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CHAPTER 1

INTRODUCTION

We can lick gravity, but sometimes the paperwork is overwhelming.
- Wernher von Braun

1.1 Introduction

Since the birth of radar, the effects of multipath on low-angle targets has been a

key features of radar signals. One of the earliest radar systems, the British HF

Chain Home (CH) radar system, played a pivotal role in World War II and made

use of the multipath lobes to determine the height of targets.[1] In this case, since

the system was stationary, comparing the returns from receive antennas at multiple

heights above ground allowed the variation in multipath nulls to be exploited. Since

that time, radar systems for air targets have moved higher in frequency and primarily

put narrow-angle beams on target. This has removed much of the effect of multipath

and ground clutter. Modern radar that operates at microwave frequencies have short

wavelengths and thus can experience dramatic multipath effects when used to track

low-angle targets. This behavior affects both marine and ground radar.[2, 3] Though
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used historically in the CH radar, in modern radar the multipath effects are considered

an impairment.[4] Figure 1.1.1 shows the basic difference between high and low angle

radars. This figure shows that the low-angle systems have the ground and multipath

that arises from it in their antenna main beam and largest side lobes whereas these

effects are greatly reduced in high-angle systems. Both high-angle and low-angle

systems experience fluctuations in target RCS due to small changes in presented

angle. This fluctuation is often treated statistically with Swerling models during the

design phase of the radar [5] but is not often exploited during operation.

Figure 1.1.1: High-Angle Air Defense vs Low-Angle Ground or Marine Radar

1.2 Outline

This thesis details the decomposition of the amplitude track of a low-angle target

to allow independent analysis of target radar cross section (RCS), multipath, and

target roll dynamics. This analysis would be applicable to a range radar that tracks

2



surface to surface projectiles, rockets, and missiles. Typically amplitude data is not

used beyond detection, but through the method developed in this thesis additional

surface parameters may be obtained. In Chapter 2, an amplitude model of a target

over a rough surface is developed for use in simulation of the return at low-angle.

Radar tracks are then analyzed using Fourier techniques in Chapter 3. In Chapter 4,

Empirical Mode Decomposition (EMD) is used to attempt to isolate the basic target

return from the multipath and target fluctuation effects. In Chapter 5, a method

of successive fitting and subtraction is developed similar to EMD but with a priori

knowledge of the system. This method is then applied to tracks generated over a

range of system parameters to determine the robustness of the method.

3



CHAPTER 2

RADAR SIGNAL MODEL

In theory, theory and practice are the same.
In practice they are different.

- Anonymous

2.1 Overview

We will consider the case shown in Figure 2.1.1 where a monostatic radar is located

a distance Rz above the ground on the z-axis. The target to be tracked will fly a

path parallel to the x-axis offset in the y dimension by Ty at an altitude of Tz above

the ground. The terrain is approximated by the xy plane. The radar will be used for

range r, and received power estimation Prx.

4



Figure 2.1.1: Coordinate System

The radar will operate on a signal with both an in-phase (I) and quadrature

(Q) channel z = I + jQ . Target detection will be performed with a magnitude

detector in the radar processor.

s = |z| =
√
zz∗ =

√
I2 +Q2 (2.1.1)

The parameters considered for the baseline simulation are summarized in Table

2.1, 2.2, and 2.3.

Table 2.1: Radar Parameters

Parameter Value
Radar Transmit Power Pt = 40.0 dBm

Antenna Gain Gr = 20.0 dB
Radar Frequency fr = 40.0GHz

Detection Bandwidth B = 3.0 kHz
System Noise Figure F = 10.0 dB

Radar Altitude Rz = 3.0m

5



Table 2.2: Target Parameters

Parameter Value
Target Cross Section σrcs = −15.0 dBsm

Target Altitude Tz = 2.0m
Target Cross Range Ty = 1.0m
Target Roll Rate Fs = 0.10 1/m
RCS Flutter Ar = 0.2 dB

Table 2.3: Terrain Parameters

Parameter Value
Conductivity f = 1.0× 10−3 f/m

Relative Dielectric Constant ε = 10
RMS Surface Roughness σh = 40.00mm

Foliage Attenuation α = 0.24Np/m

2.2 Radar Range Equation

If we consider the target to be a non-fluctuating target, then the return is not a ran-

dom variable and will be considered simply to be the received power Ps as calculated

by the radar range equation.[6]

Ps = PtG
2
rλ

2σrcs

(4π)3 r4
(2.2.1)

Using this equation and the values from Tables 2.1 and 2.2, we can generate the

simulated received power vs range plot shown in Figure 2.2.1.

6
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Figure 2.2.1: Target Return Power vs Range

2.3 Multipath

When the target is either low or distant, the amount of multipath effect may be

significant. If we consider specular multipath only, the four primary signal paths we

will consider are shown in Figure 2.3.1.

