.4592 

 

 

There was a significant challenge with obtaining ringdown measurements from 

the Experiment 5 devices on the fabricated wafer, which was that there was no bias 

voltage connected to the proof mass.  In general, there were 6 locations where the proof 

mass was intended to be electrically connected to the bias voltage provided by the probe 

card.  These can be seen in Figure 5.29 and include the four horseshoe anchors and the 

two coupler spring anchors.  However, it was determined in initial testing of the 
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Experiment 1 devices that the probe pins contacting the coupler spring anchors were 

providing a mechanical energy loss path (anchor loss) and these pins were removed from 

the probe card, leaving only the horseshoe anchor pins to provide electrical contact to the 

proof mass.  Since the horseshoe anchor is not electrically connected to the proof mass in 

the Experiment 5 device, there was no electrical connection to the proof mass for these 

devices in the experimental setup.  Therefore, the experimental measurements (drive and 

sense signals) of the Experiment 5 devices were dependent on the existence of residual 

electrical charges on the proof mass which left drive and signal strength both uncertain 

and sometimes variable in amplitude. 

Of the 12 Experiment 5 devices on the wafer, resonant frequency and quality 

factor data was collected from 8 devices, which is quite remarkable considering the lack 

of proof mass bias voltage.  The raw measurement statistics are provided in Table 5.35 

along with similar statistics from Experiments 1 and 2 for comparison.  Once again, the 

average resonant frequency is significantly below (~27%) what was predicted by the 

FEA, which corresponds to a CDLoss of approximately 1.9µm, which is consistent with 

the CDLoss estimates from other experiments.  The resonant frequency standard 

deviation is dominated by across-wafer variations and particularly dependent on the row 

location of the device.  The locations of the Experiment 5 devices on the wafer are 

provided in Figure C.41 of Appendix C.  The quality factors were significantly below the 

FEA predicted quality factors with only 2 of the 8 devices having quality factors within a 

factor of two of the FEA predicted value and none of the devices having an fQ product 

within a factor of two of the FEA predicted value.  There are many potential causes for 

low quality factors in this Experiment.  First and foremost, is the uncertainty in the signal 
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itself.  Since there was no bias voltage on the proof mass, the fundamental source of the 

signal is not completely understood and could be a function of time or resonator 

displacement, which could corrupt the signal and the estimates of ringdown time and 

quality factor.  The second is the potential for contamination.  Repeated measurement of 

the Experiment 1 and 2 devices over time indicate that the quality factors of those devices 

were decreasing with time, which suggests that there is some contamination in the probe 

chamber that is depositing on the resonators over time and reducing the quality factor.  

Since the Experiment 5 devices were the last devices to be tested, this contamination 

would have impacted them the most.  The significant amount of CDLoss could also be 

impacting the stress gradient in the tapered flexures which may have a detrimental impact 

on thermoelastic damping.  The final potential reason for low quality factors could be 

anchor loss.  The FEA was not able to provide an estimate for anchor loss and, as this is 

the first fabrication of this design, the design has not yet been proven to have low anchor 

loss.  However, the general design was informed by sound principles reported in the 

literature and was not expected to have significant anchor loss.  This is supported by the 

fact that two devices did have quality factors within a factor of two of the predicted 

quality factor.  However, due to the geometrical layout constraints, this particular 

implementation contained some asymmetries and the FEA did predict a slight asymmetry 

in the proof mass displacements which could give rise to significant anchor loss. 

The data also indicate that the standard deviation of the quality factor was higher 

than those from Experiments 1 and 2, but the quality factor was also strongly correlated 

to location on the wafer, particularly the row number.  Therefore, the resonant frequency 

and quality factor data was compensated for across wafer variations as described 
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previously.  The resulting statistics are provided in Table 5.36 along with similar 

statistics from Experiments 1 and 2 for comparison.  The post-compensation average 

resonant frequency and quality factor were zero for the Experiment 5 devices because the 

curve fit was only applied to the Experiment 5 devices, whereas the curve fit for the 

Experiment 1 and 2 devices included all four designs within those Experiments.  The 

standard deviations of the post-compensation resonant frequency and quality factor were 

2 to 3 times lower than those of the Experiment 1 and 2 devices, which is in opposition to 

the FEA predictions based on the CDLoss sensitivity slopes.  This may suggest that the 

primary cause of residual variability may be something other than CDLoss.  It is 

important to keep in mind that comparing the post-compensation statistics may not be fair 

because only Experiment 5 devices were included in its curve fit whereas the curve fit for 

the Experiment 1 and 2 devices included all four designs. 

Table 5.35  Experiment 5 Probe Station Measurement Results. 

Design 
Flexure 

Description 

Resonant 

Frequency 
Quality Factor 

(Hz) (unitless) 

Mean St. Dev. Mean St. Dev. 

Exp. 5 
Tapered 

Flexure Lever 
4547.9 318.7 217212 41782.0 

Exp. 1, 

Straight 

Flexure 

15 µm 
4893.2 323.3 316315 44718.9 

w/o Fillets 

15 µm 
5000.7 328.8 318463 54407.7 

w/ Fillets 

Exp. 2, 

Tapered 

Flexure 

15 µm 
4888.3 401.2 365762 49338.6 

w/o Fillets 

15 µm 
4917.1 324.4 310993 50568.2 

w/ Fillets 
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Table 5.36  Experiment 5 Measurement Results Compensated for Across-Wafer Variations. 

Design 
Flexure 

Description 

Resonant 

Frequency 
Quality Factor 

(Hz) (unitless) 

Mean St. Dev. Mean St. Dev. 

Exp. 5 
Tapered 

Flexure Lever 
0.0 64.6 0 9876.5 

Exp. 1, 

Straight 

Flexure 

15 µm 
-23.9 139.8 -9421 32598.7 

w/o Fillets 

15 µm 
113.3 115.6 -8216 35337.4 

w/ Fillets 

Exp. 2, 

Tapered 

Flexure 

15 µm 
-103.8 169.7 34403 23402.2 

w/o Fillets 

15 µm 
-0.4 122.7 -525 20720.3 

w/ Fillets 

 

 

5.2.6  Experiment 6 - Control Experiment 

Experiment 6 serves as the control for the broader set of dual mass resonator 

experiments.  The primary purpose of Experiment 6 was to characterize the performance 

of legacy dual mass resonator designs on this wafer for comparison to other experimental 

wafers to monitor fabrication process consistency across wafers.  There were 4 distinct 

designs included in Experiment 6.  The first three designs were provided by researchers 

at the Army Research Lab (ARL) and are direct copies of designs included on other 

wafers.  The fourth design was a mixture of a legacy design features and design features 

from this work.  The mixed design incorporates a direct copy of a legacy revised UCI 

APLM design but also integrates the coupler spring structure used in this work that has 

been modified to accommodate fillets.  Fillet accommodation required extended and 
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widened connectors in the coupler spring structure design but was not expected to impact 

device performance.  Figure 5.39 shows a solid model rendering of the Design 4 device.  

Table 5.37 summarizes the design configurations for the folded flexure and shuttle block 

portion of the revised UCI APLM.  The variable names used in Table 5.37 are defined in 

Section 4.1.6 and shown graphically in Figure 5.40.  The separation distance of the center 

of the angled flexures on the shuttle block, dAF, was 56 µm for Design 1, but was 60 µm 

for Designs 2, 3, and 4.  Table 5.38 summarizes the Flexure C design configurations of 

the revised UCI APLM for the various designs of Experiment 5.  The flexure width 

reported in Table 5.38 is the horizontal flexure width.  The flexure in Design 4 was 

designed to have a transverse width of 10 µm which corresponds to a horizontal width of 

10.015 µm as noted in Table 5.38.  Table 5.39 summarizes the design configurations of 

the coupler springs for the various designs of Experiment 6.  No fillets were included in 

any of the Experiment 6 designs.  Since the first three designs were added directly to the 

wafer mask by ARL personnel, solid models of these designs were not available and no 

finite element analyses were conducted on these designs.  However, optical photographs 

of the fabricated devices are provided in Figure 5.41 for the revised UCI APLMs and in 

Figure 5.42 for the coupler springs.  Twelve copies of each of the Experiment 6 designs 

were included on the wafer.  The locations on the wafer for the individual design 

configurations for Experiment 6 are provided in Appendix C, Figures C.42 - C.45.  All 

Experiment 6 devices were x-axis devices. 
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Figure 5.39  Experiment 6 Legacy DMR with Revised Coupler Springs. 
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Table 5.37  Experiment 6 APLM Shuttle Block and Folded Flexure Design Configurations. 

Parameter Label Units Value 

Shuttle Block Width wBlk µm 70 

Shuttle Block Length LBlk µm 200.5 

Flexure A Width wFF_A µm 10 

Flexure B Width wFF_B µm 10 

Flexure A Length LFF_A µm 225 

Flexure B Length LFF_B µm 265 

Angled Flexure Separation Distance dAF µm 
60 

(56 for Design 1) 

 

 

Figure 5.40  Straight Flexure Revised UCI APLM Variable Definitions. 
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Table 5.38  Experiment 6 Revised UCI APLM Flexure C Design Configurations. 

Design 
a 

(µm) 

b 

(µm) 

Flexure 

Width 

(µm) 

Flexure 

Length 

(µm) 

Fillets 

1 720 40 14 721.110 No 

2 720 40 10 721.110 No 

3 720 40 10 721.110 No 

4 720 40 
10.015 

(10) 
721.110 No 

 

Table 5.39  Experiment 6 Coupler Spring Design Configurations. 

Design 

Flexure D Flexure E Connector 

Width 

(µm) 

Fillets Width 

(µm) 

Length 

(µm) 

Width 

(µm) 

Length 

(µm) 

1 14 500 14 452 135 No 

2 

Split 

5µm (2x) 

w/ 10µm 

gap 

500 

Split 

5µm (2x) 

w/ 10µm 

gap 

465 97 No 

3 10 500 10 460 80 No 

4 10 500 10 460 135 No 
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.

 

Figure 5.41  Experiment 6 Revised UCI APLM. 

(a) Design 1 - Legacy 14µm Wide Flexures, (b) Design 2 - Legacy 10µm Flexures, (c) Design 3 - Legacy 

10µm Flexures, (d) Design 4 - 10µm Flexures. 
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Figure 5.42  Experiment 6 Coupler Spring Designs. 

(a) Design 1 - Legacy 14µm Wide Flexures, (b) Design 2 - Legacy Split Flexures, (c) Design 3 - Legacy 

10µm Flexures, (b) Design 4 - 10µm Flexures w/ Fillet Accommodating Structure. 
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Two finite element analyses, modal analysis and thermoelastic damping analysis, 

were performed on the Experiment 6 Design 4 device in a manner similar to that 

described in Section 5.2.1 to predict the performance of the design.  To estimate the 

sensitivity of the resonant frequency and thermoelastic damping to flexure width, the 

flexures widths (including the fillets) were varied by plus and minus 0.1µm and the 

modal analysis and thermoelastic damping analyses were conducted on each model.  The 

modal analysis results are presented in Table 5.40 and the thermoelastic damping results 

are presented in Table 5.41.  A linear least squares curve fit was applied to the three data 

points and the slopes from those curve fits are provided in the tables as well.  Similar to 

the analyses in previous sections, the normalized slopes are also included in Table 5.40 

and Table 5.41.  These results should be most comparable to the results from Design 3 of 

Experiment 1 presented in Section 5.2.1, and comparison with the results presented in 

Table 5.4 and Table 5.5 confirm that assertion. 

Table 5.40  Experiment 6 Design 4 FEA Resonant Frequency Results. 

Design 

-0.1µm 

Flexure 

Width 

Nominal 

Flexure 

Width 

+0.1µm 

Flexure 

Width 

Slope 
Normalized 

Slope 

(Hz) (Hz) (Hz) (Hz/nm) ((∆Hz/Hz)/µm) 

4 3199.7 3242.1 3287.3 0.4382 0.1352 
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Table 5.41  Experiment 6 Design 4 FEA Thermoelastic Damping (QTED) Results. 

Design 

-0.1µm 

Flexure 

Width 

Nominal 

Flexure 

Width 

+0.1µm 

Flexure 

Width 

Slope 
Normalized 

Slope 

(unitless) (unitless) (unitless) (1/nm) (1/µm) 

4 1.680E+06 1.627E+06 1.573E+06 -533.4 -0.3279 

 

Unfortunately, due to the stability issues associated with probing the devices with 

extremely high quality factors, data was only collected from 6 of the Design 3 devices.  

No data was collected from the other designs in this Control Experiment.  Of those 6 

devices, only 5 had acceptable resonant frequencies and only 4 had acceptable quality 

factors.  An attempt was made to compensate this data for variations across the wafer, but 

with the limited data, caution must be used when interpreting those results.  Table 5.42 

presents the statistics for both the raw and compensated resonant frequency and quality 

factor measurements taken from the Experiment 6 devices.  The majority of these 

statistics are similar to those for Experiment 4 with an L/d of 3, which is the most 

comparable design for which data is available.  However, both the raw and compensated 

resonant frequency standard deviations are significantly better than that device or any 

other device reported herein.  This is most likely because the majority of the acceptable 

Experiment 6 measurements were from devices that were relatively close on the wafer 

and therefore, not substantially impacted by the process variation across the wafer.  

Unfortunately, while this design was included on this wafer as a “control” for comparison 

to ensure similarity with other wafers, no data is currently available from other wafers to 

make such a comparison.  So, the data is provided here for comparison to data from 

future wafers. 
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Table 5.42  Experiment 6 Probe Station Measurement Results. 

Data 

Condition 

Resonant 

Frequency 
Quality Factor 

(Hz) (unitless) 

Mean St. Dev. Mean St. Dev. 

Raw 2577.4 80.5 665965 53445 

Compensated 0.0 22.0 0 44988 

 

 

5.3  Overall Discussion of Dual Mass Resonator Experimental Results 

For resonators and mode-matched gyroscopes, the primary factors that influence 

performance are the quality factor, quality factor variability (or quality factor mismatch), 

and frequency variability (or frequency mismatch).  The purpose of the Dual Mass 

Resonator experiments was to determine experimentally if tapered flexures and fillets 

improved these parameters over constant cross-section flexures without fillets.  Two 

additional purposes of the experiment were (1) to determine if the L/d ratio of the tapered 

flexure could be a useful tool for trading absolute quality factor against resonant 

frequency variability and quality factor variability, and (2) to assess the performance of 

the tapered flexure lever APLM. 

The experimental wafer contained 456 devices from these 6 experiments with a 

total of 20 distinct designs.  However, no data was able to be collected from the devices 

with significantly high quality factors due to noise and crosstalk on the probe card in the 

vacuum probe station causing system instability.  Additionally, metalization layer issues 

prevented data collection from the devices on the top several rows of the wafer, and 

other, more common fabrication issues further limited wafer yield.  Ultimately, data was 
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only collected from 107 total devices across 10 of the designs, but this included data from 

each of the 6 experiments.  For completeness, there was one additional experiment on this 

wafer that contained 6 “hybrid” designs (180 devices) of the dual mass resonator that 

incorporated both straight and tapered flexures.  However, very little data was collected 

on the devices from that experiment and no analysis of those results is included herein. 

The following bullets summarize the findings of the dual mass resonator 

experiments: 

• CDLoss estimates for the various experiments varied between 1.6µm and 

2.0µm, which is significant relative to the flexure widths and the amount 

of taper in the flexures. 

• There was a significant amount of resonant frequency and quality factor 

variation across the wafer that was consistently correlated to die location, 

particularly row location. 

• There were several quality factor measurements that were in excess of one 

million, which suggests very little anchor loss and generally symmetric 

fabrication. 

• After compensating for linear across-wafer variations, fillets reduced the 

resonant frequency variability in both the straight and tapered flexure 

designs by 20-30%. 

• When comparing the resonant frequency differences of adjacent x-axis 

and y-axis devices, fillets reduced the resonant frequency variability by a 

factor of 2.36. 
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• These two findings about fillets suggest that fabrication variations in the 

inside corners may be a significant contributor to the resonant frequency 

variability. 

• There was no clear indication that fillets had any impact on the variability 

of the quality factor. 

• There was significantly higher yield (roughly a factor of 2) for tapered 

flexure devices with fillets than without fillets. 

• The tapered flexure designs had quality factors that were a few percent 

higher than the equivalent straight flexure designs. 

• After compensating for across wafer variations, tapered flexures increased 

the frequency variability by a few percent. 

• After compensating for across wafer variations, tapered flexure designs 

reduced the quality factor variability by 30-40% over the equivalent 

straight flexure designs. 

• After compensating for across wafer trends, the limited data collected 

from the L/d ratio experiments indicate that the L/d ratio of the tapered 

flexure could be used to trade quality factor against resonant frequency 

variability.  The impact on quality factor variability was indeterminate. 

• Most of the quality factor measurements from the tapered flexure lever 

APLMs were significantly below the values predicted by FEA.  This could 

be due to any one of several reasons including the lack of a proof mass 

bias voltage, probe chamber contamination, CDLoss impact on 

thermoelastic damping, or anchor loss. 
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• After compensating for across wafer variations, the tapered flexure lever 

design had lower resonant frequency variability and lower quality factor 

variability than the equivalent straight and tapered flexure designs with or 

without fillets. 
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Chapter 7.  Conclusions and Recommendations for Future Research 

Since the introduction of the use of silicon as a mechanical material over 50 years 

ago, silicon sensors have been a constant topic of research for both academia and 

industry.  The demonstrated potential to produce low-cost silicon sensors using wafer 

scale processing, often with co-fabricated electronics, has transformed the market of 

portable sensing to the point where they are included in nearly every mobile phone 

manufactured in the last decade. However, the relatively poor performance of these 

consumer-grade sensors, the demand for more ruggedized sensors for both the 

automotive and military markets, and the never-ending desire to reduce cost continue to 

fuel the demand for continued research. 

This dissertation investigates the potential of tapered flexures and fillets to 

address all of those market pressures.  It addresses performance improvements through 

the investigation of tapered flexures and new anti-phase lever mechanism architectures 

that could enable resonators and gyroscopes to achieve higher quality factors that 

improve sensitivity, bias, and noise performance.  Both tapered flexures and fillets were 

investigated to reduce the stress in the flexures which produce more rugged devices.  

Finally, both tapered flexures and fillets were investigated to reduce the sensitivity to 

manufacturing variations which increases yield and reduces product cost.  The specific 

contributions of this research and recommendations for future research are summarized 

below. 
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 Contribution 1: It was demonstrated through Finite Element Analysis (FEA) 

that quadratically tapered flexures exhibit approximately 

40% less stress than an equivalent non-tapered flexure of the 

same length.  This reduction in stress could be exploited in 

gyroscopes, accelerometers, or resonators to increase the 

sensitivity, increase the range, reduce the noise floor, or 

increase the ruggedness of the device. 

 Contribution 2: It was demonstrated through FEA and confirmed through 

experiment that quadratically tapered flexures exhibit 

approximately 10% lower thermoelastic damping (i.e., 

10% higher quality factor) than an equivalent non-tapered 

flexure of the same length.  This increase in quality factor 

could be exploited in gyroscopes or resonators to increase the 

sensitivity, reduce the noise floor, or reduce bias. 

 Contribution 3: It was experimentally observed that quadratically tapered 

flexures reduced the variability of thermoelastic damping 

(i.e., quality factor variability) over that of an equivalent non-

tapered flexure of the same length.  This decrease in quality 

factor variability could be exploited to increase the yield of 

both gyroscopes and resonators, and to reduce bias error in 

gyroscopes. 

 Contribution 4: It was demonstrated through FEA that stress peaking of 

flexure inside corners can be mitigated with radius fillets 
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in both tapered and non-tapered flexures.  This reduction 

in stress peaking is dependent on the ratio of the fillet radius 

to the local flexure width.  This reduction in stress peaking 

could be exploited in gyroscopes, accelerometers, or 

resonators to increase the sensitivity, increase the operating 

range, reduce the noise floor, or increase the ruggedness of 

the device. 