Figure 2.3.1: Multipath Paths
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The path length rd is the slant range from the radar to target.

rd =
∣∣∣−→Pt −−→Po∣∣∣ =

√
(a+ b)2 + (Tz −Rz)2 (2.3.1)

The length of the indirect path through the specular point are easily solved in the

plane that contains −→Po,
−→
Ps, and

−→
Pt.

a =

√√√√√r2 − (Rz − Tz)2(
1 + Tz

Rz

)2 (2.3.2)

b = a
(
Tz
Rz

)
(2.3.3)

ra =
√
a2 +R2

z (2.3.4)

rb =
√
b2 + T 2

z (2.3.5)

The grazing angle of the indirect path is also easily derived and is given below:

θg = arctan
(
Rz

a

)
= arctan

(
Tz
b

)
(2.3.6)

The azimuthal angle to the target from the radar θc is given below:

θc = arcsin
(
Pt x − Pr x
a+ b

)
(2.3.7)
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The direct path is simply twice the Euclidean distance between −→Po and −→Pt.

The specular point −→Ps is the point at which the grazing angle θs from the radar to

the point is equal to the grazing angle from the target to the same point. It is given

by Equation 2.3.8.

−→
Ps = (Pr x + a cos (θc)) x̂+ (Pr y + a sin (θc)) ŷ + 0ẑ (2.3.8)

The four paths we will consider are:

1. Direct path ld = 2rd

2. Indirect path through the specular point outgoing la = ra + rb + rd

3. Indirect path from the target back to the radar lb = rd + rb + ra = la

4. Indirect path both directions lc = ra + rb + rb + ra

For a trajectory over a perfect electrical conductor (PEC), we would expect the re-

ceived signal to receive interference from each path equally resulting in the received

signal modulated by a propagation factor:

Fp = ejld
2π/λ + 2ejla2π/λ + ejlc

2π/λ (2.3.9)

This has a “chirp” characteristic as a function of range as shown in Figure 2.3.2. From

this plot we can see that the signal can destructively cancel and also constructively

add, since the signal can be increased by up to four times the propagation factor is

as much as 12dB.
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Figure 2.3.2: Propagation Factor Over a PEC

We are unlikely to encounter data taken over a perfect conductor. Initially

we will consider a perfectly smooth, perfectly flat dielectric slab and consider its

reflection coefficient similar to the development in [7]. The terrain will be assumed

to have a relative dielectric constant

εrc = ε

εo
− 60iλσ (2.3.10)

where we will initially assume the nominal value of ε = 10 εo and σ = 1.0× 10−3 f/m.

Additionally, the permeability shall be assumed to be µrc = 1 and the normalized

admittance:

Y =
√
εrc
µrc

(2.3.11)

10



The reflection coefficients for the vertical polarization Rvv
o and horizontal polarization

Rhh
o are derived in [8][7] and given below:

Rvv
o (θg) =

Y 2 sin θg −
√
Y 2 − cos2 (θg)

Y 2 sin θg +
√
Y 2 − cos2 (θg)

(2.3.12)

Rhh
o (θg) =

sin θg −
√
Y 2 − cos2 (θg)

sin θg +
√
Y 2 − cos2 (θg)

(2.3.13)

For the given parameters, the phase of RV V
o changes abruptly from 180o to 0o at

θg = 17.5o,
∣∣∣RV V

o

∣∣∣ and ∣∣∣Rhh
o

∣∣∣ vary over angle according Figure 2.3.3.

A target flying over this smooth terrain is not affected much (less than 3dB)

by the terrain at the small grazing angles (θg < 3o) that we see over most of the flight

path. We can see this if we modify Equation 2.3.9 to include the effects of reflection

coefficient

Fp = ejld
2π/λ + 2Ro (θg) ejla2π/λ +R2

o (θg) ejlc2π/λ (2.3.14)

which results in roll-off seen in Figure 2.3.4
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Figure 2.3.4: Propagation Factor Over Smooth Ground

No terrain is perfectly flat, so we must modify the reflection coefficient due the

the effect of uneven rough terrain. For terrain with a Gaussian distribution of terrain

12



height where the rms roughness σh = 40.00mm we can use the following relation

derived in [7] and given below:

Rs = ρsRo (2.3.15)

where 〈
|ρs|2

〉
= e

−
(

4πσh sin θg
λ

)2

(2.3.16)

plotting
√〈
|ρs|2

〉
as a function of angle in Figure 2.3.5 we can see that the reflection

coefficient rapidly approaches zero for even small angles at our wavelength. If we

apply this to Equation 2.3.14 once again we get

Fp = ejld
2π/λ + 2Rρo (θg) ρs (θg) ejla2π/λ +R2

o (θg) ρ2
s (θg) ejlc2π/λ (2.3.17)

This roll off has the effect shown in Figure 2.3.6.
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Figure 2.3.6: Propagation Factor Over Rough Ground

Finally at extremely low grazing angles on rough foliage-covered surfaces such

as grass, the incident and reflected rays must pass through a significant amount of

14



biomass. In this case, the path length traversed by the reflected ray is determined by

the height of the ground cover which will be taken to be the same as the RMS surface

roughness σh and is shown in Figure 2.3.7.