 Contribution 5: It was discovered through FEA that the stress peaking 

mitigation behavior of fillets follows a universal 

relationship for both tapered and non-tapered flexures 

between the peak stress normalized to the local nominal 

stress and the fillet radius normalized to the local flexure 

width.  This finding results in a single curve that can be used 

to size fillet radii for stress peaking mitigation for both 

tapered and non-tapered flexures. 

 Contribution 6: It was demonstrated through experiment that fillets reduce 

the resonant frequency variability by at least 20% and 

potentially as much as a factor of 2.36.  This decrease in 

resonant frequency variability could be exploited to increase 

the yield of both gyroscopes and resonators, and to reduce 

quadrature error in gyroscopes. 

 Contribution 7: It was demonstrated through experiment that fillets 

significantly increase the yield of resonators employing 
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tapered flexures by a factor of roughly 2.  This increase in 

yield could be exploited to reduce the cost of both 

gyroscopes and resonators. 

 Contribution 8: It was demonstrated through FEA and confirmed through 

experiment that the ratio of the lengths of the tapered 

portion to the hammerhead portion of the tapered 

flexures (L/d ratio) could be used to trade quality factor 

against resonant frequency variability in designs 

employing tapered flexures.  This provides the design 

engineer a design variable to trade device performance 

against yield for both gyroscopes and resonators, and/or to 

trade bias, sensitivity, and noise performance against 

quadrature error in gyroscopes. 

 Contribution 9: Five new anti-phase lever mechanism designs were 

formulated, analyzed through FEA, and two were 

demonstrated experimentally.  Complete design procedures 

were captured for each of these designs and their 

performance was assessed via FEA against two designs 

published in literature for several critical device parameters 

for gyroscopes and resonators.  The strengths and weaknesses 

of each of these designs were captured and documented.  

Experimental data confirmed the benefits predicted by FEA 

of the tapered flexure revised UCI design, but did not 
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confirm the predicted reduction in thermoelastic damping 

predicted by FEA for the tapered flexure lever design.  

Several potential causes of this result were provided. 

 Contribution 10: It was demonstrated through experiment that the tapered 

flexure lever anti-phase lever mechanism design reduced 

both the resonant frequency and quality factor variability 

over equivalent straight and tapered flexure revised UCI 

designs.  This reduction in variability could be exploited to 

increase in yield (reduce the cost) of both gyroscopes and 

resonators and/or to improve bias performance and reduce 

quadrature error in gyroscopes. 

 

 Recommendation 1: Additional data should be collected from the existing 

experiment to validate these initial findings.  Many of the 

benefits of tapered flexures and fillets are either a fairly small 

percentage improvement or a statistical variability 

improvement, both of which require large data sets to 

validate.  While a significant amount of data was collected 

and presented in this dissertation from several different 

designs, it was collected from a single wafer and no data was 

collected from several of the designs on the wafer.  

Additionally, no proof mass bias voltage could be applied to 

one of the designs which casts some doubt on the accuracy of 
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those findings.  More wafers should be fabricated and 

interrogated both from the ARL facility used for the present 

research and from other third-party fabrication facilities to 

investigate the universality of these findings. 

 Recommendation 2: Improvements should be made to the experimental setup 

to improve the confidence in the results.  Specifically, the 

loop instability of the devices with high quality factors needs 

to be addressed and corrected to enable accurate data 

collection from those devices.  The probe chamber 

contamination problem which degrades the quality factors 

over time should also be investigated and addressed since 

several days or weeks are required to interrogate all of the 

600+ devices on the wafer.  Automating the interrogation 

process would be a significant help to gathering the large 

quantity of data required for this study.  The fabrication 

process should be improved to reduce the variability across 

the wafer and/or every device should have an identical device 

adjacent to it on the wafer to enable side-by-side comparisons 

to be made in a manner similar to the y-axis device 

experiments in this research.  Finally, the mask should be 

adjusted to account for the globally estimated CDLoss to 

enable closer comparison to the FEA predictions. 
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 Recommendation 3: Alternate resonator designs with larger thermoelastic 

damping (lower quality factors) should be used for 

experimentation to ensure that the measured ringdown times 

and quality factors are limited only by thermoelastic 

damping.  This would reduce the electronic instability 

problem, make the ringdown measurements easier and faster, 

and increase the confidence that the data collected is 

characterizing the thermoelastic damping performance. 

 Recommendation 4: An investigation should be performed into the sensitivity 

of each APLM design to changes in the footprint to obtain 

a more complete comparative assessment of the APLM 

designs.  The “equivalence” of the APLM designs reported in 

this research was largely based on the lengths of key 

elements of the design which held all designs to a very 

similar footprint.  Developing a more complete 

understanding of the sensitivity of these designs to changes in 

the footprint could lead to more insightful conclusions.  A 

portion of that study should include the hybrid pivot 

configuration suggested in Chapter 4. 

 Recommendation 5: A dedicated experiment should be contrived to investigate 

the tapered flexure lever anti-phase lever mechanism and 

compare it to the revised UCI design.  The experiment 

conducted in this research to investigate the tapered flexure 
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lever design required heavy modification of the base dual-

mass resonator design and resulted in a device configuration 

that was significantly less than ideal.  The potential 

thermoelastic damping performance gains of this design that 

were predicted by the FEA, coupled with the reduction in 

variability seen in the experimental data warrant further 

investigation and justify a dedicated experiment for this 

design where layout concessions for compatibility will not 

have to be made. 

 Recommendation 6: Incorporate only fillets into the existing ARL Quadruple 

Mass Gyroscope (QMG) design and compare 

performance and yield to existing devices.  The findings in 

this dissertation indicate that incorporation of fillets should 

significantly improve yield and performance of the QMG, but 

this should be substantiated by experiment. 

 Recommendation 7: Incorporate tapered flexures with fillets into the existing 

ARL Quadruple Mass Gyroscope (QMG) design and 

compare performance and yield to existing devices.  The 

findings in this dissertation indicate that incorporation of 

tapered flexures with fillets should significantly improve 

yield and performance of the QMG, but this should be 

substantiated by experiment. 
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 Recommendation 8: The benefits of tapered flexures and fillets should be 

investigated for other types of sensor and actuator 

designs.  Research at Carnegie Mellon University has 

investigated the use of tapered flexures to increase the range 

of high-g accelerometers, but this work suggests that tapered 

flexures with fillets may be able to decrease the variability 

and increase the yield of a broad class of in-plane silicon 

accelerometers and actuators.   

 Recommendation 9: The benefits of tapered flexures and fillets should be 

investigated over various environmental factors such as 

thermal, vibration, and shock.  The reduction of stress and 

stress peaking, combined with the uniformity of the stress 

along the length of the flexure may make tapered flexures 

with fillets less sensitive to environmental changes.  The 

impacts of these environmental stimuli are very difficult to 

model in FEA and the only reliable way to characterize them 

is through statistical experimental evaluation.  An in-plane 

accelerometer design would be an excellent candidate sensor 

for an experiment to assess environmental sensitivities. 

 Recommendation 10: An investigation should be performed into the potential 

benefits of quadratically tapered flexures for piezoelectric 

bimorph sensors and actuators.  The uniform strain field 

provided by the quadratically tapered flexure geometry 
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should be an excellent match for use in piezoelectric bimorph 

structures due to the need to have uniform strain across the 

length of the piezoelectric element.  Similar to what was 

described by BEI in their Quartz rate sensor [71], the 

quadratically tapered flexure should increase the 

electromechanical coupling efficiency of piezoelectric 

bimorph elements commonly used in some silicon devices.  

This has the potential to lead to performance improvements 

in actuators, sensors, energy harvesting devices, 

power/voltage conversion devices, and other devices that 

employ piezoelectric bimorph structures. 
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Appendix A.  Relevant Mathematical Derivations 

Appendix A presents mathematical derivations that were either too extensive for 

the main body or were ancillary to the primary arguments of this dissertation. 

A.1  Euler-Bernoulli Beam Equation with Location-Dependent Moment of Inertia  

This derivation picks up from Chapter III using Figure 3.4 and Equation 3.11 and 

proves that even if the moment of inertia is a function of the location along the length of 

the beam, it still remains outside of the second derivative in the standard Euler-Bernoulli 

beam equation. 

First, we define the displacement field, È`�, �, that describes the displacement of 

the material in the x direction as a function of both x and y:  The differential equation for 

È`�, � can be written by inspection as: 

È`�, � = È¦`� − � ⋅ 4�`�
 ,  (A.1) 

where È¦`� is the � axis displacement of the beam along the neutral axis of the beam at 

location �.  In our analysis, we assume that the beam is in a pure bending mode and that 

there is no net axial force, Æ, along the � axis either in tension or compression acting on 

the beam over an individual cross section.  Therefore, the first term of this equation will 

eventually be set to zero.  That is, È¦`� = 0.  However, we will carry this term for now 

so that we will have a more generalized result for the displacement of the tapered flexure. 
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The normal strain, �  `�, �, can then be written as the partial derivative with 

respect to � of the displacement field equation, Equation A.1: 

�  `�, � = �F` ,)� = 
F!` 
 − � ⋅ 
�V` 
 � .  (A.2) 

Multiplying this equation by Young’s Modulus, Z, yields the equation for the 

stress, �  `�, � as a function of � and �: 

�  `�, � = Z ⋅ �  `�, � = Z ⋅ �¦`� − Z ⋅ � ⋅ 
�V` 
 � ,  (A.3) 

where the additional function, �¦`�, has been defined to describe the strain of the beam 

along the neutral axis at location �, or: 

�¦`� = 
F!` 
 .  (A.4) 

The axial force, ÆI=, of any cross-sectional area, � , of the beam at location �, 

can then be found by integrating the stress over the entire cross-sectional area as follows: 

ÆI= = � �  `�, �4� I= .  (A.5) 

Substituting Equation A.3 into Equation A.5 yields: 

ÆI= = � Z ⋅ �¦`�4� I= − � Z ⋅ � ⋅ 
�V` 
 � 4� I= .  (A.6) 

Since �¦`� and �`� are only functions of �, they can be pulled out of the area 

integration operation which is only integrating over � and �.  This yields: 
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ÆI= = Z ⋅ �¦`�� 4� I= − Z ⋅ 
�V` 
 � � � ⋅ 4� I= .  (A.7) 

By inspection we know that: 

� 4� I= = � .  (A.8) 

Additionally, since the cross-sectional area of integration is symmetric in both 

axes and centered around the origin, then we also know that the first moment of inertia 

about � is zero, or: 

� � ⋅ 4� I= = 0.  (A.9) 

Substituting Equation A.8 and Equation A.9 into Equation A.7 yields the 

following relation for the total axial force at location �:  

ÆI= = Z ⋅ �¦`� ⋅ � − Z ⋅ 
�V` 
 � ⋅ 0 = Z ⋅ �¦`� ⋅ � .  (A.10) 

Since there were no restrictions placed on the specific location, �, of this 

derivation, this result can be generalized to any location along the length of the flexure, 

or: 

Æ`� = Z ⋅ �¦`� ⋅ �`�.  (A.11) 

This result is consistent with that of the non-tapered flexure with the exception 

that the cross-sectional area is now a function of � instead of a constant.  For the specific 

problem at hand, deriving the linear and rotational spring constants of the tapered flexure 
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with a lumped mass on the end, we are assuming a pure bending mode for the flexure.  

That is, we are assuming no net axial extension or compression, i.e., �¦`� = 0 and, 

therefore, it follows that Æ`� = 0. 

The net bending moment, xI=, of any given cross-sectional area, � , of the beam 

at location �, can then be found by negative of the first moment of the stress about the 

axis of bending over the entire cross-sectional area as follows: 

xI= = −� � ⋅ �  `�, �4� I= .  (A.12) 

Substituting Equation A.3 into Equation A.12 yields: 

xI= = −� � ⋅ Z ⋅ �¦`�4� I= + � Z ⋅ �� ⋅ 
�V` 
 � 4� I= .  (A.13) 

Again, since �¦`� and �`� are only functions of �, they can be pulled out of the 

area integration operation which is only integrating over � and �.  This yields: 

xI= = −Z ⋅ �¦`�� � ⋅ 4� I= + Z ⋅ 
�V` 
 � � �� ⋅ 4� I= .  (A.14) 

From Equation A.9, it follows that the first term goes to zero.  We also recognize 

that the second term is just the second moment of inertia of the cross-sectional area, _I=, 

or: 

� �� ⋅ 4� I= = _I=.  (A.15) 

Substituting these results into Equation A.14 yields: 
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xI= = −Z ⋅ �¦`� ⋅ 0 + Z ⋅ 
�V` 
 � ⋅ _I= = Z ⋅ _I= ⋅ 
�V` 
 � .  (A.16) 

Since there were no restrictions placed on the specific location, �, of this 

derivation, this result can be generalized to any location along the length of the flexure, 

or: 

x`� = Z ⋅ _`� ⋅ 
�V` 
 � .  (A.17) 

Comparing this result in Equation A.17 to the general Euler-Bernoulli Beam 

Equation found in Equation 3.11 answers the original question and constitutes the proof 

that, although it is a function of �, the second moment of inertia, _`�, can remain outside 

of the second derivative with respect to �.  

A.2  Tapered Beam Deflection Equation Derivations 

This derivation picks up from Chapter III using Figure 3.4 and Equation 3.19 and 

derives the linear and angular deflection equations for quadratically tapered flexures with 

a point force load applied to the center of the hammerhead. 

Equation 3.19 is repeated here for reference: 

3 ⋅ `� − � = Z ⋅ >⋅|»�@Í�=Í A��
�� ⋅ 
�V` 
 � .  (A.18) 

The solution to this equation is found using separation of variables as follows: 



 

346 

3 ⋅ `� − �4�� = Z ⋅ >⋅|»�@Í�=Í A��
�� ⋅ 4��  (A.19) 

��⋅D⋅`¯H 
Q⋅>⋅|»�⋅@Í�=Í A�� 4�� = 4��  (A.20) 

4�� = ��⋅D⋅`¯H 
Q⋅>⋅|»�⋅@Í�=Í A�� 4��  (A.21) 

4�� = ��⋅D⋅¯��
Q⋅>⋅|»�⋅`¯H Ì� 4��  (A.22) 

∬4�� = ∬ ��⋅D⋅¯��
Q⋅>⋅|»�⋅`¯H Ì� 4�� ¦   (A.23) 

�`� − � ⋅ �Ë`0 − �`0 = ��⋅D⋅¯��Q⋅>⋅|»� ∬ �
`¯H Ì� 4�� ¦ .  (A.24) 

Considering the left-hand side of Equation A.24, we assume that the boundary 

conditions of the displacement, �, and velocity, �Ë, at location � = 0 are zero.  This 

yields: 

�`� = ��⋅D⋅¯��Q⋅>⋅|»� ∬ �
`¯H Ì� 4�� ¦ .  (A.25) 

We then evaluate the integral on the right-hand side as follows: 
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�`� = ��⋅D⋅¯��Q⋅>⋅|»� � � `� − �HÌ�4� ¦ 4� ¦   (A.26) 

�`� = ��⋅D⋅¯��Q⋅>⋅|»� � 
  �`¯H Ì�� �� ⋅ `−1� � 
¦   �  4� ¦   (A.27) 

�`� = ��⋅D⋅¯��Q⋅>⋅|»� �   ´−2 ⋅ `� − �Ì� + 2 ⋅ �Ì�·   �  4� ¦   (A.28) 

�`� = ��⋅D⋅¯��Q⋅>⋅|»� � −2 ⋅ `� − �Ì�  4� ¦ + � 2 ⋅ �Ì�  4� ¦ �  (A.29) 

�`� = ��⋅D⋅¯��Q⋅>⋅|»� 
�H�⋅`¯H ��� �� ⋅ `−1� � 
¦ + ´2 ⋅ �Ì� ⋅ �· � 

¦ �  (A.30) 

�`� = ��⋅D⋅¯��Q⋅>⋅|»� ´À� `� − ��� − À� ���· + ´2 ⋅ �Ì� ⋅ �·�  (A.31) 

�`� = ��⋅D⋅¯��Q⋅>⋅|»� À� `� − ��� + 2 ⋅ �Ì� ⋅ � − À� ����.  (A.32) 

The angular deflection of the beam can then be found as the first derivative of the 

displacement equation with respect to � as follows: 

�`� = 

 �`� = ��⋅D⋅¯��Q⋅>⋅|»� −2 ⋅ `� − �Ì� + 2 ⋅ �Ì��  (A.33) 
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�`� = �À⋅D⋅¯��Q⋅>⋅|»� �Ì� − `� − �Ì��.  (A.34) 

Substituting Equation 3.14 back into Equation A.32 and Equation A.34, we arrive 

at the following two equations that describe the linear and angular deflections of the 

tapered beam: 

�`� = ��⋅D⋅`�Þ
��Q⋅>⋅|»� À� `~ + 4 − ��� + 2 ⋅ `~ + 4Ì� ⋅ � − À� `~ + 4��� (A.35) 

and 

�`� = �À⋅D⋅`�Þ
��Q⋅>⋅|»� `~ + 4Ì� − `~ + 4 − �Ì��.  (A.36) 

The linear deflection spring constant, �N, for the end of the tapered beam (i.e., at 

the location where the tapered beam meets the hammerhead, � = ~) can be found as the 

ratio of the applied force, 3, to the displacement, �`�, as follows.  First, we substitute 

� = ~ into Equation A.35 to find the linear deflection of the beam at the end of the beam: 

�`~ = ��⋅D⋅`�Þ
��Q⋅>⋅|»� À� `4�� + 2 ⋅ `~ + 4Ì� ⋅ ~ − À� `~ + 4���. (A.37) 

Next, we evaluate the ratio of the force to the linear displacement to arrive at the 

desired linear spring constant: 

�N = DV`� = Q⋅>⋅|»���⋅`�Þ
�� À� `4�� + 2 ⋅ `~ + 4Ì� ⋅ ~ − À� `~ + 4���.  (A.38) 
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The expression for the angular deflection at the end of the beam can be found by 

evaluating Equation A.36 at � = ~.  This yields: 

�`~ = �À⋅D⋅`�Þ
��Q⋅>⋅|»� `~ + 4Ì� − `4Ì��.  (A.39) 

It is important to note here that the above equations were all derived for locations 

along the length of the beam, 0 ≤ � ≤ ~.  For the purposes of the current research, it is 

desirable to obtain expressions for the linear and angular deflections of the hammer-head 

at the center of the hammer-head, that is at � = ~ + 4.  To extend the current results to 

this location, we will assume that the hammerhead is effectively infinitely stiff, which is 

justified because it is of relatively large width and of relatively short length.  With this 

assumption, there is no additional angular deflection between the end of the beam, � = ~, 

and the center of the hammerhead, � = ~ + 4.  Therefore, we have: 

�`~ + 4 = �`~ = �À⋅D⋅`�Þ
��Q⋅>⋅|»� `~ + 4Ì� − `4Ì��.  (A.40) 

The linear deflection at locations within the hammerhead, ���`�, can then be 

expressed as a combination of the linear deflection at the end of the beam, �`~, plus a 

linear extension of the angular deflection at the end of the beam, �`~, multiplied by the 

length of the extension, `� − ~, or: 

���`� = �`~ + �`~ ⋅ `� − ~ ~ < � ≤ ~ + 4. (A.41) 

Substituting Equation A.37 and Equation A.40 into Equation A.41 gives the full 

expression for the linear deflection for locations within the hammerhead, or: 
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���`� = ��⋅D⋅`�Þ
��Q⋅>⋅|»� À� `4�� + 2 ⋅ `~ + 4Ì� ⋅ ~ − À� `~ + 4��� +
       �À⋅D⋅`�Þ
��Q⋅>⋅|»� `~ + 4Ì� − `4Ì�� ⋅ `� − ~ ~ < � ≤ ~ + 4, (A.42) 

which simplifies to 

���`� = ��⋅D⋅`�Þ
��Q⋅>⋅|»� ´À� `4�� + 2 ⋅ `~ + 4Ì� ⋅ ~ − À� `~ + 4��· +
            ´2 ⋅ `� − ~ ⋅ @`~ + 4Ì� − `4Ì�A·� ~ < � ≤ ~ + 4. (A.43) 

Evaluating this expression at the center of the hammerhead, � = ~ + 4, yields the 

following: 

���`~ + 4 = ��⋅D⋅`�Þ
��Q⋅>⋅|»� ´À� `4�� + 2 ⋅ `~ + 4Ì� ⋅ ~ − À� `~ + 4��· +
                        ´2 ⋅ `4 ⋅ @`~ + 4Ì� − `4Ì�A·� ~ < � ≤ ~ + 4 (A.44) 

���`~ + 4 = ��⋅D⋅`�Þ
��Q⋅>⋅|»� 2 ⋅ ~ ⋅ `~ + 4Ì� + 2 ⋅ 4 ⋅ `~ + 4Ì� − À� `~ + 4�� −
                             �� `4��� ~ < � ≤ ~ + 4 (A.45) 

���`~ + 4 = ��⋅D⋅`�Þ
��Q⋅>⋅|»� 2 ⋅ `~ + 4 ⋅ `~ + 4Ì� − À� `~ + 4�� − �� `4��� 
 ~ < � ≤ ~ + 4 (A.46) 



 

351 

���`~ + 4 = ��⋅D⋅`�Þ
��Q⋅>⋅|»� 2 ⋅ `~ + 4�� − À� `~ + 4�� − �� `4���  

 ~ < � ≤ ~ + 4 (A.47) 

���`~ + 4 = ��⋅D⋅`�Þ
��Q⋅>⋅|»� �� `~ + 4�� − �� `4��� ~ < � ≤ ~ + 4 (A.48) 

���`~ + 4 = �⋅DQ⋅>⋅|»� `~ + 4� − `~ + 4��`4��� ~ < � ≤ ~ + 4. (A.49) 

Next, we evaluate the ratio of the force to the linear displacement to arrive at the 

linear spring constant at the center of the hammerhead, ��� : 

��� = Q⋅>⋅|»��⋅*`�Þ
�H`�Þ
��`
��0 .  (A.50) 

Finally, we evaluate the ratio of the force to the angular displacement given in 

Equation A.40 to arrive at the angular spring constant at the center of the hammerhead, 

�� : 

�� = Q⋅>⋅|»��À⋅�`�Þ
�H`�Þ
��`
Ì�� .  (A.51) 
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A.3  Straight Beam Deflection Equation Derivations 

This section documents the derivation of the beam deflection and spring constant 

equations for a straight beam with a hammerhead feature in response to a force applied to 

the center of the hammerhead.  This derivation picks up from Chapter III using Figure 3.4 

and Equation 3.15, except that for the straight flexure, I(x) is a constant: 

3 ⋅ `� − � = Z ⋅ _ ⋅ 
�V` 
 �  .  (A.52) 

Separating variables yields: 

DQ∙ô `� − �4�� = 4��  (A.53) 

DQ∙ô µ�∬ 4� 4� ¦ − ∬ � 4� 4� ¦ ¶ = ∬ 4�� ¦   (A.54) 

DQ∙ô ´¯ �
� −  �

¥ · = �`� − � �Ë`0 − �`0.  (A.55) 

Since the beam is fixed-fixed at the origin and this is a static analysis, we know 

that �`0 = 0 and �Ë`0 = 0.  So, we have: 

�`� = DQ∙ô ´¯ �
� −  �

¥ · 0 ≤ � ≤ ~. (A.56) 

At x=L we have: 

�`~ = DQ∙ô ´¯��
� − ��

¥ · � = ~. (A.57) 
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Substituting N=L+d back in, we have: 

�`~ = DQ∙ô ´`�Þ
��
� − ��

¥ · � = ~ (A.58) 

�`~ = DQ∙ô ´���Þ�
��H��
¥ · � = ~ (A.59) 

�`~ = DQ∙ô ´���Þ�
��
¥ · � = ~ (A.60) 

�`~ = DQ∙ô ´��
� + 
��

� · � = ~. (A.61) 

The angular deflection can be found by taking the first derivative of the linear 

deflection with respect to x.  So, from Equation A.56, we have: 

�`� = 

 �`� = 

  DQ∙ô ´¯ �
� −  �

¥ ·� 0 ≤ � ≤ ~ (A.62) 

�`� = DQ∙ô ´�� −  �
� · 0 ≤ � ≤ ~. (A.63) 

Evaluating this expression at the end of the flexure (x=L) leads to: 

�`~ = DQ∙ô ´�~ − ��
� · � = ~. (A.64) 

Substituting N=L+d back in, we have: 

�`~ = DQ∙ô ´`~ + 4~ − ��
� · � = ~ (A.65) 
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�`~ = DQ∙ô ´~� + 4~ − ��
� · � = ~ (A.66) 

�`~ = DQ∙ô ´��
� + 4~· � = ~. (A.67) 

Here we assume that the hammerhead is essentially infinitely stiff so that the 

deflection equations can be projected across the length of the hammerhead by linear 

extension of the angular deflection at the end of the flexure, or: 

�`� = �`~ + `� − ~ ∙ �`~ ~ ≤ � ≤ � (A.68) 

�`� = DQ∙ô ´��
� + 
��

� · + `� − ~ ∙ DQ∙ô ´��
� + 4~· ~ ≤ � ≤ � (A.69) 

�`� = DQ∙ô ´��
� + 
��

� + �� � + 4~� − ��
� − 4~�· ~ ≤ � ≤ � (A.70) 

�`� = DQ∙ô ´H��
¥ − 
��

� + �� � + 4~�· ~ ≤ � ≤ � (A.71) 

�`� = DQ∙ô ´�� � + 4~� − ��
¥ − 
��

� · ~ ≤ � ≤ �. (A.72) 

First, we evaluate this at the center of the hammerhead, x=L+d: 

�`~ + 4 = DQ∙ô ´��`�Þ
� + 4~`~ + 4 − ��
¥ − 
��

� · � = ~ + 4 (A.73) 
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�`~ + 4 = DQ∙ô ´��
� + 
��

� + 4~� + 4�~ − ��
¥ − 
��

� · � = ~ + 4 (A.74) 

�`~ + 4 = DQ∙ô ´��
� + 4~� + 4�~· � = ~ + 4. (A.75) 

Solving Equation A.75 for the spring constant giving the deflection at the center 

of the hammerhead for a force applied at the center of the hammerhead yields: 

����_R = DV`�Þ
) = D3Z∙_�~33 +4~2+42~�  (A.76) 

����_R = Q∙ô�~33 +4~2+42~�  (A.77) 

����_R = �∙Q∙ô´~3+34~2+342~· .  (A.78) 

Recalling that: 

_ = >∙|�12 ,  (A.79) 

and substituting yields: 

����_R = Q∙>∙|�À´~3+34~2+342~· .  (A.80) 

Evaluating Equation A.72 at the end of the hammerhead (x=L+2d), yields: 

�`~ + 24) = DQ∙ô ´��`�Þ�
)� + 4~`~ + 24) − ��¥ − 
��� ·  (A.81) 



 

356 

�`~ + 24) = DQ∙ô ´��� + 4~� + 4~� + 24�~ − ��¥ − 
��� ·  (A.82) 

�`~ + 24) = DQ∙ô ´��� + �
��� + 24�~·.  (A.83) 

Solving Equation A.83 for the spring constant giving the deflection at the end of 

the hammerhead for a force applied at the center of the hammerhead yields: 

���Q_R = DV`�Þ�
) = D3Z∙_�~33 +34~22 +242~�  (A.84) 

���Q_R = Q∙ô�~33 +34~22 +242~�  (A.85) 

���Q_R = ¥∙Q∙ô´2~3+94~2+1242~· .  (A.86) 

Substituting A.79 into this equation we have: 

���Q_R = Q∙>∙|��´2~3+94~2+1242~·  (A.87) 

���Q_R = Q∙>∙|�4~3+184~2+2442~ .  (A.88) 

From Equation A.67 we find that the rotational spring constant is the same for all 

locations: 

��_R = �����_R = ����Q_R = D�`�) = Q∙ô~22 +4~  (A.89) 
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��_R = �����_R = ����Q_R = D�`�) = �∙Q∙ô~2+24~ .  (A.90) 

Substituting A.79 into this equation we have: 

��_R = �����_R = ����Q_R = D�`�) = Q∙>∙|�¥~2+124~ .  (A.91) 

 

A.4  Tapered Flexure Deflection Sensitivity to CDLoss Derivations 

This section provides the detailed derivation of the deflection equation of the 

tapered flexure for the CDLoss evaluation.  Picking up from Equation 3.47, we have: 

�`�) = ��D¯��Q>|»� ∬ �`))Ì�ÞP 4�4� ¯H ¯ .  (A.92) 

Focusing on the first integral we first seek the solution for: 

� �`))Ì�ÞP 4�¯H ¯ .  (A.93) 

Introducing a substitution of variables we let: 

È = �Ì� + �  (A.94) 

4È = �� �HÌ� 4�  (A.95) 

4� = 2�Ì� 4È,  (A.96) 



 

358 

which yields: 

�ÈH�2�Ì� 4È = �ÈH�2`È − �)Ì� 4È  (A.97) 

� �FF  4È − � �PF  4È = � 2 4È − � �PF  4È  (A.98) 

2È − 2� ln`È) + T¦.  (A.99) 

Substituting back in for u yields: 

2 @�Ì� + �A − 2� ln @�Ì� + �A + T¦  (A.100) 

2±� − 2� ln7� + ±�8 + 2� + T¦.  (A.101) 

Combining the constants of integration as: 

T� = 2� + T¦,  (A.102) 

we have: 

2±� − 2� ln7� + ±�8 + T�.  (A.103) 

Here we note that the physical interpretation of this equation is the slope of the 

flexure.  To solve for the constant of integration, we evaluate this expression at a location 

where we know the slope.  We are assuming that the flexure in its original condition is 

nominally aligned with the coordinate frame.  Therefore, this slope will be zero at x=0, 
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which corresponds to y=N.  Substituting y=N and setting this expression equal to zero 

yields: 

2√� − 2� ln7� + √�8 + T� = 0  (A.104) 

T� = −2√� + 2� ln7� + √�8.  (A.105) 

This leaves us with the final expression for the first integral as: 

2±� − 2� ln7� + ±�8 − 2√� + 2� ln7� + √�8.  (A.106) 

Substituting this back into Equation A.92, we have: 

�`�) = ��D¯��Q>|»� � °2±� − 2� ln7� + ±�8 − 2√� + 2� ln7� + √�8²4�¯H ¯ , (A.107) 

which was the integrand shown in Equation 3.48 of Chapter 3.  We will now turn our 

attention to this second integration.  The integration of the first and third terms are trivial, 

but the second term requires some effort.  Focusing on this term alone we need to find: 

� ln7� + ±�8 4�.  (A.108) 

The following is commonly found in tables of integrals: 

� ln`È) 4È = È ln`È) − È + T .  (A.109) 

So here we let 

È = � + ±�   (A.110) 
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4È = �� �HÌ�4�   (A.111) 

4� = 2�Ì�4È   (A.112) 

4� = 2`È − �)Ì�4È .  (A.113) 

Plugging these into Equation A.108 gives: 

� ln`È) 2`È − �)4È  (A.114) 

2�È ln`È) 4È − 2� � ln`È) 4È.  (A.115) 

Looking at the first term, the solution is commonly found in many tables of 

integrals as: 

�È ln`È) 4È = F�� ´ln`È) − ��· + T,  (A.116) 

and the solution of the second term was provided earlier.  Putting these together we find 

the total integral of Equation A.108 to be: 

2 F�� ´ln`È) − ��·� − 2�ÁÈ ln`È) − ÈÂ  (A.117) 

`È� − 2�È) ln`È) − F�� + 2�È.  (A.118) 
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Here the constants of integration have been omitted because we know that we are 

going evaluate this integral over a definite interval and that these constants will 

eventually cancel out.  Now substituting back in È = � + ±�  we have the following: 

+7� + ±�8� − 2�7� + ±�8- ln7� + ±�8 − `PÞ√))�� + 2�7� + ±�8 (A.119) 

7�� + 2�±� + � − 2�� − 2�±�8 ln7� + ±�8 − P�� − �±� − )� + 2�� + 2�±� (A.120) 

`� − ��) ln7� + ±�8 + �±� − )� + T.  (A.121) 

Here all of the constants have been grouped into a single constant which will now 

be discarded because the integration will be over a definite interval where this constant 

term will cancel out.  Going back to Equation A.107 and solving the integral using the 

above expression for the second term we have: 

�`�) = ��D¯��Q>|»� À� ��� − 2� ´7� − �28 ln7� + ±�8 + �±� − �2· + T1��  �� − ��  (A.122) 

�`�) = ��D¯��Q>|»� À� `� − �)�� − 2� ´7� − � − �28 ln7� + √� − �8 + �√� − � − ¯H 2 · +
            T1`� − �) − À� ��� + 2� ´7� − �28 ln7� + √�8 + �√� − 2̄· − T1��  (A.123) 

�`�) = ��D¯��Q>|»� À� `� − �)�� − À� ��� − T1� + 2� ´7� − �28 ln7� + √�8 −
                         7� − � − �28 ln7� + √� − �8 + �√� − �√� − � −  2·� . (A.124) 
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Substituting back in for T� yields: 

�`�) = ��D¯��Q>|»� À� `� − �)�� − À� ��� − µ−2√� + 2� ln7� + √�8¶� + 2� ´7� −
           �28 ln7� + √�8 − 7� − � − �28 ln7� + √� − �8 + �√� − �√� − � −  2·�  (A.125) 

�`�) = ��D¯��Q>|»� À� `� − �)�� − À� ��� + 2�√� − 2�� ln7� + √�8 + 2� ´7� − �28 ln7� + √�8 −
                         7� − � − �28 ln7� + √� − �8 + �7√� − √� − �8 −  2·�   (A.126) 

�`�) = ��D¯��Q>|»� À� `� − �)�� − À� ��� + 2�√� + 2� ´7� − � − �28 ln7� + √�8 −
                         7� − � − �28 ln7� + √� − �8 + �7√� − √� − �8 −  2·�   (A.127) 

�`�) = ��D¯��Q>|»� À� `� − �)�� + 2�√� − À� ��� + 2� ´7� − � − �28µln7� + √�8 −
                         ln7� + √� − �8¶ + �7√� − √� − �8 −  2·� ,  (A.128) 

which is the result referenced in Chapter 3 as Equation 3.51.  Using the definition of the 

derivative we have: 

2¸�>`~)¹| = limº»→¦ V`�)�»��»   H  V`�)�»�!º» ,  (A.129) 

where the subscript % has been introduced to indicate that this is for the tapered flexure.  

Letting x=L in Equation A.128 we have: 

�>`~) = ��D¯��Q>|»� À� `4)�� + 2~√� − À� ��� + 2� ´74 − �28µln7� + √�8 − ln7� + √48¶ +
                          �7√� − √48 − �2·� .  (A.130) 
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Now substituting back in for a we get: 

�>`~) = ��D¯��Q>|»� � À� 4�� + 2~√� − À� ��� + 6�Ì� º»|» *+4 − @3�Ì� º»|»A�- ´ln @3�Ì� º»|» + √�A −
                               ln @3�Ì� º»|» + √4A· + @3�Ì� º»|»A 7√� − √48 − ��0 �   (A.131) 

�>`~) = ��D¯��Q>|»� � À� 4�� + 2~√� − À� ��� − 3~�Ì� º»|» + 64�Ì� º»|» ´ln @3�Ì� º»|» + √�A −
ln @3�Ì� º»|» + √4A· + 18� @º»|»A� 7√� − √48 − 54��� @º»|»A� ´ln @3�Ì� º»|» +
√�A − ln @3�Ì� º»|» + √4A·� .  (A.132) 

Substituting this back into Equation A.129 yields: 

2¸�>`~)¹| = limº»→¦

123�32Z%�©3 ⎩⎪⎨
⎪⎧  43432+2~√�−43�32−3~�12 Δ©�©+64�12 Δ©�©�ln�3�12 Δ©�©+√��−ln�3�12 Δ©�©+√4��

    +18�@Δ©�©A27√�−√48−54�32@Δ©�©A3�ln�3�12 Δ©�©+√��−ln�3�12 Δ©�©+√4��⎭⎪⎬
⎪⎫ 

 H  123�32Z%�©3 �43432+2~√�−43�32�º»  

  (A.133) 

2¸�>`~)¹| = limº»→¦
123�32Z%�©3 ⎩⎪⎨

⎪⎧  −3~�12 Δ©�©+64�12 Δ©�©�ln�3�12 Δ©�©+√��−ln�3�12 Δ©�©+√4��
    +18�@Δ©�©A27√�−√48−54�32@Δ©�©A3�ln�3�12 Δ©�©+√��−ln�3�12 Δ©�©+√4��⎭⎪⎬

⎪⎫
º»  . 

  (A.134) 

Dividing through by the Δ� in the denominator and evaluating in the limit yields: 

2¸�>`~)¹| = ��D¯��Q>|»� é− ��¯Ì�|» + ¥
¯Ì�|» µln √� − ln √4¶ê  (A.135) 
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2¸�>`~)¹| = ��D¯��Q>|»� é− ��¯Ì�|» + �
¯Ì�|» ´ln @
̄A·ê  (A.136) 

2¸�>`~)¹| = �¥¯�DQ>|»� −~ + 4 ln @
̄A�,  (A.137) 

which is the equation provided as Equation 3.53 in Chapter 3. 

A.5  Straight Flexure Pivot APLM Design Equation Derivations 

This section documents the derivation of the design equations for the straight 

flexure pivot APLM design.  This derivation is based on the device layout pictured in 

Figure 4.8(a) and uses the deflections defined in Figure 4.15.  This derivation will also 

use the variables defined in Section 4.1.1.  It is assumed that the designer is provided 

with the desired spring constant that needs to be applied to a single proof mass.  It is also 

assumed that the designer is either given or will use engineering judgement to select the 

proportionality constant, P, and the length of the guided flexure, LG.  This derivation 

focuses on the evaluation of one proof mass, one guided flexure, and one anchor flexure 

under the assumption of symmetry with the other two elements. 

The linear deflection of a straight flexure force-loaded at the tip is given by: 

4D_R>M = ���Qô 3 = À��Q>|� 3,  (A.138) 

where E is the Young’s Modulus of the flexure material, and F is the force applied to the 

tip.  The angular deflection at the tip of a straight flexure force-loaded at the tip is given 

by: 
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�D_R>M = ���Qô 3 = ¥��Q>|� 3.  (A.139) 

The linear deflection of a straight flexure moment-loaded at the tip is given by: 

4Ç_R>M = ���Qô x = ¥��Q>|� x,  (A.140) 

where M is the moment applied to the tip.  The angular deflection at the tip of a straight 

flexure moment-loaded at the tip is given by: 

�Ç_R>M = �Qô x = ���Q>|� x.  (A.141) 

For this derivation, we need to define two additional virtual displacements.  These 

are the projected displacement of the rotation of the tip due to an applied force, dFθ_Str, 

and the projected displacement of the rotation of the tip due to an applied moment, 

dMθ_Str.  These quantities are pictured in Figure A.1 and Figure A.2 for the applied force 

and moment, respectively.  Mathematically these two quantities are given by the 

following expressions: 

4D�_R>M = ~ ∙ �D_R>M = ���Qô 3 = ¥��Q>|� 3  (A.142) 

4Ç�_R>M = ~ ∙ �Ç_R>M = ��Qô x = ����Q>|� x.  (A.143) 
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Figure A.1  Diagram of Force Deflections of a Straight Flexure. 

 

Figure A.2  Diagram of Moment Deflections of a Straight Flexure. 

Inspection of Figure 4.15 indicates that both a force and a moment are being 

applied to the guided flexure at the pivot point.  The moment is being applied to the 
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guided flexure at the pivot point such that it would cause a deflection in the opposite 

direction of the deflection from the force.  Therefore, we write the following equations: 

4BC>Å = � = 4DÅ�Ûù − 4ÇÅ�Ûù = ����Qô� 3 − ����Qô� x  (A.144) 

and 

�BC> = �DÅ�Ûù − �ÇÅ�Ûù = ����Qô� 3 − ��Qô� x.  (A.145) 

Applying the virtual displacement defined in Equations A.142 and A.143, we 

have: 

4�BC>Å�Ûù ≡ 4D�Å�Ûù − 4Ç�Å�Ûù = ~Å ∙ �DÅ�Ûù − ~Å ∙ �ÇÅ�Ûù   (A.146) 

4�BC>Å�Ûù = ~Å ∙ �BC> = ����Qô� 3 − ���Qô� x = �.  (A.147) 

Referring back to Equation 4.2, we want to set: 

4�BC>Å�Ûù = Æ ∙ 4BC>Å .  (A.148) 

Substituting Equation A.144 and Equation A.147 into Equation A.148 yields: 

����Qô� 3 − ���Qô� x = Æ ∙ ´ ����Qô� 3 − ����Qô� x·,  (A.149) 

which can be reduced through the following steps: 

��� 3 − x = Æ ∙ ´��� 3 − �� x·  (A.150) 
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��� 3 − Æ ∙ ��� 3 = x − Æ ∙ �� x  (A.151) 

`3~Å − 2~ÅÆ)3 = `6 − 3Æ)x,  (A.152) 

which gives us the moment to force ratio required to satisfy the P constraint: 

ÇD = ��`�H�^)�`�H^)   (A.153) 

or 

x = `�H�^)�`�H^) ∙ `3 ∙ ~Å)  (A.154) 

and 

3 = �`�H^)`�H�^) ∙ Ç��.  (A.155) 

It is important to note here that the total moment applied to the guided flexure is 

not simply the product of the force, F, and the guided flexure length, LG, as one may be 

inclined to postulate.  While that is certainly one part of the moment applied to the guided 

flexure, the anchor flexure will also be exerting a moment on the tip of the guided flexure 

as well and that moment depends entirely on the selection of P. 

It is also important to note here the bounds on the selection of the proportionality 

constant, P.  Here we investigate two cases.  The first is the case where the anchor 

flexures are essentially infinitely stiff and there is no rotation of the pivot point.  In this 

case, θTot is zero and therefore a will also be zero.  Since a is zero then P also has to be 
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zero and this sets the lower bound for P.  With P set to zero, investigation of Equation 

A.154 indicates that the moment that must be exerted by the pivot point is given by: 

x = �� ∙ `3 ∙ ~Å).  (A.156) 

The second case is where the anchor flexures are infinitely compliant and exert no 

moment on the guided flexure.  In this case, the moment must be equal to zero.  Setting 

Equation A.154 to zero yields the following relation: 

0 = `�H�^)�`�H^) ∙ `3 ∙ ~Å)  (A.157) 

0 = `3 − 2Æ)  (A.158) 

Æ = �� ,  (A.159) 

which sets the upper bound on obtainable values of P.  Therefore, P is limited to the 

following range: 

0 ≤ Æ ≤ ��.  (A.160) 

Proceeding with the derivation of the governing equations, we substitute Equation 

A.154 into Equation A.144 yielding: 

4BC>Å = ����Qô� 3 − ����Qô� ´`�H�^)�`�H^) ∙ `3 ∙ ~Å)·,  (A.161) 

which can be simplified through the following steps: 
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4BC>Å = ´�� − �H�^¥`�H^)· ���Qô� 3  (A.162) 

4BC>Å = ´�`�H^)H�Þ�^¥`�H^) · ���Qô� 3  (A.163) 

4BC>Å = ´ÀH�^H�Þ�^¥`�H^) · ���Qô� 3  (A.164) 

4BC>Å = ´ �¥`�H^)· ���Qô� 3.  (A.165) 

Therefore, the total spring constant of the straight flexure pivot APLM is given 

by: 

�R^�Ûù = D
ÙÚÛ� = ¥`�H^)Qô���� .  (A.166) 

Substituting in: 

_Å = >|����   (A.167) 

yields: 

�R^�Ûù = `�H^)Q>|������ .  (A.168) 

Solving this equation for the width of the guided flexure, �Å, yields one of the key 

equations used in the straight flexure pivot APLM design procedure: 

�Å = ~Å ´ ��H^ ï�ø�ÛùQ> ·Ì�
.  (A.169) 
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With the guided flexure designed, we turn our attention to the design of the 

anchor flexure, but first we must derive the spring constant that relates the angular 

deflection of the guided flexure to the applied moment.  Substituting Equation A.155 into 

Equation A.145 gives: 

�BC> = ����Qô� �`�H^)`�H�^) ∙ Ç�� − ��Qô� x,  (A.170) 

which can be simplified through the following procedure: 

�BC> = ´�� `�H^)`�H�^) − 1· ��Qô� x  (A.171) 

�BC> = ´¥H�^H¥ÞÀ^�`�H�^) · ��Qô� x  (A.172) 

�BC> = ´ ^�`�H�^)· ��Qô� x.  (A.173) 

This can be further rearranged to provide the rotational spring constant due to the 

moment as follows: 

��BC>ÇÅ_R>M = Ç�ÙÚÛ = ´�`�H�^)^ · Qô��� .  (A.174) 

Now we turn our attention to the anchor flexures to find an expression for the 

equivalent spring constant.  Since there is no net displacement of the anchor flexures at 

the pivot point, we have: 

4BC>I = 0 = 4ÇI�Ûù − 4DI�Ûù   (A.175) 
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4DI�Ûù = 4ÇI�Ûù .  (A.176) 

Substituting Equation A.138 and Equation A.140 into Equation A.176 yields: 

Dð�ð��Qôð = Ç�ð��Qôð ,  (A.177) 

which readily simplifies to: 

3I = �� Ç�ð.  (A.178) 

The rotational deflection must be the same as that of the guided flexure.  So: 

�BC> = �ÇI�Ûù − �DI�Ûù .  (A.179) 

Substituting Equation A.139 and Equation A.141 into Equation A.179 yields: 

�BC> = �ðQôð x − �ð��Qôð 3I.  (A.180) 

Substituting Equation A.178 into Equation A.180 yields: 

�BC> = �ðQôð x − �ð��Qôð ´�� Ç�ð·,  (A.181) 

which simplifies as follows: 

�BC> = ´ �ðQôð − ��ðÀQôð· x  (A.182) 

�BC> = �ðÀQôð x.  (A.183) 
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This provides the relationship to find the desired rotational spring constant for a 

moment applied to the anchor flexure: 

��BC>ÇI_R>M = Ç�ÙÚÛ = ÀQôð�ð .  (A.184) 

For the APLM system to be in equilibrium, these two spring constants in 

Equation A.174 and Equation A.184 have to be equal to one another.  Setting these two 

spring constants equal to one another yields the following: 

��BC>ÇI_R>M = ÀQôð�ð = ��BC>ÇÅ_R>M = ´�`�H�^)^ · Qô���  .  (A.185) 

We will now assume that we want the peak stress of each flexure to be the same 

at the pivot point.  Since the moments are the same at the pivot point in both flexures, this 

can easily be accomplished by setting the widths of the two flexures equal to one another, 

or: 

�I = �Å.  (A.186) 

Since the thicknesses of the two flexures are the same, this also sets their moments of 

inertia to be the same, or: 

_I = _Å .  (A.187) 

Substituting Equation A.187 into Equation A.185 yields: 

ÀQôð�ð = ´�`�H�^)^ · Qôð��  ,  (A.188) 

which simplifies to: 
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À�ð = ´�`�H�^)^ · ��� .  (A.189) 

This provides us with the final design equation for the straight flexure pivot 

APLM which is to solve for the length of the anchor flexure: 

~I = ´ À^�`�H�^)· ~Å = �^`�H�^) ~Å .  (A.190) 

One final note is that the four-flexure pivot APLMs pictured in Figure 4.8 and 

Figure 4.15 have a small square block at the center of the pivot point which was 

neglected in this derivation.  There are three factors that enable this to be neglected.  The 

first is that the moment in this region due to the force applied at the pivot point should be 

small due to the close proximity (short lever arm) to the force which results in negligible 

additional bending of the flexure.  The second is that the moment applied from the anchor 

flexure is expected to be small to allow for strong coupling between the two masses, 

again resulting in negligible additional bending of the flexure.  Finally, the size of the 

block is small compared to the overall lengths of the guided and anchor flexures, 

resulting in negligible additional deflection. 

A.6  Tapered Flexure Pivot APLM Design Equation Derivations 

This section documents the derivation of the design equations for the tapered 

flexure pivot APLM design.  This derivation is based on the device layout pictured in 

Figure 4.8(b) and uses the deflections defined in Figure 4.16 as well as tapered flexure 

equivalents to Figure A.1 and Figure A.2.  This derivation will also use the variables 

defined in Section 4.1.2.  It is assumed that the designer is provided with the desired 
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spring constant that needs to be applied to the proof mass.  It is also assumed that the 

designer is either given or will use engineering judgement to select the proportionality 

constant, P, and the total length of the second element of the guided flexure, N2G.  This 

derivation focuses on the evaluation of one proof mass, one guided flexure, and one 

anchor flexure under the assumption of symmetry with the other two elements.  For this 

derivation, it is assumed that the length of the block at the center of the pivot point is 

negligible. 

From Table 3.1, the linear deflection at the center of the hammerhead of a tapered 

flexure force-loaded at the center of the hammerhead is given by: 

4D_BPU = �Q⋅>⋅|»� `~ + 4)� − `~ + 4)��`4)���3,  (A.191) 

where E is the Young’s Modulus of the flexure material, and F is the force applied to the 

center of the hammerhead. The angular deflection at the center of the hammerhead of a 

tapered flexure force-loaded at the center of the hammerhead is given by: 

�D_BPU = �À⋅`�Þ
)��Q⋅>⋅|»� `~ + 4)Ì� − `4)Ì��3.  (A.192) 

It is now necessary to derive the linear deflection at the center of the hammerhead 

of a tapered flexure moment-loaded at the center of the hammerhead.  Similar to the force 

loaded system previously shown in Figure 3.4, Figure A.3 shows a diagram of the 

mechanical system under an applied moment, M.  
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Figure A.3  Mechanical Diagram of Tapered Flexure for Moment Deflection Derivation. 

Applying the Euler-Bernoulli Beam equation presented in Equation 3.11 

combined with Equation 3.18 which describes the moment of inertia of the tapered beam, 

we begin our derivation with the following expression: 

x = Z ⋅ >⋅|»�@Í�=Í A��
�� ⋅ 
�V` )
 � .  (A.193) 

Separating variables we have: 

Ç
Q⋅Û⋅Ï»�@Í�=Í A��Ì�

4�� = 4��.  (A.194) 

Double integrating gives us: 
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�ÇÙ`�) = ��⋅ÇQ⋅>⋅|»� ∬ @¯H ¯ AH�� 4�4� ¦ ,  (A.195) 

where �ÇÙ`�) is the deflection of the tapered flexure at location x due to an applied 

moment.  Solving the first integral leads to: 

�ÇÙ`�) = ��⋅Ç⋅¯��Q⋅>⋅|»� � �`¯H )�Ì�HÌ� `−1) + T� 4� ¦   (A.196) 

�ÇÙ`�) = �À⋅Ç⋅¯��Q⋅>⋅|»� � ´`� − �)HÌ� + T· 4� ¦ .  (A.197) 

We find the constant of integration by noting that this first integrand represents 

the angular deflection of the flexure which we assume to be zero at x=0.  So, we let: 

`� − 0)HÌ� + T = 0  (A.198) 

T = −�HÌ�.  (A.199) 

Substituting this back into Equation A.197 we have: 

�ÇÙ`�) = �À⋅Ç⋅¯��Q⋅>⋅|»� � ´`� − �)HÌ� − �HÌ�· 4� ¦ .  (A.200) 

Solving the second integral yields: 

�ÇÙ`�) = �À⋅Ç⋅¯��Q⋅>⋅|»� � `¯H )Ì�Ì� `−1) − ��HÌ� + T�� ��0  (A.201) 
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�ÇÙ`�) = �À⋅Ç⋅¯��Q⋅>⋅|»� ´−2 ⋅ `� − �)Ì� − � ⋅ �HÌ� + T�· ��0  (A.202) 

�ÇÙ`�) = �À⋅Ç⋅¯��Q⋅>⋅|»� ´−2 ⋅ `� − �)Ì� − � ⋅ �HÌ� + 2 ⋅ �Ì�·.  (A.203) 

which is valid over the range of 0 ≤ � ≤ ~ .  Taking the first derivative of this expression 

to find the angular deflection of the tapered flexure due to an applied moment, we have: 

�ÇÙ`�) = 

 é�À⋅Ç⋅¯��Q⋅>⋅|»� ´−2 ⋅ `� − �)Ì� − � ⋅ �HÌ� + 2 ⋅ �Ì�·ê  (A.204) 

�ÇÙ`�) = �À⋅Ç⋅¯��Q⋅>⋅|»� ´@��A ⋅ `−2) ⋅ `� − �)HÌ�`−1) − �HÌ�·  (A.205) 

�ÇÙ`�) = �À⋅Ç⋅¯��Q⋅>⋅|»� ´`� − �)HÌ� − �HÌ�·,  (A.206) 

which is also valid over the range of 0 ≤ � ≤ ~ .  Here we assume that the hammerhead 

feature is essentially infinitely stiff and we extend Equation A.206 through the 

hammerhead by assuming that � takes on the value at the end of the flexure where � = ~: 

�ÇÙ`�) = �À⋅Ç⋅¯��Q⋅>⋅|»� ´`� − ~)HÌ� − �HÌ�· ~ ≤ � ≤ ~ + 24 (A.207) 

�ÇÙ`�) = �À⋅Ç⋅¯��Q⋅>⋅|»� ´4HÌ� − �HÌ�· ~ ≤ � ≤ ~ + 24 (A.208) 

�ÇÙ`�) = �ÇÙ��� = �À⋅ÇQ⋅>⋅|»� ´���4HÌ� − �· ~ ≤ � ≤ ~ + 24. (A.209) 
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Now, we extend the range of the deflection equation given in Equation A.203 

through the hammerhead by linear extension of the rotation of the hammerhead given in 

Equation A.209 by: 

�ÇÙ`�) = �ÇÙ`~) + `� − ~) ⋅ �ÇÙ`~) ~ ≤ � ≤ ~ + 24 (A.210) 

�ÇÙ`�) = �À⋅Ç⋅¯��Q⋅>⋅|»� ´−2 ⋅ `� − ~)Ì� − ~ ⋅ �HÌ� + 2 ⋅ �Ì�· + `� − ~) ´4HÌ� − �HÌ�·� (A.211) 

�ÇÙ`�) = �À⋅Ç⋅¯��Q⋅>⋅|»� ´−2 ⋅ 4Ì� − ~ ⋅ �HÌ� + 2 ⋅ �Ì�· + `� − ~) ´4HÌ� − �HÌ�·� , (A.212) 

which is valid over the range of ~ ≤ � ≤ ~ + 24 .  Evaluating this expression at x=N to 

find the deflection at the center of the hammerhead we have: 

�ÇÙ`�) = �À⋅Ç⋅¯��Q⋅>⋅|»� ´−2 ⋅ 4Ì� − ~ ⋅ �HÌ� + 2 ⋅ �Ì�· + `� − ~) ´4HÌ� − �HÌ�·� . (A.213) 

Using ~ = � − 4 and � − ~ = 4 we get: 

�ÇÙ��� = �À⋅Ç⋅¯��Q⋅>⋅|»� ´−2 ⋅ 4Ì� − `� − 4) ⋅ �HÌ� + 2 ⋅ �Ì�· + 4 ´4HÌ� − �HÌ�·� (A.214) 

�ÇÙ��� = �À⋅Ç⋅¯��Q⋅>⋅|»� −2 ⋅ 4Ì� − �Ì� + 4�HÌ� + 2 ⋅ �Ì� + 4Ì� − 4�HÌ��  (A.215) 

�ÇÙ��� = �À⋅Ç⋅¯��Q⋅>⋅|»� �Ì� − 4Ì��  (A.216) 
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�ÇÙ��� = �À⋅ÇQ⋅>⋅|»� �� − ���4Ì�� .  (A.217) 

With the basic equations derived, we turn our attention back to the composite 

guided flexure in Figure 4.16.  We see by inspection that the pivot point is applying both 

a force, FG, and a moment, MG, to the end of the composite guided flexure and that the 

moment is applied in the direction to offset the deflection from the applied force.  Since 

we will place the block in the guided flexure in the location of zero net moment, we can 

write by inspection that: 

xÅ = 3Å��Å.  (A.218) 

Evaluating the deflections at the center of the hammerhead, we express the total 

deflection of the composite guided flexure as a function of the deflections of each of the 

flexures in the composite guided flexure by writing: 

� = �BC> = �D¯�Å + �D¯�Å + �BC> ∙ ��Å.  (A.219) 

Similar to what was done with the straight flexure pivot APLM, we define a 

proportionality constant, P, that relates how much of the total deflection is related to the 

rotation of the pivot point as: 

� = Æ ∙ �  (A.220) 

Æ = PK = `¯Ì�Þ¯��)∙�ÙÚÛVÙÚÛ  .  (A.221) 

Due to the natural relationship between the linear and angular deflection spring 

constants of tapered flexures, it will be shown that the value of P is limited between 0 
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(zero) when the anchor flexures are infinitely stiff, and 3 when the anchor flexures have 

infinite compliance.  Lower values of P reduce the coupling across the APLM that occurs 

through the angular deflection of the pivot point.  While higher values of P increase this 

coupling, they result in long thin anchor flexures that may be difficult to realize in 

practice. 

To establish the bounds on the selection of the proportionality constant, P, we 

investigate two cases.  The first is the case where the anchor flexures are essentially 

infinitely stiff and there is no rotation of the pivot point.  In this case, θTot is zero and 

therefore a will also be zero.  Since a is zero then P also has to be zero and this sets the 

lower bound for P.  The second case is where the anchor flexures are infinitely compliant 

and exert no moment on the guided flexure.  In this case, the moment at the pivot point 

must be equal to zero.  Setting Equation A.218 to zero yields the following relation: 

xÅ = 3Å��Å = 0 Æ = 0. (A.222) 

Since the force, FG, is non-zero, this implies that the length of the first element of 

the guided flexure, N1G, must be zero: 

��Å = 0 Æ = 0. (A.223) 

which means that the guided flexure becomes just a single, tapered flexure, ��Å .  This 

sets the upper bound on obtainable values of P as the ratio of the angular and linear 

deflections of a tapered flexure multiplied by the length of the flexure.  Therefore, P is 

limited to the following maximum range: 
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ÆOP = ����∙¯V��� = ��⋅ñ⋅`Í)���⋅Û⋅Ï»� é`¯)Ì�H`
)Ì�ê∙¯
�⋅ñ�⋅Û⋅Ï»�é`¯)�H`¯)��`
)��ê  (A.224) 

ÆOP = �∙¯��∙é`¯)Ì�H`
)Ì�ê
`¯)�H`¯)��`
)��  .  (A.225) 

Here we see that the maximum value of P is dependent on the size of the 

hammerhead, d, with P reaching its absolute maximum when there is no hammerhead or 

d=0.  So, letting d=0 we have: 

ÆOP = �∙¯��∙é`¯)Ì�ê`¯)� = 3 .  (A.226) 

So, for the tapered flexure pivot APLM design, the maximum value of P is 3 and 

the final range of P is: 

0 ≤ Æ ≤ 3 .  (A.227) 

Comparison of this with that of the straight flexure indicates that an equivalent 

tapered flexure with no hammerhead has twice as much angular rotation as that of the 

straight flexure.  As an aside note, analysis of the above relationships reveals that the L/d 

ratio required to make the tapered flexure have the same rotational spring constant as the 

straight flexure is 1.618034, also known as The Golden Ratio. 

Inspection of Figure 4.16 indicates that the total angular deflection of the pivot 

point is: 

�BC> = �D¯�Å − �D¯�Å .  (A.228) 
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Combining Equation A.219 and Equation A.221, we have: 

Æ = `¯Ì�Þ¯��)∙�ÙÚÛVñÍ��ÞVñÍÌ�Þ�ÙÚÛ∙¯Ì .  (A.229) 

Now substituting in Equation A.228 yields: 

Æ = `�ñÍ��H�ñÍÌ�)∙`¯Ì�Þ¯��)VñÍ��ÞVñÍÌ�Þ`�ñÍ��H�ñÍÌ�)∙¯Ì  (A.230) 

`�D¯�Å − �D¯�Å) ∙ `��Å + ��Å) = Æ ∙ Á�D¯�Å + �D¯�Å + `�D¯�Å − �D¯�Å) ∙ ��Â . (A.231) 

Before proceeding, we note that we would like to set the stresses in each element 

of the guided flexure to be the same.  To do this, we note that the force, F, acting on N1G 

and N2G is the same.  Referring back to Equation 3.8 we have: 

{OP ¯�Å = ¥∙D∙¯Ì�>∙|»Ì�   (A.232) 

and 

{OP ¯�Å = ¥∙D∙¯��>∙|»��  .  (A.233) 

Setting these equal yields: 

{OP ¯�Å = {OP ¯�Å   (A.234) 

¥∙D∙¯Ì�>∙|»Ì� = ¥∙D∙¯��>∙|»��   (A.235) 

¯Ì�|»Ì� = ¯��|»�� .  (A.236) 
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This enables us to express ��� in terms of ��� as: 

��� = ����¯��¯Ì� .  (A.237) 

Now finding the linear and angular deflection equations from Table 3.1, we have: 

�D¯�Å = �⋅DQ⋅>⋅|»Ì� é��Å� − ��Å�� ∙ 4��ê  (A.238) 

�D¯�Å = �À⋅D⋅¯Ì���Q⋅>⋅|»Ì� é��ÅÌ� − 4Ì�ê  (A.239) 

�D¯�Å = �⋅DQ⋅>⋅|»�� é��Å� − ��Å�� ∙ 4��ê  (A.240) 

�D¯�Å = �À⋅D⋅¯����Q⋅>⋅|»�� é��ÅÌ� − 4Ì�ê .  (A.241) 

It will be beneficial to express this set of equations in terms of just one of the 

flexure widths.  So, here we substitute Equation A.237 into Equation A.240: 

�D¯�Å = �⋅D∙¯Ì���
Q⋅>⋅|»Ì� ∙¯���� é��Å� − ��Å�� ∙ 4��ê  (A.242) 

�D¯�Å = �⋅DQ⋅>⋅|»Ì� é��Å�� ∙ ��Å�� − ��Å�� ∙ 4��ê .  (A.243) 

We also substitute Equation A.237 into Equation A.241: 
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�D¯�Å = �À⋅D⋅¯���� ∙¯Ì���
Q⋅>⋅|»Ì� ∙¯���� é��ÅÌ� − 4Ì�ê  (A.244) 

�D¯�Å = �À⋅DQ⋅>⋅|»Ì� é��Å�� ∙ ��ÅÌ� − ��Å�� ∙ 4Ì�ê .  (A.245) 

Substituting Equations A.238, A.239, A.243 and A.245 into Equation A.231 

yields: 

�À⋅DQ⋅>⋅|»Ì� �é��Å�� ∙ ��ÅÌ� − ��Å�� ∙ 4Ì�ê − é��Å� − ��Å�� ∙ 4Ì�ê� ∙ `��Å + ��Å) = Æ ∙ � �⋅DQ⋅>⋅|»Ì� é��Å�� ∙ ��Å�� −
��Å�� ∙ 4��ê + �⋅DQ⋅>⋅|»Ì� é��Å� − ��Å�� ∙ 4��ê + �À⋅DQ⋅>⋅|»Ì� �é��Å�� ∙ ��ÅÌ� − ��Å�� ∙ 4Ì�ê − é��Å� − ��Å�� ∙ 4Ì�ê� ∙ ���. 

  (A.246) 

Noting that there is a factor of 
�⋅DQ⋅>⋅|»Ì�  in every term, we divide both sides by this 

factor: 

3 �é��Å�� ∙ ��ÅÌ� − ��Å�� ∙ 4Ì�ê − é��Å� − ��Å�� ∙ 4Ì�ê� ∙ `��Å + ��Å) = Æ ∙ �é��Å�� ∙ ��Å�� − ��Å�� ∙ 4��ê +
é��Å� − ��Å�� ∙ 4��ê + 3 �é��Å�� ∙ ��ÅÌ� − ��Å�� ∙ 4Ì�ê − é��Å� − ��Å�� ∙ 4Ì�ê� ∙ ���  (A.247) 

3 ���Å�� ∙ ��ÅÌ� − ��Å� � `��Å + ��Å) = Æ ∙ ���Å�� ∙ ��Å�� − 2 ∙ ��Å�� ∙ 4�� + ��Å� + 3 ∙ �� ∙
���Å�� ∙ ��ÅÌ� − ��Å� �� .  (A.248) 

Dividing all terms by ��Å��  we get: 
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3 ���ÅÌ� − ��ÅÌ� � `��Å + ��Å) = Æ ∙ ���Å�� − 2 ∙ 4�� + ��Å�� + 3 ∙ �� ∙ ���ÅÌ� − ��ÅÌ� �� (A.249) 

3��Å��ÅÌ� − 3��Å�� + 3��Å�� − 3��ÅÌ� ��Å = Æ��Å�� − 2Æ4�� − 2Æ��Å�� + 3Æ����ÅÌ�   (A.250) 

`2Æ − 3)��Å�� + `3 − 3Æ)��Å��ÅÌ� − 3��ÅÌ� ��Å + `3 − Æ)��Å�� + 2Æ4�� = 0 .  (A.251) 

Here we will assume that the designer will either choose or be given N2G and P.  

So, we must solve the nonlinear equation in Equation A.251 for N1G.  We will accomplish 

this using Newton’s Method.  So, we define the function (`��Å), which we want to go to 

zero, to be: 

(`��Å) = `2Æ − 3)��Å�� + `3 − 3Æ)��Å��ÅÌ� − 3��ÅÌ� ��Å + `3 − Æ)��Å�� + 2Æ4�� . (A.252) 

Finding the derivative of (`��Å) we have: 

(Ë`��Å) = �`�^H�)� ��ÅÌ� + `3 − 3Æ)��ÅÌ� − �� ��ÅHÌ���Å .  (A.253) 

The value of ��Å will be found by first taking a guess and iterating as follows 

until the value has adequately converged: 

��ÅÍÎÏ = ��ÅÐ}Ñ − S@¯Ì�Ð}ÑAS�@¯Ì�Ð}ÑA .  (A.254) 

Now that we have ��Å and ��Å , we turn our attention back to Equation A.219 to 

find the overall linear spring constant, �DVÙÚÛ, for the tapered flexure pivot APLM using: 

�BC> = �D¯�Å + �D¯�Å + �BC> ∙ �� = �D¯�Å + �D¯�Å + `�D¯�Å − �D¯�Å) ∙ �� .  (A.255) 
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Substituting Equations A.238, A.239, A.243 and A.245 into this expression we 

have: 

�BC> = �⋅DQ⋅>⋅|»Ì� é��Å�� ∙ ��Å�� − ��Å�� ∙ 4��ê + �⋅DQ⋅>⋅|»Ì� é��Å� − ��Å�� ∙ 4��ê + � �À⋅DQ⋅>⋅|»Ì� é��Å�� ∙ ��ÅÌ� − ��Å�� ∙
4Ì�ê − �À⋅D⋅¯Ì���Q⋅>⋅|»Ì� é��ÅÌ� − 4Ì�ê� ∙ ��  (A.256) 

�BC> = �⋅DQ⋅>⋅|»Ì� é��Å�� ∙ ��Å�� − ��Å�� ∙ 4�� + ��Å� − ��Å�� ∙ 4�� + 3��Å�� ∙ ��ÅÌ� − 3��Å� ê  (A.257) 

�BC> = �⋅DQ⋅>⋅|»Ì� é��Å�� ��Å�� − 2��Å�� 4�� − 2��Å� + 3��Å�� ��ÅÌ� ê .  (A.258) 

Plugging this into the equation for the spring constant, we have: 

�DVÙÚÛ = DVÙÚÛ  (A.259) 

�DVÙÚÛ = D
�ñ�∙Û∙Ï»Ì� ¯Ì��� ¯���� H�
��¯Ì��� H�¯Ì�� Þ�¯Ì��� ¯��Ì� ®  (A.260) 

�DVÙÚÛ = Q∙>∙|»Ì�
�¯Ì��� ¯���� H�
��¯Ì��� H�¯Ì�� Þ�¯Ì��� ¯��Ì� ®  (A.261) 

�DVÙÚÛ = Q∙>∙|»Ì�
�¯Ì��� ¯���� H�
��H�¯Ì��� Þ�¯Ì�¯��Ì� ® .  (A.262) 
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Assuming that the designer is given a value for �DVÙÚÛ, and after having solved for 

��Å and ��Å , the designer will need to solve for ���.  So, solving Equation A.262 for 

��� we have: 

��� = �ïñ�ÙÚÛ ∙�∙¯Ì��� ¯���� H�
��H�¯Ì��� Þ�¯Ì�¯��Ì� ®
Q∙>  

Ì�
.  (A.263) 

The designer would then use Equation A.237 to solve for ���, which completes 

the design of the guided flexure.  However, we will need the angular displacement spring 

constant due to an applied moment �Ç�ÙÚÛ for the design of the anchor flexure.  So, by 

definition we have: 

�Ç�ÙÚÛ = Ç�ÙÚÛ .  (A.264) 

Substituting in Equations A.218 and A.228 we have: 

�Ç�ÙÚÛ = D�¯Ì��ñÍ��H�ñÍÌ� .  (A.265) 

Substituting in Equations A.239 and A.245 we have: 

�Ç�ÙÚÛ = D�¯Ì�
��⋅ñ��⋅Û⋅Ï»Ì� 
¯Ì��� ∙¯��Ì� H¯Ì��� ∙
Ì��H��⋅ñ�⋅ÍÌ���

�⋅Û⋅Ï»Ì� 
¯Ì�Ì� H
Ì��
  (A.266) 

�Ç�ÙÚÛ = Q⋅>⋅|»Ì�
�À¯Ì�Ì� ¯��Ì� H¯Ì�Ì� ® .  (A.267) 
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Having the guided flexure now fully designed, we turn our attention to the anchor 

flexure.  The primary difference between the anchor flexure and the guided flexure is that 

the anchor flexure has no net linear displacement.  So, inspection of the Anchor flexure 

enables us to write the following equation: 

xI = xÅ = 3I��I.  (A.268) 

By investigating the deflections at the center of the hammerhead we express the 

total deflection of the composite anchor flexure as a function of the deflections of each of 

the flexures in the composite anchor flexure by writing: 

�BC>I = �D¯�I + �D¯�I − �BC> ∙ ��I,  (A.269) 

where 

�BC> = �D¯�I − �D¯�I.  (A.270) 

We also note that since the moments of the anchor and guided flexures are the 

same at the pivot point, and we want to have the same peak stress in all flexure elements, 

this requires that the base width of the ��I flexure be the same as the base width of the 

��Å flexure.  That is: 

��Í�ð = ��ÍÌ� .  (A.271) 

The requirement to maintain the same peak stress imposes the same ratio on the 

anchor flexures as it did for the guided flexures.  Therefore, from Equation A.237 we can 

write: 
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���I = ���I�¯�ð¯Ìð  (A.272) 

or 

���I = ���I�¯Ìð¯�ð .  (A.273) 

Also, by similarity to Equations A.238, A.239, A.240 and A.241, we can write the 

equations for the linear and angular deflections of the anchor flexure as: 

�D¯�I = �⋅DðQ⋅>⋅|»Ìð� é��I� − ��I�� ∙ 4��ê  (A.274) 

�D¯�I = �À⋅DðQ⋅>⋅|»Ìð� é��I� − ��I�� ∙ 4Ì�ê  (A.275) 

�D¯�I = �⋅DðQ⋅>⋅|»�ð� é��I� − ��I�� ∙ 4��ê  (A.276) 

�D¯�I = �À⋅DðQ⋅>⋅|»�ð� é��I� − ��I�� ∙ 4Ì�ê .  (A.277) 

Once again it will be beneficial to express this set of equations in terms of just one 

of the flexure widths, but in the case of the anchor flexures, since we will know ���I 

from the design of the guided flexure, we wish to express these in terms of ���I.  So, 

here we substitute Equation A.273 into Equation A.274: 
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�D¯�I = �⋅Dð∙¯�ð��
Q⋅>⋅|»�ð� ∙¯Ìð��  é��I� − ��I�� ∙ 4��ê  (A.278) 

�D¯�I = �⋅DðQ⋅>⋅|»�ð�  é��I�� ∙ ��I�� − ��I�� ∙ 4��ê .  (A.279) 

We also substitute Equation A.273 into Equation A.275: 

�D¯�I = �À⋅Dð∙¯�ð��
Q⋅>⋅|»�ð� ∙¯Ìð�� é��I� − ��I�� ∙ 4Ì�ê  (A.280) 

�D¯�I = �À⋅DðQ⋅>⋅|»�ð� é��IÌ� ∙ ��I�� − ��I�� ∙ 4Ì�ê .  (A.281) 

Substituting A.277 and A.281 into A.270, we have: 

�BC> = �À⋅DðQ⋅>⋅|»�ð� é��I� − ��I�� ∙ 4Ì�ê − �À⋅DðQ⋅>⋅|»�ð� é��IÌ� ∙ ��I�� − ��I�� ∙ 4Ì�ê  (A.282) 

�BC> = �À⋅DðQ⋅>⋅|»�ð� é��I� − ��IÌ� ∙ ��I�� ê .  (A.283) 

Here we return to the rotational spring constant due to the moment around the 

pivot point which by definition would be: 

�Ç�ÙÚÛ = Ç�ÙÚÛ .  (A.284) 

Substituting Equations A.268 and A.270 we have: 
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�Ç�ÙÚÛ = Dð¯�ð�ñÍ�ðH�ñÍÌð .  (A.285) 

Substituting Equation A.283 we have: 

�Ç�ÙÚÛ = Dð¯�ð��⋅ñð�⋅Û⋅Ï»�ð� 
¯�ð� H¯ÌðÌ� ∙¯�ð�� �  (A.286) 

�Ç�ÙÚÛ = Q⋅>⋅|»�ð�
�À∙
¯�ðH¯ÌðÌ� ∙¯�ðÌ� � .  (A.287) 

This gives us one critical relationship that we will use to solve for ��I and ��I.  

The second critical relationship is derived from Equation A.269.  So, setting that equation 

equal to zero because we want no net linear displacement of the pivot point, and 

substituting in Equations A.279, A.276, and A.283, we have: 

�BC>I = 0 = �⋅DðQ⋅>⋅|»�ð� é��I� − ��I�� ∙ 4��ê + �⋅DðQ⋅>⋅|»�ð�  é��I�� ∙ ��I�� − ��I�� ∙ 4��ê −
�À⋅DðQ⋅>⋅|»�ð� é��I� − ��IÌ� ∙ ��I�� ê ∙ ��I  (A.288) 

0 = �⋅DðQ⋅>⋅|»�ð� é��I� − ��I�� 4�� + ��I�� ��I�� − ��I�� 4�� − 3��I� + 3��IÌ� ��I�� ê (A.289) 

0 = �⋅Dð∙¯�ð��Q⋅>⋅|»�ð� é��I�� + 3��IÌ� ��I − 2��I�� − 24��ê  (A.290) 

���I�� + 3��IÌ� ��I − 2��I�� − 24��� = 0 .  (A.291) 
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Here we must employ the Multivariate Newton’s Method for simultaneously 

solving multiple nonlinear equations.  The first nonlinear equation, (I, is derived from 

Equation A.291 above: 

(I`��I, ��I) =  ���I�� + 3��IÌ� ��I − 2��I�� − 24��� = 0 .  (A.292) 

The second nonlinear equation, ÃI, comes from Equation A.287 which we 

rearrange to get into a form that we want to equal zero: 

ÃI`��I, ��I) = �Ç�ÙÚÛ − Q⋅>⋅|»�ð�
�À∙
¯�ðH¯ÌðÌ� ∙¯�ðÌ� � = 0 .  (A.293) 

We then define the function vector, F, as: 

á = * (I`��I, ��I)ÃI`��I, ��I)0 .  (A.294) 

We also define the Jacobian matrix, DF, as: 

àá = « �S�¯Ìð �S�¯�ð�Ä�¯Ìð �Ä�¯�ð
¬ = *�XD ©XD�XD 4XD0 .  (A.295) 

Here the designer will have to make an initial guess for the vector, x, of flexure 

lengths: 

Ü! = *��I!��I!0 .  (A.296) 

Iterations of the vector, x, will follow the following equation: 
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ÜÝÞß = ÜÝ − Áàá`ÜÝ)ÂH�á`ÜÝ) .  (A.297) 

The partial derivatives that populate the Jacobian are derived below.  From 

Equation A.292 we find: 

�XD = �S�¯Ìð = ��¯Ìð ���I�� + 3��IÌ� ��I − 2��I�� − 24���  (A.298) 

�XD = �S�¯Ìð = ��� ��IÌ� + �� ��IHÌ���I�  (A.299) 

©XD = �S�¯�ð = ��¯�ð ���I�� + 3��IÌ� ��I − 2��I�� − 24���  (A.300) 

©XD = �S�¯�ð = �3��IÌ� − 3��IÌ� � .  (A.301) 

From Equation A.293 we find: 

�XD = �Ä�¯Ìð = ��¯Ìð �Ç�ÙÚÛ − Q⋅>⋅|»�ð��À é��I − ��IÌ� ∙ ��IÌ� êH�®  (A.302) 

�XD = �Ä�¯Ìð = Q⋅>⋅|»�ð��À é��I − ��IÌ� ∙ ��IÌ� êH� �− �� ��IHÌ� ∙ ��IÌ� �®  (A.303) 

�XD = �Ä�¯Ìð = − Q⋅>⋅|»�ð�À� ¯Ìð�Ì�∙¯�ðÌ�
�¯�ðH¯ÌðÌ� ∙¯�ðÌ� ��  (A.304) 
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4XD = �Ä�¯�ð = ��¯�ð �Ç�ÙÚÛ − Q⋅>⋅|»�ð��À é��I − ��IÌ� ∙ ��IÌ� êH�®  (A.305) 

4XD = �Ä�¯�ð = Q⋅>⋅|»�ð��À é��I − ��IÌ� ∙ ��IÌ� êH� �1 − �� ��IÌ� ∙ ��IHÌ��®  (A.306) 

4XD = �Ä�¯�ð = Q⋅>⋅|»�ð��À �� H Ì�∙¯ÌðÌ� ∙¯�ð�Ì��
�¯�ðH¯ÌðÌ� ∙¯�ðÌ� �� .  (A.307) 

The determinant of àá can then be calculated using the following equation: 

|àá| = �XD4XD − ©XD�XD .  (A.308) 

Finally, the updated estimates for ��I and ��I in each iteration can be found 

using the following equations: 

��IâëÌ = ��Iâ − 
öñ∙S7¯Ìðâ ,¯�ðâ8H�öñ∙Ä7¯Ìðâ ,¯�ðâ8ìàá7¯Ìðâ ,¯�ðâ8ì   (A.309) 

��IâëÌ = ��Iâ − Köñ∙S7¯Ìðâ ,¯�ðâ8HPöñ∙Ä7¯Ìðâ ,¯�ðâ8ìàá7¯Ìðâ ,¯�ðâ8ì  .  (A.310) 

The final step in the design of the tapered flexure pivot APLM is the calculation 

of the width of the first element of the anchor flexure which is accomplished through 

Equation A.273. 
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A.7  Straight Flexure Lever APLM Design Equation Derivations 

This section documents the derivation of the design equations for the straight 

flexure lever APLM design.  This derivation is based on the device layout pictured in 

Figure 4.10(a) and uses the dimensions defined in Figure 4.18.  It is assumed that the 

designer is provided with the desired spring constant that needs to be applied to the proof 

mass.  It is also assumed that the designer is either given or will use engineering 

judgement to select the length of the lever, LLever.  This derivation focuses on the 

evaluation of one proof mass and one set of three flexures under the assumption of 

symmetry with the other proof mass and three flexures.  Unlike the derivations for the 

four-flexure pivot design which neglected the width of the block at the pivot point, this 

derivation will account for the width of the lever arm, 2d3. 

Assuming that the desired spring constant, �V_BC>, has been provided or derived 

from a resonant frequency requirement, and that the length of the lever arm, ~�NVNM, has 

either been given or selected from engineering judgment, we desire that the stiffness of 

the lever arm, ��NVNM, be some factor, ], stiffer than the required spring constant.  That is: 

��NVNM = ] ∙ �V_BC> .  (A.311) 

Substituting in the standard equation for the stiffness of a cantilever beam for 

��NVNM, we have: 

��NVNM = Q∙>∙|"Î�Îù�À∙�"Î�Îù� = ] ∙ �V_BC> .  (A.312) 
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where ��NVNM is the width of the lever.  This equation provides a minimum bound for the 

acceptable value of  ��NVNM, which is: 

��NVNM ≥ ~�NVNM @À∙õ∙ï�ÙÚÛQ∙> AÌ�
.  (A.313) 

Since the constant 4� is only half the width of the lever arm, it must be chosen to be more 

than half of this result: 

4� ≥ �"Î�Îù� @À∙õ∙ï�ÙÚÛQ∙> AÌ�
.  (A.314) 

The operation of the lever APLM is essentially converting the force applied to the 

proof mass into a moment through the lever arm, ~�NVNM.  Therefore, we can also 

calculate the desired spring constant that relates the angular displacement to the applied 

moment, �Ç�BC>: 

�Ç�BC> = Ç� = D∙�"Î�ÎùV/�"Î�Îù = DV ∙ ~�NVNM� = �VÙÚÛ ∙ ~�NVNM�  .  (A.315) 

Since we know that each proof mass effectively has three flexures supplying this 

moment, we can calculate the net rotational spring constant for each flexure as follows: 

�Ç�DEN = ï#$ÙÚÛ� = ï�ÙÚÛ ∙�"Î�Îù��  .  (A.316) 

Here we define a variable, �, that will represent the total flexure length: 

� = ~DEN + 4�.  (A.317) 
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Here we also note that the flexure has both a force and a moment applied to it at 

the center of the pivot point which is beyond the end of the flexure.  The linear deflection 

of a cantilever beam due to an applied force is given by: 

�D`�) = DQô @¯ �� −  �¥ A 0 ≤ � ≤ ~DEN , (A.318) 

which is only valid out to ~DEN  since the lever is extremely stiff.  Therefore, if we want 

the displacement at � = �, we must extend the displacement through the lever arm using 

the rotation, �D , which is given by: 

�D`�) = DQô @�� −  �� A 0 ≤ � ≤ ~DEN . (A.319) 

Therefore, we can find the displacement at � = � due to an applied force at � =
� using the following relationship: 

�D`�) = �D`~DEN ) + 4� ∙ �D`~DEN ).  (A.320) 

Performing the proper substitutions yields: 

�D`�) = DQô @¯∙�ñ}Î=�� − �ñ}Î=�¥ A + 4� ∙ DQô @� ∙ ~DEN  − �ñ}Î=�� A  (A.321) 

�D`�) = DQô @¯∙�ñ}Î=�� − �ñ}Î=�¥ + 4� ∙ � ∙ ~DEN − 4� ∙ �ñ}Î=�� A  (A.322) 

�D`�) = D∙�ñ}Î=¥Qô `3�~DEN − ~DEN � + 64�� − 34�~DEN ).  (A.323) 

Similarly, linear deflection of a cantilever beam due to an applied moment is 

given by: 
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�Ç`�) = Ç ��Qô  0 ≤ � ≤ ~DEN , (A.324) 

and the angular displacement of the cantilever beam due to an applied moment is given 

by: 

�Ç`�) = Ç Qô  0 ≤ � ≤ ~DEN , (A.325) 

which is again only valid to the point where the flexure connects to the lever arm.  We 

extend this displacement through the lever arm using the following relation: 

�Ç`�) = �Ç`~DEN ) + 4� ∙ �Ç`~DEN ).  (A.326) 

Performing the appropriate substitutions, we find: 

�Ç`�) = Ç�ñ}Î=��Qô + 4� ∙ Ç�ñ}Î=Qô   (A.327) 

�Ç`�) = Ç�ñ}Î=�Qô `~DEN + 24�).  (A.328) 

Since we know that there will be no net displacement at the pivot point, then the 

displacement due to the force must be equal to the displacement due to the moment, or: 

�Ç`�) = �D`�).  (A.329) 

Since we will ultimately be looking for a spring constant that relates rotational 

displacement to the applied moment, �Ç�DEN ∙, we now substitute Equations A.323 and 

A.328 into Equation A.329 and solve for 3 in terms of x: 

Ç�ñ}Î=�Qô `~DEN + 24�) = D∙�ñ}Î=¥Qô `3�~DEN − ~DEN � + 64�� − 34�~DEN ) (A.330) 
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3 = �Ç`�ñ}Î=Þ�
�)7�¯�ñ}Î=H�ñ}Î=� Þ¥
�¯H�
��ñ}Î=8 .  (A.331) 

Noting here that ~DEN + 4� = �, we find: 

3 = �Ç`¯Þ
�)7��ñ}Î=`¯H
�)H�ñ}Î=� Þ¥
�¯8  (A.332) 

3 = �Ç`¯Þ
�)7��ñ}Î=� Þ¥
�¯8 .  (A.333) 

Now that we have derived one constraint based on the requirement to have no net 

linear displacement, we can derive an expression for the net rotation.  By inspection we 

see that: 

� = �Ç`�) − �D`�) .  (A.334) 

Since the lever is significantly stiffer than the flexure, we note that: 

�Ç`�) = �Ç`~DEN )  (A.335) 

and 

�D`�) = �D`~DEN ) .  (A.336) 

Therefore, performing the proper substitutions, we have: 

� = �Ç`~DEN ) − �D`~DEN ) = Ç�ñ}Î=Qô − DQô @� ∙ ~DEN  − �ñ}Î=�� A  (A.337) 

� = �ñ}Î=Qô ´x − D� `2� − ~DEN )· .  (A.338) 
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Noting here that � − ~DEN = 4� , we find: 

� = �ñ}Î=Qô ´x − D� `� + 4�)· .  (A.339) 

Substituting 3 from Equation A.333 into this expression yields: 

� = �ñ}Î=Qô «x − �#`ÍëÑ�)@�"ñ}Î=� ë%Ñ�ÍA� `� + 4�)¬  (A.340) 

� = �ñ}Î=Qô *x − �� Ç`¯Þ
�)�7��ñ}Î=� Þ¥
�¯80  (A.341) 

� = x ∙ �ñ}Î=Qô *1 − �� `¯Þ
�)�7��ñ}Î=� Þ¥
�¯80 .  (A.342) 

By definition we find: 

�Ç�DEN = Ç� = Qô�ñ}Î= *1 − �� `¯Þ
�)�7��ñ}Î=� Þ¥
�¯80H�
.  (A.343) 

Substituting in for the moment of inertia: 

�Ç�DEN = Q∙>∙|ñ}Î=���∙�ñ}Î= *1 − �� `¯Þ
�)�7��ñ}Î=� Þ¥
�¯80H�
.  (A.344) 

Solving this for �DEN  we have: 

�DEN = ��Ç�DEN ��∙�ñ}Î=Q∙> *1 − �� `¯Þ
�)�7��ñ}Î=� Þ¥
�¯80�Ì�
.  (A.345) 

which completes the design of the straight flexure lever APLM. 
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A.8  Tapered Flexure Lever APLM Design Equation Derivations 

This section documents the derivation of the design equations for the tapered 

flexure lever APLM design.  This derivation is based on the device layout pictured in 

Figure 4.10(b) and uses the dimensions defined in Figure 4.19.  It is assumed that the 

designer is provided with the desired spring constant that needs to be applied to the proof 

mass.  It is also assumed that the designer is either given or will use engineering 

judgement to select the length of the lever, LLever.  This derivation focuses on the 

evaluation of one proof mass and one set of three flexures under the assumption of 

symmetry with the other proof mass and three flexures.  Similar to the derivation for the 

straight flexure lever design, this derivation will account for the width of the lever arm, 

2d3.  The first part of this derivation is identical to that documented in the previous 

section, but is repeated here for continuity. 

Assuming that the desired spring constant, �V_BC>, has been provided or derived 

from a resonant frequency requirement, and that the length of the lever arm, ~�NVNM, has 

either been given or selected from engineering judgment, we desire that the stiffness of 

the lever arm, ��NVNM, be some factor, ], stiffer than the required spring constant.  That is: 

��NVNM = ] ∙ �V_BC> .  (A.346) 

Substituting in the standard equation for the stiffness of a cantilever beam for 

��NVNM, we have: 

��NVNM = Q∙>∙|"Î�Îù�À∙�"Î�Îù� = ] ∙ �V_BC>,  (A.347) 
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where ��NVNM is the width of the lever.  This equation provides a minimum bound for the 

acceptable value of  ��NVNM, which is: 

��NVNM ≥ ~�NVNM @À∙õ∙ï�ÙÚÛQ∙> AÌ�
.  (A.348) 

Since the constant 4� is only half the width of the lever arm, it must be chosen to be more 

than half of this result: 

4� ≥ �"Î�Îù� @À∙õ∙ï�ÙÚÛQ∙> AÌ�
.  (A.349) 

Since this lever arm is essentially converting the force applied to the proof mass 

into a moment through the lever arm, ~�NVNM, we can also calculate the desired spring 

constant that relates the angular displacement to the applied moment, �Ç�: 

�Ç�BC> = Ç� = D"Î�Îù∙�"Î�ÎùV/�"Î�Îù = DV ∙ ~�NVNM� = �VÙÚÛ ∙ ~�NVNM�  .  (A.350) 

Since we know that each proof mass effectively has three flexures supplying the 

moment, we can calculate the net rotational spring constant for each flexure as follows: 

�Ç�DEN = ï#$ÙÚÛ� = ï�ÙÚÛ ∙�"Î�Îù��  .  (A.351) 

Here we will revisit Figure 4.19 and write a few equations by inspection.  We 

know that we will design the lengths of flexures �� and �� such that the hammerhead 

feature will be placed at the location where there is no net moment acting on either 

flexure.  Therefore, we should be able to write all of our equations based on only the 
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equivalent force that is acting on these flexures in this location.  First, we note that the 

total rotational displacement can be calculated by: 

� = �D¯� − �D¯�.  (A.352) 

where �D¯� is the rotational displacement of flexure number 2 due to the net force being 

applied at the center of the hammerhead, and �D¯� is the rotational displacement of 

flexure number 1 due to the net force being applied at the center of the hammerhead.  

Next, by inspection of the displacements at the center of the hammerhead we note that the 

total displacement can be given by: 

�DÙÚÛ = �D¯� + �D¯� − `�� + 4�) ∙ �.  (A.353) 

Here we note that we want the total displacement of the flexure to be zero.  So, 

we set this last expression equal to zero: 

�DÙÚÛ = �D¯� + �D¯� − `�� + 4�) ∙ � = 0 .  (A.354) 

Substituting Equation A.352 into A.354 we have: 

�D¯� + �D¯� − `�� + 4�) ∙ `�D¯� − �D¯�) = 0 .  (A.355) 

Similar to what was done for the Tapered Flexure Pivot APLM design, we would 

like to set the maximum stresses in every element of the tapered flexures to be the same.  

To do this, we note that the force, F, acting on N1 and N2 is the same.  Referring back to 

Equation 3.8 we have: 

{OP ¯� = ¥∙D∙¯Ì>∙|»Ì�  (A.356) 
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and 

{OP ¯� = ¥∙D∙¯�>∙|»�� .  (A.357) 

Setting these equal yields: 

{OP ¯� = {OP ¯�  (A.358) 

¥∙D∙¯Ì>∙|»Ì� = ¥∙D∙¯�>∙|»��  (A.359) 

¯Ì|»Ì� = ¯�|»�� .  (A.360) 

This enables us to express ��� in terms of ��� as: 

��� = ����¯�¯Ì .  (A.361) 

Now finding the linear and angular deflection equations from Table 3.1: 

�D¯� = �⋅DQ⋅>⋅|»Ì� é��� − ���� ∙ 4��ê  (A.362) 

�D¯� = �À⋅D⋅¯Ì��Q⋅>⋅|»Ì� é��Ì� − 4Ì�ê  (A.363) 

�D¯� = �⋅DQ⋅>⋅|»�� é��� − ���� ∙ 4��ê  (A.364) 
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�D¯� = �À⋅D⋅¯���Q⋅>⋅|»�� é��Ì� − 4Ì�ê .  (A.365) 

It will be beneficial to express this set of equations in terms of just one of the 

flexure widths.  So, here we substitute Equation A.361 into Equation A.364: 

�D¯� = �⋅D∙¯Ì��Q⋅>⋅|»Ì� ∙¯���
é��� − ���� ∙ 4��ê  (A.366) 

�D¯� = �⋅DQ⋅>⋅|»Ì� é���� ∙ ���� − ���� ∙ 4��ê .  (A.367) 

We also substitute Equation A.361 into Equation A.365: 

�D¯� = �À⋅D⋅¯���∙¯Ì��Q⋅>⋅|»Ì� ∙¯���
é��Ì� − 4Ì�ê  (A.368) 

�D¯� = �À⋅DQ⋅>⋅|»Ì� é���� ∙ ��Ì� − ���� ∙ 4Ì�ê .  (A.369) 

Combining Equation A.352 with Equations A.363 and A.369 yields: 

� = �À⋅DQ⋅>⋅|»Ì� é���� ∙ ��Ì� − ���� ∙ 4Ì�ê − �À⋅D⋅¯Ì��Q⋅>⋅|»Ì� é��Ì� − 4Ì�ê  (A.370) 

� = �À⋅DQ⋅>⋅|»Ì� é���� ∙ ��Ì� − ���� ∙ 4Ì� − ��� + ���� ∙ 4Ì�ê  (A.371) 
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� = �À⋅DQ⋅>⋅|»Ì� é���� ∙ ��Ì� − ���ê .  (A.372) 

Here we note that the moment acting on the flexure at the center of the lever, 

xDEN , is the product of the force acting on the center of the hammerhead, 3, and the 

distance from the center of the hammerhead to the center of the lever arm, `�� + 4�), or: 

xDEN = 3 ∙ `�� + 4�).  (A.373) 

We can now write an expression for the rotational spring constant of a single 

flexure by combining Equation A.372 and Equation A.373 as follows: 

�Ç�DEN = Çñ}Î=� = D∙`¯�Þ
�)��⋅ñ�⋅Û⋅Ï»Ì� 
¯Ì��∙¯�Ì�H¯Ì��  (A.374) 

�Ç�DEN = Q⋅>⋅|»Ì� ∙`¯�Þ
�)
�À
¯Ì��∙¯�Ì�H¯Ì��  .  (A.375) 

Now combining Equations A.362, A.367, A.372, and A.354 we have: 

�DÙÚÛ = �⋅DQ⋅>⋅|»Ì� é��� − ���� ∙ 4��ê + �⋅DQ⋅>⋅|»Ì� é���� ∙ ���� − ���� ∙ 4��ê −
                               `�� + 4�) ∙ �À⋅DQ⋅>⋅|»Ì� é���� ∙ ��Ì� − ���ê = 0  (A.376) 

��� − ���� ∙ 4�� + ���� ∙ ���� − ���� ∙ 4�� − `�� + 4�) ∙ 3 ∙ ����� ∙ ��Ì� − ���� = 0 (A.377) 
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��� − 2����4�� + �������� − 3�������� + 3����� − 34�������Ì� + 34���� = 0 (A.378) 

��� − 2����4�� − 2�������� + 3����� − 34�������Ì� + 34���� = 0 .  (A.379) 

Dividing both sides by ���� yields: 

���� − 24�� − 2���� + 3��Ì��� − 34���Ì� + 34���Ì� = 0 .  (A.380) 

Here we will once again employ Newton’s Method to solve this nonlinear 

equation numerically. So, we define this equation as the function, (`��), as follows: 

(`��) = ���� − 24�� − 2���� + 3��Ì��� − 34���Ì� + 34���Ì� .  (A.381) 

Now taking the first derivative of this function with respect to ��: 

(Ë`��) = �� ��Ì� + �� ��HÌ��� + �� 4���HÌ� .  (A.382) 

The value of �� will be found by selecting values for ��, 4, and, 4� and taking a 

guess for the value of ��.  Then the designer will iterate �� as follows until the value has 

adequately converged: 

��ÍÎÏ = ��Ð}Ñ − S@¯ÌÐ}ÑAS�@¯ÌÐ}ÑA .  (A.383) 

Now that we have ��, ��, 4, and 4�, we turn our attention back to Equation 

A.375 and solve for the width of the �� flexure, ���, as follows: 
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��� = &�À∙ï#$ñ}Î=∙�¯Ì��∙¯�Ì�H¯Ì��Q⋅>⋅`¯�Þ
�) '
Ì�
.  (A.384) 

Finally, we use Equation A.361 to find ��� and complete the design of the 

Tapered Flexure Lever APLM. 
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Appendix B.  Mesh Sensitivity Studies 

Appendix B presents the results of the mesh sensitivity studies.  The first section 

provides the mesh sensitivity study that was performed for the fillet investigation 

documented in Chapter III and the second section provides the mesh sensitivity study that 

was performed for the concentric mass FEAs documented in Chapter IV and the dual-

mass resonator FEAs documented in Chapter V. 

B.1  Mesh Sensitivity Study for the Fillet Investigation 

To determine the mesh settings to use for the fillet study documented in Section 

3.3, several mesh parameters were investigated.  These included:  

Mesh Type  –  Extruded Bricks, and Tetrahedrons, 

Algorithm  –  Hex-Dominant, Pave and QMorph, and Split and Merge, 

Element Order  –  Parabolic, 

Element Size  –  in both the Planar and Extrude directions, 

Edge Refinement Index  –  0, 1, 2, and 3, 

Maximum Curvature Discretization Error  –  0.01, 0.05, 

Minimum Elements Per Edge  –  unspecified up to 4, 

Minimum Element Size  –  0.1, and 

Small Feature Removal Threshold  –  0.1. 

 

The Extruded Bricks mesh operates by first creating a surface mesh of 

quadrilaterals and then extruding them through the thickness of the device to create a 
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volume mesh of hexahedrals.  The Tetrahedrons mesh type directly creates a volume 

mesh of tetrahedrons.  While it is generally recommended to use the Tetrahedrons mesh 

type for complex geometries that do not lend themselves to the Extruded Bricks 

approach, it was also known that the Tetrahedrons meshing algorithm has historically 

had difficulties generating meshes for curved geometries.  Therefore, the Tetrahedrons 

mesh type was briefly investigated and showed similar results to the Extruded Bricks 

mesh type with a similar number of volume elements for the straight tuning fork 

configuration.  So, the Extruded Bricks mesh type was selected for the fillet study. 

There were three surface meshing algorithms investigated to generate the surface 

mesh to be extruded with the Extruded Bricks mesher.  The Hex-Dominant algorithm 

uses predominantly hexahedral elements but will employ wedges when hexahedral 

elements are not possible or create poor geometries.  The Pave and QMorph algorithm 

starts from the boundary of an extrude face and paves the surface with an unstructured, 

quadrilateral mesh moving inward.  The Split and Merge algorithm uses Delaunay 

triangulation on the extrude face to generate a 2-D mesh from which quadrilaterals are 

formed using a series of merge, splits, edge swaps, and similar operations.  While the 

Hex-Dominant algorithm generally creates the highest quality meshes, the Split and 

Merge algorithm has a much higher probability of producing a mesh for curved models 

and was desired for the tapered flexure models.   

The mesher supports both Linear and Parabolic order elements.  Linear elements 

have nodes only on the vertexes of the elements creating 8-node bricks, while Parabolic 

elements have nodes on each of the vertexes, but adds one node in the center of each 

element edge, one node in the center of each element face, and a node at the element 
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center to give a 27-node brick.  Parabolic elements are also known as Quadratic 

elements.  All meshes used for the fillet study employed Parabolic elements. 

The Element Size in both the Planar and Extrude directions sets a soft upper 

bound on the length of the elements in that direction.  It is possible that some elements 

could be up to twice the specified size, especially with the Split and Merge algorithm.  

Planar element sizes from unspecified down to 5 µm and Extrude element sizes from 15 

to 20 µm were evaluated in this mesh sensitivity analysis for the fillet study. 

The Edge Refinement Index creates a refined mesh towards the boundaries of the 

model.  This option forces the lengths of the element edges to be proportional to the total 

length of that model edge.  The range of values is from 0 to 3, with 0 being no refinement 

and 3 being the maximum refinement.  All possible settings of the Edge Refinement Index 

were evaluated as a part of this mesh sensitivity analysis. 

The Maximum Curvature Discretization Error setting controls the accuracy of the 

mesh in curved portions of the model faces.  Figure B.1 shows a graphical representation 

of the curvature discretization error.  If � is the maximum distance between the model 

face and the element face, and © is the length of the element face, then the curvature 

discretization error is defined by the ratio of  �/©.  For parabolic elements, the parabolic 

vertices (i.e., the midpoint of the element edges) are snapped to the true geometry of the 

model.  Therefore, the dimension � may not occur in the center of an element edge.  A 

range of values from 0.01 up to 0.05 was investigated for the mesh sensitivity analysis. 
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Figure B.1  Maximum Curvature Discretization Error Dimensions. 

The Minimum Elements Per Edge option allows the user to specify the minimum 

number of elements required along the length of each of the model edges.  The default 

value for this parameter is 2, and the ranges of values explored for this mesh sensitivity 

study varied from unspecified up to 4. 

The Minimum Element Size option allows the user to specify the minimum 

allowable mesh size to prevent over refinement of the mesh especially when mesh 

refinement has been specified for curved surfaces.  This value was set to 0.1µm for all 

meshes investigated in this mesh sensitivity study. 

The Small Feature Removal Threshold option removes the mesh edges on model 

edges that are below the threshold.  The smallest model feature in the fillet study was the 

fillet of 1µm radius.  There should be no model edges smaller than what would be 

required to represent that 1µm radius.  Therefore, this value was set to one-tenth of that 

value, 0.1µm, for all meshes investigated in this mesh sensitivity study. 

The mesh sensitivity study involved investigating these mesh parameters on two 

models including one straight flexure tuning fork and one tapered flexure tuning fork.  

All models used flexure lengths of 300µm and equivalent flexure widths of 10µm.  Both 

b
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tuning forks employed fillets with 8µm radius.  Solid model renderings of these 

structures are provided in Figure B.2 and Figure B.3, for the straight and tapered flexure 

tuning fork models, respectively. 

 

Figure B.2  Straight Tuning Fork Model for Mesh Study. 
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Figure B.3  Tapered Tuning Fork Model for Mesh Study. 

For the purposes of this mesh sensitivity study, the outer hammerhead faces were 

pressure loaded using a LoadPatch boundary condition and the deflection of the tuning 

fork in the y-axis direction was used as the primary mesh sensitivity metric.  The surfaces 

that were given the LoadPatch boundary conditions are highlighted in Figure B.4 and 

Figure B.5.  These surfaces were loaded with a 1kPa pressure load for all analyses in this 

mesh sensitivity study.  The model was anchored at the bottom of the insulation layer by 

giving that surface a FixAll boundary condition as shown in Figure B.6.  Other metrics 

used in this mesh sensitivity study included the number of volume elements in the mesh 

and the time required for the solver to converge on a solution. 
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Figure B.4  Left Side LoadPatch Surface for Fillet Mesh Sensitivity Study. 

 

Figure B.5  Right Side LoadPatch Surface for Fillet Mesh Sensitivity Study. 
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Figure B.6  FixAll Anchor Surface for Fillet Mesh Sensitivity Study. 

The results of the mesh sensitivity study are summarized in Table B.1 and Table 

B.2 for the straight flexure tuning fork and the tapered flexure tuning fork models, 

respectively.  The majority of the mesh study was performed on the straight flexure 

tuning fork using the Hex-Dominant paving algorithm because that algorithm generally 

provides the highest quality meshes using predominantly hexahedral elements.  An initial 

value of 5µm was chosen for the Planar Element Size because that was the best method 

to ensure that there were two elements across the width of the flexure.  An initial Extrude 

Element Size of 20µm was chosen based on prior experience which indicated that 5 

elements in the extrude direction gave better results than 4 elements in the extrude 

direction.  An initial Edge Refinement Index of 0 was chosen because it was known that 

the mesh study would explore all possible values for this parameter.  An initial value of 

0.05 (5%) was chosen for the Maximum Curvature Discretization Error based on the 
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somewhat arbitrary assessment that it was desired for this criterion to be a little better 

than one order of magnitude (i.e., lower that 0.1 or 10%).  An initial value of 4 was 

chosen for the Minimum Elements Per Edge to ensure that every edge had at least 4 

elements, which was largely driven by the desire to accurately capture the stress gradients 

on either side of the fillets.  The progression of mesh refinement is discussed in the 

following paragraphs. 

Table B.1  Straight Flexure Tuning Fork Mesh Study Settings and Results. 

 

Table B.2  Tapered Flexure Tuning Fork Mesh Study Settings and Results. 

 

Mesh # Algorithm

Planar 

Element 

Size

(µm)

Extrude 

Element 

Size

(µm)

Edge 

Refinement 

Index

Maximum 

Curvature 

Discretization 

Error

Minimum 

Elements 

per Edge

# of 

Volume 

Elements

Y-displacement

(µm)

Solution 

Time

(hh:mm:ss)

1 Hex-Dominant 5 20 0 0.05 4 15621 0.04358 0:01:25

2 Hex-Dominant 5 20 0 0.05 Unspec. 15496 0.04358 0:01:32

3 Hex-Dominant 5 20 1 0.05 Unspec. 15496 0.04358 0:01:36

4 Hex-Dominant 5 20 2 0.05 Unspec. 31067 0.04358 0:03:05

5 Hex-Dominant 5 20 3 0.05 Unspec. 46625 0.04359 0:04:45

6 Hex-Dominant Unspec. 20 3 0.05 Unspec. 1759 0.04355 0:00:09

7 Hex-Dominant 5 20 3 0.01 Unspec. 50110 0.04359 0:05:17

8 Split and Merge 5 20 3 0.01 Unspec. 45390 0.04358 0:04:27

9 Split and Merge 5 15 3 0.01 Unspec. 62642 0.04360 0:07:00

10 Split and Merge 10 20 3 0.01 Unspec. 16756 0.04356 0:01:34

Mesh # Algorithm
# of Volume 

Elements
Y-displacement

Solution 

Time

(hh:mm:ss)

1 Hex-Dominant 49635 0.04652 0:05:31

2 Pave, Q-Morph 63559 0.04652 0:06:27

3 Split and Merge 44930 0.04651 0:04:19



 

419 

The first mesh refinement began with dropping the constraint of 4 for the 

Minimum Elements Per Edge.  A comparison of the meshes with and without this 

constraint is shown in Figure B.7 (a) and (b), respectively, where the flexure meets the 

hammerhead.  While this constraint did provide additional refinement in the fillet and in 

the area of the hammerhead near the fillet, the y-axis displacement results in Table B.1 

indicate that this refinement did not significantly impact the analysis results.  So, this 

constraint was not retained. 

 

Figure B.7  Mesh with (a) and without (b) the Minimum Elements Per Edge Constraint. 
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The next mesh refinement investigated was the Edge Refinement Index.  All four 

values of the Edge Refinement Index were explored and the resulting meshes near the 

hammerhead are pictured in Figure B.8.  The data in Table B.1 and the images in Figure 

B.8 (a) and (b) indicate that there was no difference in the mesh for Edge Refinement 

Index values of 0 or 1.  There were, however, significantly increasing numbers of 

elements for Edge Refinement Index values of 2 and 3, and Figure B.8 (c) and (d) shows 

significantly refined mesh around the fillets for the Edge Refinement Index values of 2 

and 3.  Although there was no significant difference reported in the y-axis displacement 

between these meshes, it was decided to retain the Edge Refinement Index value of 3 to 

ensure adequate meshes for the smaller fillet sizes. 

 

Figure B.8  Meshes with Edge Refinement Index Values of (a) 0, (b) 1, (c) 2, and (d) 3. 

The next mesh adjustment investigated the quality of the mesh that resulted from 

removing the constraint on the Element Size in the Planar direction.  A visual comparison 
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of the meshes where the flexures meet the hammerheads is provided in Figure B.9.  The 

images in Figure B.9 indicate that there was a significant difference in mesh refinement 

in areas far away from the fillets, but these settings maintained a reasonable mesh density 

near the fillets.  The FEA results in Table B.1 indicate that, although eliminating the 

Minimum Element Size specification in the Planar direction resulted in a mesh with 30 

times fewer volume elements, the y-axis displacement only differed by 0.1% from the 

mesh with a specified value of 5µm.  Even so, it seemed prudent to ensure there were at 

least two elements across the width of the flexure. 

 

Figure B.9  Meshes with Minimum Element Size Values of (a) 5µm and (b) Unspecified. 
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The next mesh adjustment investigated a reduction in the Maximum Curvature 

Discretization Error to 0.01.  A visual comparison of meshes 5 and 7 where the flexures 

meet the hammerheads is provided in Figure B.10.  The images in Figure B.10 indicate 

that there was a significant increase in mesh refinement in areas near the fillets, but the 

FEA results in Table B.1 indicate that there was no change in the resulting y-axis 

displacement.  So, with only roughly 10% increase in mesh elements, either setting would 

be acceptable, and the value of 0.01 was chosen. 

 

Figure B.10  Meshes with Maximum Curvature Discretization Error Values of (a) 0.05 and (b) 0.01. 
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The next investigation involved changing the paving algorithm to Split and 

Merge.  A visual comparison of meshes 7 and 8 where the flexures meet the 

hammerheads is provided in Figure B.11.  The images in Figure B.11 indicate that there 

was a significant increase in mesh refinement in the model edges in the fillets, but the 

FEA results in Table B.1 again indicate that there was no appreciable change in the 

resulting y-axis displacement.  The Split and Merge paving algorithm also resulted in 

roughly 10% fewer mesh elements, and because this algorithm is more likely to return 

meshes for complicated (curved) geometries, this algorithm was selected. 

 

Figure B.11  Meshes from (a) Hex-Dominant and (b) Split and Merge. 
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While it was already decided that the Edge Refinement Index setting of 3 and the 

Maximum Curvature Discretization Error setting of 0.01 were going to be retained, it 

was desired to double-check the sensitivity to the Minimum Element Size settings while 

using the Split and Merge algorithm.  So, mesh 9 set the Minimum Element Size in the 

Extrude direction to 15µm and mesh 10 set the Minimum Element Size in the Planar 

direction to 10µm.  Figure B.12 and Figure B.13 provide a visual comparison of these 

three meshes, from the side view and the tope view of the hammerhead, respectively.  

Once again, the data in Table B.1 indicate that there was no appreciable difference in the 

y-axis displacement from any of these meshes.  In fact, the results presented in Table B.1 

indicate that, although the number of volume elements in the various meshes varied from 

1,759 up to 62,642, there was no appreciable difference in the y-axis displacements and 

that any of these mesh settings would likely be adequate.  Therefore, the mesher settings 

of mesh 8 were selected for the fillet study because they included (1) an algorithm that 

was the most likely to return a mesh for complex or curved geometries, (2) Minimum 

Element Size in the Planar direction that would ensure a minimum of two elements 

across the flexures, (3) the maximum Edge Refinement Index value to ensure stress 

gradients along the edges are adequately captured, and (4) an aggressive value for the 

Maximum Curvature Discretization Error of 0.01 (or 1%) to ensure accurate 

representation of the tapered flexures and fillets. 
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Figure B.12  Hammerhead Side View for Meshes with (a) Final Mesher Settings, (b) 15µm Extrude 

Element Size, and (c) 10µm Planar Element Size. 
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Figure B.13  Hammerhead Top View for Meshes with (a) Final Mesher Settings, (b) 15µm Extrude 

Element Size, and (c) 10µm Planar Element Size. 

The final investigation performed in this mesh sensitivity study was to compare 

the three paving algorithms on the tapered flexure tuning fork using the final mesh 

refinement parameters from mesh 8 of the straight flexure tuning fork.  The three paving 
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algorithms were Hex-Dominant, Pave and QMorph, and Split and Merge.  The results of 

these FEAs were presented in Table B.2 and indicated very similar results from all three 

meshes.  The number of volume elements varied from about 45,000 to about 64,000 and 

Solution times varied from a little over 4 minutes to about 6.5 minutes.  Figure B.14 

shows a visual comparison of the three meshes where the flexure meets the hammerhead.  

All three have high mesh density in the fillet area and adequate number of elements 

across the flexure.  Any of these mesh algorithms would be acceptable but the Split and 

Merge algorithm was chosen because it has the most likely to return a mesh for complex 

or curved geometries such as those investigated in this fillet study. 
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Figure B.14  Tapered Flexure Tuning Fork Meshes Using Various Paving Algorithms. 
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B.2  Dual Mass Resonator FEA Mesh Sensitivity Study 

This section documents the mesh sensitivity study that was performed for the 

Anti-Phase Lever Mechanism (APLM) and dual mass resonator analyses that were 

documented in Section 4.2 and Section 5.2, respectively.  This mesh sensitivity study was 

performed on one straight flexure version and one tapered flexure version of the dual 

mass resonator configuration and the resulting mesher settings were used in both sets of 

analyses. 

The models used for this mesh study were based on the dual mass resonator 

configuration covered in Chapter V and a solid model rendering is provided in Figure 

B.15.  For the purposes of the mesh study, no voltages would be applied to the electrodes.  

Therefore, simplified versions of the dual mass resonator solid models were used for the 

mesh study that eliminated the capacitive comb fingers.  This resulted in the simplified 

solid model as shown in Figure B.16.  The APLMs used in the models included one 

straight flexure and one tapered flexure version of the revised University of California at 

Irvine (UCI) inner lever coupling design each with an equivalent flexure width of 10µm.  

Solid model renderings of these APLMs are provided in Figure B.17 and Figure B.18 for 

the straight and tapered flexures, respectively.  The coupler springs also included straight 

flexure and tapered flexure versions with equivalent flexure widths of 10µm.  Solid 

model renderings of these coupler springs are provided in Figure B.19 and Figure B.20 

for the straight and tapered flexures, respectively. 
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Figure B.15  Dual Mass Resonator Solid Model for Mesh Sensitivity Study. 

 

Figure B.16  Simplified Dual Mass Resonator Solid Model for Mesh Sensitivity Study. 
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Figure B.17  Straight Flexure Revised UCI APLM Solid Model. 

 

Figure B.18  Tapered Flexure Revised UCI APLM Solid Model. 
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Figure B.19  Straight Flexure Coupler Springs Solid Model. 

 

Figure B.20  Tapered Flexure Coupler Springs Solid Model. 
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There were two FEAs conducted on each model for each mesh.  These included a 

modal analysis and a thermoelastic damping analysis.  For the modal analysis the anti-

phase resonant mode was tracked for convergence and for the thermoelastic damping 

analysis, the quality factor due to thermoelastic damping at the anti-phase resonant 

frequency was tracked for convergence.  For the modal analysis and the thermoelastic 

damping analysis, the locations where the oxide layer contacted the substrate were given 

a FixAll boundary condition as shown in Figure B.21 and the solver was set to return the 

first 10 modes.  The anti-phase mode was always the first mode returned by the solver.  

For the thermoelastic damping analysis, the solver was configured to estimate the 

thermoelastic damping losses at the anti-phase resonant frequency returned by the modal 

analysis as well as at one frequency just below and above that resonant frequency.  The 

harmonic motion was set up by placing a pressure load of 0.1 Pa on one face of each of 

the masses in the dual mass resonator using a LoadPatch harmonic surface boundary 

condition.  The two surfaces that were given this harmonic surface boundary condition 

are pictured in Figure B.22.  This low of a pressure was necessary because quality factors 

in excess of one million were expected and the resulting displacements could easily be 

large enough to excite non-linearities in the materials if larger values of pressures were 

chosen. 
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Figure B.21  Anchor Pad Locations for Modal and TED Analyses (Bottom View). 
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Figure B.22  Harmonic Boundary Condition Surfaces for TED Analysis. 

There were two additional mesher settings employed for this analysis that were 

not employed in previous analyses.  These are the extrude direction Biasing and Bias 

Ratio.  These were employed because the stress gradients along the z-axis (the extrude 

direction) in previous analyses were noted to be higher toward the top and bottom of the 

device layer and were relatively constant toward the center, as shown in Figure B.23.  

The Biasing mesher option allows the user to specify where the user would like smaller 

elements and where the user would like larger elements along the extrude direction.  The 

choices for this option are None, Both Ends, Positive End, Negative End, and Center.  

Based on the stress distribution in the flexures near the attachment blocks shown in 

Figure B.23, a Biasing option of Both Ends was chosen for all meshes in this analysis.  

The Bias Ratio specifies the ratio of the element sizes in the bias direction.  The range of 

values for this option is 0.0 to 1.0.  A value of 1.0 implies that the ratio of element sizes is 

one and therefore creates elements that are all the same size, which is the same as no 
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biasing.  A Bias Ratio of 0.5 means that each element is half as big as the adjacent 

element.  For the analyses performed herein, a Bias Ratio of 0.67 was chosen for all 

meshes and resulted in the type of vertical mesh size graduation shown in Figure B.24. 

 

Figure B.23  Equivalent Principle Stress in the Tapered Flexure Pivot APLM. 
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Figure B.24  Extrude Direction Element Biasing. 

Only four mesher options were investigated as a part of this mesh sensitivity 

study.  These included Planar Element Size, Extrude Element Size, Edge Refinement 

Index, and Maximum Curvature Discretization Error.  In addition to setting the Bias to 

Both Ends, and the Bias Ratio, to 0.67, the other fixed mesher parameters included a 

mesh type of Extruded Bricks with Parabolic elements, the use of the Split and Merge 

paving algorithm, and nothing would be specified for the Minimum Elements Per Edge, 

Minimum Element Size, or the Small Feature Removal Threshold settings. 

The overall process for this mesh sensitivity study was to begin with a baseline set 

of mesher settings for the four mesher options being investigated.  Then each one of these 

setting would be refined one at a time until the resonant frequency and thermoelastic 

damping values converged for both the straight flexure resonator and the tapered flexure 

resonator.  Generally, a change of no more than 0.25% from the previous setting was 

considered converged.  The baseline settings for these four mesher options were a Planar 
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Element Size of 200µm, an Extrude Element Size of 50µm, an Edge Refinement Index of 

0, and a Maximum Curvature Discretization Error of 0.05. 

The first mesher parameter investigated was the Planar Element Size.  Table B.3 

shows the FEA results as the Planar Element Size parameter was varied from 200µm 

down to 100µm.  Figure B.25 through Figure B.27 show the resulting meshes for the 

tapered flexure based dual mass resonator.  The data in Table B.3 indicate that all FEA 

metrics changed significantly when the Planar Element Size was changed from 200µm 

down to 150µm, but none changed significantly when that parameter was further refined 

to 100µm.  Therefore, the solution was considered to be converged at a Planar Element 

Size setting of 150µm. 

Table B.3  Planar Element Size Mesh Sensitivity Results. 

 

Planar 

Element 

Size

(µm)

Tapered 

Flexure # 

of Vol. 

Elements

Tapered 

Flexure 

Modal 

Frequency

(Hz)

Tapered 

Flexure 

Q

(×10
6
)

Straight 

Flexure # 

of Vol. 

Elements

Straight 

Flexure 

Modal 

Frequency

(Hz)

Straight 

Flexure 

Q

(×10
6
)

200 13673 3290.0 1.5500 12225 3367.6 1.5091

150 16008 3283.1 1.5768 14306 3294.1 1.5406

100 19808 3279.1 1.5747 17848 3286.4 1.5387
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Figure B.25  200µm Planar Element Size Mesh. 

 

Figure B.26  150µm Planar Element Size Mesh. 
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Figure B.27  100µm Planar Element Size Mesh. 

The next mesher parameter investigated was the Extrude Element Size.  Table B.4 

shows the FEA results as the Extrude Element Size parameter was varied from 50µm 

down to 20µm.  Figure B.28 through Figure B.31 show the resulting meshes for the 

tapered flexure based dual mass resonator.  The data in Table B.4 indicate that, while the 

Extrude Element Size did not have a significant impact on the resonant frequency 

estimate, it did significantly alter the estimate of the thermoelastic damping.  In fact, the 

final refinement from 25µm down to 20µm led to a change in the quality factor due 

thermoelastic damping that was just below the defined convergence threshold.  

Therefore, the Extrude Element Size of 25µm meets the criteria for convergence. 
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Table B.4  Extrude Element Size Mesh Sensitivity Results. 

 

 

Figure B.28  50µm Extrude Element Size Mesh Edge. 

Extrude 

Element 

Size

(µm)

Tapered 

Flexure # 

of Vol. 

Elements

Tapered 

Flexure 

Modal 

Frequency

(Hz)

Tapered 

Flexure 

Q

(×10
6
)

Straight 

Flexure # 

of Vol. 

Elements

Straight 

Flexure 

Modal 

Frequency

(Hz)

Straight 

Flexure 

Q

(×10
6
)

50 13673 3290.0 1.5500 12225 3367.6 1.5091

34 20265 3283.9 1.5806 18093 3361.7 1.5387

25 26857 3282.4 1.5871 23961 3360.2 1.5450

20 33449 3281.5 1.5907 29829 3359.4 1.5484
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Figure B.29  34µm Extrude Element Size Mesh Edge. 

 

Figure B.30  25µm Extrude Element Size Mesh Edge. 
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Figure B.31  20µm Extrude Element Size Mesh Edge. 

The third mesher parameter investigated was the Edge Refinement Index.  Table 

B.5 shows the FEA results as the Edge Refinement Index parameter was varied from 0 to 

3, which spans the full allowable range of this parameter.  Figure B.32 through Figure 

B.35 show the resulting meshes for the tapered flexure based dual mass resonator zoomed 

in on the revised UCI APLM to highlight the differences between the meshes.  The 

primary difference in the meshes seems to be a significant increase in the number of 

elements along the length of the flexures for Edge Refinement Indices of 2 and 3.  The 

data in Table B.5 indicate that there was no difference at all in the meshes returned when 

using Edge Refinement Index values of 0 or 1.  All of the metric parameters changed 

significantly when the Edge Refinement Index was changed to a value of 2 and the quality 

factors due to thermoelastic damping were further refined significantly when the value 

was changed to 3.  Therefore, an Edge Refinement Index value of 3 is required to meet 

the criteria for convergence. 
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Table B.5  Edge Refinement Index Mesh Sensitivity Results. 

 

 

Figure B.32  Mesh with Edge Refinement Index of 0. 

Edge 

Refinement 

Index

Tapered 

Flexure # 

of Vol. 

Elements

Tapered 

Flexure 

Modal 

Frequency

(Hz)

Tapered 

Flexure 

Q

(×10
6
)

Straight 

Flexure # 

of Vol. 

Elements

Straight 

Flexure 

Modal 

Frequency

(Hz)

Straight 

Flexure 

Q

(×10
6
)

0 13673 3290.0 1.5500 12225 3367.6 1.5091

1 13673 3290.0 1.5500 12225 3367.6 1.5091

2 18429 3279.1 1.5776 16675 3286.5 1.5411

3 21897 3275.3 1.5817 20114 3279.2 1.5466
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Figure B.33  Mesh with Edge Refinement Index of 1. 

 

Figure B.34  Mesh with Edge Refinement Index of 2. 
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Figure B.35  Mesh with Edge Refinement Index of 3. 

The final mesher parameter investigated was the Maximum Curvature 

Discretization Error.  Table B.6 shows the FEA results as the Maximum Curvature 

Discretization Error parameter was varied from 0.05 down to 0.01.  Figure B.36 through 

Figure B.38 show the resulting meshes for the tapered flexure based dual mass resonator 

zoomed in on the revised UCI APLM shuttle to highlight the differences between the 

meshes.  The primary difference in the meshes is a significant increase in the number of 

elements in the fillets and in the rounded corners for smaller values of the Maximum 

Curvature Discretization Error.  The data in Table B.6 indicate some relatively strange 

behavior.  All of the data for the tapered flexure based dual mass resonator is well 

behaved and did not change significantly with changing values of the Maximum 

Curvature Discretization Error.  The data from the straight flexure based dual mass 

resonator did change significantly for a Maximum Curvature Discretization Error value 

of 0.03, but the data from the mesh with a Maximum Curvature Discretization Error 
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value of 0.01 was very close to that of the mesh with a value of 0.05.  It is also noted that 

the quality factor from the thermoelastic damping is expected to be inversely proportional 

to the resonant frequency and the quality factor data for the straight flexure based dual 

mass resonator tracks the inverse of the resonant frequency very closely.  So, it appears 

that the resonant frequency estimate for the straight flexure based dual mass resonator 

with a Maximum Curvature Discretization Error of 0.03 is just out of family with the rest 

of the data.  Therefore, any Maximum Curvature Discretization Error value of 0.05 or 

better meets the criteria for convergence. 

Table B.6  Maximum Curvature Discretization Error Mesh Sensitivity Results. 

 

Maximum 

Curvature 

Dicretization 

Error

Tapered 

Flexure # 

of Vol. 

Elements

Tapered 

Flexure 

Modal 

Frequency

(Hz)

Tapered 

Flexure 

Q

(×10
6
)

Straight 

Flexure # 

of Vol. 

Elements

Straight 

Flexure 

Modal 

Frequency

(Hz)

Straight 

Flexure 

Q

(×10
6
)

0.05 13673 3290.0 1.5500 12225 3367.6 1.5091

0.03 15779 3288.9 1.5514 13513 3351.2 1.5193

0.01 25479 3290.3 1.5508 20011 3366.9 1.5123
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Figure B.36  Mesh with Maximum Curvature Discretization Error of 0.05. 

 

Figure B.37  Mesh with Maximum Curvature Discretization Error of 0.03. 
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Figure B.38  Mesh with Maximum Curvature Discretization Error of 0.01. 

Aggregating all of the converged values for the mesher parameters we have a 

Planar Element Size of 150µm, an Extrude Element Size of 25µm, an Edge Refinement 

Index of 3, and a Maximum Curvature Discretization Error of 0.03.  Placing all of these 

parameters into the same mesh yielded resonant frequencies and quality factors for both 

the straight and tapered flexure versions of the dual mass resonator that were significantly 

different from any of the values seen in the individual trade studies.  This warranted a 

little further mesh sensitivity investigation.  Table B.7 presents the results of the mesh 

sensitivity study on the aggregated parameters.  The first row in Table B.7 is the original 

Baseline mesh parameters and the second row is the individually converged mesh 

parameters.  Since the Edge Refinement Index was already set as high as allowed, an 

attempt was made to set all of the other parameters up one level of refinement and those 

results are shown in the third row of Table B.7.  While these changes in parameter values 

marked a significant increase in mesh refinement, the estimated resonant frequencies did 
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not change significantly.  Unfortunately, the refined mesh resulted in so many elements 

that the thermoelastic damping module in Coventor could not converge to a solution.  

Since the thermoelastic damping analysis is critical to the current research, this set of 

mesh parameters would not be possible to carry forward for the intended analyses.  

Reviewing the individual parameter sensitivity study findings it was the Extrude Element 

Size that just barely met the convergence criteria for the 25µm value.  Therefore, the 

Planar Element Size and the Maximum Curvature Discretization Error values were set 

back to their original aggregate values and the Extrude Element Size was refined to 

20µm.  The FEA results using this mesh are presented in row 4 of Table B.7.  Comparing 

these results to the available results in rows 2 and 3 of Table B.7 indicates that the data 

has met the convergence criteria but the quality factor from thermoelastic damping just 

barely met the criteria with a change of 0.22% for both the straight and tapered flexure 

versions of the dual mass resonator.  Since this just barely met the convergence criteria, 

one more set of mesh parameters was attempted by further refining the Extrude Element 

Size to 16.67µm and leaving all other parameters unchanged.  The FEA results from this 

mesh are presented in row 5 of Table B.7.  Once again, the refined mesh resulted in so 

many elements for the tapered flexure based dual mass resonator that the thermoelastic 

damping module in Coventor could not converge to a solution, but the other metrics all 

indicated no significant shift in results.  Therefore, the mesh parameters in row 4 of Table 

B.7, which are highlighted in green, were selected as the final mesh parameter settings 

for the APLM and dual mass resonator finite element analyses.  Figure B.39 through 

Figure B.43 show the resulting meshes for the tapered flexure based dual mass resonator 

zoomed in on the revised UCI APLM to highlight the differences in the meshes. 
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Table B.7  Aggregate Parameters Mesh Sensitivity Results. 

 
“DNC” indicates that the solution Did Not Converge. 

 

Figure B.39  Mesh from Baseline Aggregate Mesh Settings. 

Planar 

Element 

Size

(µm)

Extrude 

Element 

Size

(µm)

Edge 

Refinement 

Index

Maximum 

Curvature 

Dicretization 

Error

Tapered 

Flexure # 

of Vol. 

Elements

Tapered 

Flexure 

Modal 

Frequency

(Hz)

Tapered 

Flexure 

Q

(×10
6
)

Straight 

Flexure # 

of Vol. 

Elements

Straight 

Flexure 

Modal 

Frequency

(Hz)

Straight 

Flexure 

Q

(×10
6
)

200 50 0 0.05 13673 3290.0 1.5500 12225 3367.6 1.5091

150 25 3 0.03 56564 3267.3 1.6204 49684 3271.8 1.5832

100 20 3 0.01 118272 3266.2 DNC 100885 3270.9 DNC

150 20 3 0.03 70410 3266.4 1.6240 61816 3271.0 1.5866

150 16.67 3 0.03 84256 3266.1 DNC 73948 3270.7 1.5877



 

452 

 

Figure B.40  Mesh from Aggregate Mesh Settings from Individual Sensitivity Studies. 

 

Figure B.41  Mesh from Aggregate Mesh Settings with All Parameters Refined. 
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Figure B.42  Mesh from Final Mesh Settings (20µm Extrude Element Size). 

 

Figure B.43  Mesh from Aggregate Mesh Settings with 16.67µm Extrude Element Size. 
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Appendix C.  Additional Figures for Dual Mass Resonator Fabrication 

Appendix C provides additional figures of the dual mass resonator fabrication 

experiments for completeness.  These include additional close-up views of the various 

revised UCI APLM designs and coupler spring designs as well as specific design 

locations on the fabrication wafer. 

C.1  Dual-Mass Resonator Experiment APLM and Coupler Spring Close-up Views 

Broad views of the solid model renderings of the straight flexure revised UCI 

APLM designs from dual-mass resonator Experiment 1 are provided in Figure C.1 

through Figure C.6.  Broad views of the solid model renderings of the straight flexure 

coupler spring designs from dual-mass resonator Experiment 1 are provided in Figure C.7 

through Figure C.12.  
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Figure C.1  Experiment 1 Design 1 Revised UCI APLM, 7.5µm Width w/o Fillets. 

 

Figure C.2  Experiment 1 Design 2 Revised UCI APLM, 7.5µm Width w/ Fillets. 
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Figure C.3  Experiment 1 Design 3 Revised UCI APLM, 10µm Width w/o Fillets. 

 

Figure C.4  Experiment 1 Design 4 Revised UCI APLM, 10µm Width w/ Fillets. 
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Figure C.5  Experiment 1 Design 5 Revised UCI APLM, 15µm Width w/o Fillets. 

 

Figure C.6  Experiment 1 Design 6 Revised UCI APLM, 15µm Width w/ Fillets. 
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Figure C.7  Experiment 1 Design 1 Coupler Spring, 7.5µm Width w/o Fillets. 

 

Figure C.8  Experiment 1 Design 2 Coupler Spring, 7.5µm Width w/ Fillets. 
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Figure C.9  Experiment 1 Design 3 Coupler Spring, 10µm Width w/o Fillets. 

 

Figure C.10  Experiment 1 Design 4 Coupler Spring, 10µm Width w/ Fillets. 
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Figure C.11  Experiment 1 Design 5 Coupler Spring, 15µm Width w/o Fillets. 

 

Figure C.12  Experiment 1 Design 6 Coupler Spring, 15µm Width w/ Fillets. 
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Broad views of the solid model renderings of the tapered flexure revised UCI 

APLM designs from dual-mass resonator Experiment 2 are provided in Figure C.13 

through Figure C.18.  Broad views of the solid model renderings of the straight flexure 

coupler spring designs from dual-mass resonator Experiment 1 are provided in Figure 

C.19 through Figure C.24.  

 

 

Figure C.13  Experiment 2 Design 1 Revised UCI APLM, 7.5µm Width w/o Fillets. 
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Figure C.14  Experiment 2 Design 2 Revised UCI APLM, 7.5µm Width w/ Fillets. 

 

Figure C.15  Experiment 2 Design 3 Revised UCI APLM, 10µm Width w/o Fillets. 
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Figure C.16  Experiment 2 Design 4 Revised UCI APLM, 10µm Width w/ Fillets. 

 

Figure C.17  Experiment 2 Design 5 Revised UCI APLM, 15µm Width w/o Fillets. 
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Figure C.18  Experiment 2 Design 6 Revised UCI APLM, 15µm Width w/ Fillets. 

 

Figure C.19  Experiment 2 Design 1 Coupler Springs, 7.5µm Width w/o Fillets. 
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Figure C.20  Experiment 2 Design 2 Coupler Springs, 7.5µm Width w/ Fillets. 

 

Figure C.21  Experiment 2 Design 3 Coupler Springs, 10µm Width w/o Fillets. 
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Figure C.22  Experiment 2 Design 4 Coupler Springs, 10µm Width w/ Fillets. 

 

Figure C.23  Experiment 2 Design 5 Coupler Springs, 15µm Width w/o Fillets. 
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Figure C.24  Experiment 2 Design 6 Coupler Springs, 15µm Width w/ Fillets. 

 

C.2  Experimental Design Wafer Locations and Distributions 

The locations on the wafer of the individual design configurations for straight 

flexure dual-mass resonator Experiment 1 are shown for all designs in Figure C.25 

through Figure C.30.  The double block items are the locations where there was an x-axis 

device adjacent to a y-axis device.  These figures demonstrate a relatively even 

distribution of the design instances across the wafer. 
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Figure C.25  Experiment 1 Design 1 Locations on Wafer, 7.5µm Width w/o Fillet. 

 

Figure C.26  Experiment 1 Design 2 Locations on Wafer, 7.5µm Width w/ Fillet. 
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Figure C.27  Experiment 1 Design 3 Locations on Wafer, 10µm Width w/o Fillet. 

 

Figure C.28  Experiment 1 Design 4 Locations on Wafer, 10µm Width w/ Fillet. 
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Figure C.29  Experiment 1 Design 5 Locations on Wafer, 15µm Width w/o Fillet. 

 

Figure C.30  Experiment 1 Design 6 Locations on Wafer, 15µm Width w/ Fillet. 
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The locations on the wafer of the individual design configurations for tapered 

flexure dual-mass resonator Experiment 2 are shown for all designs in Figure C.31 

through Figure C.36.  The double block items are the locations where there was an x-axis 

device adjacent to a y-axis device.  These figures demonstrate a relatively even 

distribution of the design instances across the wafer. 

 

Figure C.31  Experiment 2 Design 1 Locations on Wafer, 7.5µm Width No Fillet. 
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Figure C.32  Experiment 2 Design 2 Locations on Wafer, 7.5µm Width w/ Fillet. 

 

Figure C.33  Experiment 2 Design 3 Locations on Wafer, 10µm Width No Fillet. 
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Figure C.34  Experiment 2 Design 4 Locations on Wafer, 10µm Width w/ Fillet. 

 

Figure C.35  Experiment 2 Design 5 Locations on Wafer, 15µm Width No Fillet. 
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Figure C.36  Experiment 2 Design 6 Locations on Wafer, 15µm Width w/ Fillet. 

The locations on the wafer of the individual design configurations for dual-mass 

resonator Experiment 4 (L to d ratio experiment) are shown for all designs in Figure C.37 

through Figure C.40.  These figures demonstrate a relatively even distribution of the 

design instances across the wafer. 



 

475 

 

Figure C.37  Experiment 4 Design 1 Locations on Wafer, L/d = 2. 

 

Figure C.38  Experiment 4 Design 2 Locations on Wafer, L/d = 3. 
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Figure C.39  Experiment 4 Design 3 Locations on Wafer, L/d = 4. 

 

Figure C.40  Experiment 4 Design 4 Locations on Wafer, L/d = 5. 
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The locations on the wafer of the dual-mass resonator design of Experiment 5 

(tapered flexure lever APLM) are shown in Figure C.41.  The figure indicates a relatively 

even distribution of the design instances across the wafer. 

 

Figure C.41  Experiment 5 Design Locations on Wafer. 

The locations on the wafer of the individual design configurations for dual-mass 

resonator Experiment 6 (“control” designs) are shown for all designs in Figure C.42 

through Figure C.45.  All Experiment 6 devices were x-axis devices so there are no 

double-block items in this experiment.  These figures demonstrate a relatively even 

distribution of the design instances across the wafer. 
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Figure C.42  Experiment 6 Design 1 Locations on Wafer. 

 

Figure C.43  Experiment 6 Design 2 Locations on Wafer. 
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Figure C.44  Experiment 6 Design 3 Locations on Wafer. 

 

Figure C.45  Experiment 6 Design 4 Locations on Wafer. 
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