Figure 2.3.7: Attenuation Path

d = 2σh
sin (θg)

(2.3.18)

This path length then results in a path attenuation of:

〈A〉 = e−2αd = e
−4ασh/sin(θg) (2.3.19)

where α is the path attenuation constant. We will use α = 0.24Np/m for the

frequency of interest which results in the angle dependent falloff shown in Figure

2.3.8 for σh = 40.00mm.[9]
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Figure 2.3.8: 〈A〉

If we apply this to Equation 2.3.9 once again we get

Fp = ejld
2π/λ + 2Rρo (θg) ρs (θg)A (θg) ejla2π/λ +R2

o (θg) ρ2
s (θg)A2 (θg) ejlc2π/λ (2.3.20)

which results in a ripple seen in Figure 2.3.9. We can see in this figure that since

the effect of surface roughness drives the reflection coefficient to zero at steep angles

and the attenuation drives it to zero at extremely shallow angles. The difference we

saw in Figure 2.3.4 between polarizations has been covered by the surface roughness

effect.
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Figure 2.3.9: Propagation Factor Over Rough Ground with Foliage

Finally, if we assume vertical polarization and apply the rough surface propa-

gation factor to the radar range equation, we get a simulated radar amplitude shown

in Figure 2.3.10 containing the effects of multipath.
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Figure 2.3.10: Received Power vs Range Over Rough Terrain
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2.4 RCS Modulation

Projectiles are commonly spin-stabilized to enhance stability during flight. The pres-

ence of fins can make the RCS of the target vary as a function of roll angle.[10] If we

assume the target is traveling parallel to the x-axis and it rolls once every Rd, the

spatial frequency is Fs = 1/Rd = 0.10 1/m and raises or lowers the RCS by Ar = 0.2 dB.

We can model this fluctuation with:

RCSroll (x) = RCSo + Ar sin (2πxFs + φ) (2.4.1)

If the target is spin-stabilized by fins once the roll rate achieves steady state, the

spatial frequency of the RCS variation is primarily dependent on velocity. If we

observe the target over a short distance the roll rate will be constant. It should be

noted that Rd is the distance required to roll to a similar symmetric orientation, e.g.,

if the target has 4 fins it would roll through a cycle 4 times per actual revolution

of the target. If we add the fluctuating cross section according to the parameters in

Table 2.2, we get the result shown in Figure 2.5.2.
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Figure 2.4.1: Rolling Target Over Rough Terrain

2.5 Noise

We will additionally assume that the I and Q channels have identical independently

distributed [i.i.d.] white noise with power σ2
g/2 in each for a total noise power of σ2

g in

the signal z. The PDF of the noise at the output of the detector is then given by the

Rayleigh distribution in Equation 2.5.1.[11]

pr (r) =


2r
σ2
g
e−r

2/σ2
g r ≥ 0

0 otherwise

(2.5.1)
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The expected value of Equation 2.5.1 is given by

E [r] = σg

√
π

2 = µr (2.5.2)

The receiver noise is represented by a random variable ν which will be generated

in simulation by a complex signal with Gaussian random variables in the I and Q

components.

ν = νI + jνQ (2.5.3)

Once we generate the noise signal we can use the relation

σ2
g = 4

π
µ2
ν (2.5.4)

as a convenient way to validate our simulated noise by comparing the magnitude

mean to the RMS power.

σ2
g = 1

N

N∑
k=1

νkν
∗
k (2.5.5)

The total noise power in ν is σ2
g which is given by

σ2
g = kTBF (2.5.6)

where thermal noise density is No = 10 log (kT ) = −174.0 dBm/Hz, B is the detec-

tion bandwidth B = 3.0 kHz, and F is the noise figure of the receiver F = 10.0 dB.

σ2
g = −174.0 dBm/Hz + 10 log (3.0 kHz) + 40.0GHz = −129.2 dBm (2.5.7)
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This allows us to model the received power at the detection of

Prx = Ps + ν (2.5.8)

which is shown in Figure 2.5.1. This is the magnitude detector output for a point

target flying the free space trajectory described by Section 2.1.
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Figure 2.5.1: Received Power vs Range with Receiver Noise

Finally, we can show the received power of the signal corrupted by all sources

including noise in Figure 2.5.2.
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Figure 2.5.2: Fully Modeled Power Return
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CHAPTER 3

FOURIER ANALYSIS

Sometimes when you connect the dots you get a picture.
Other times you just have a bunch of dots.

- RK

3.1 Introduction

Traditional data-analysis generally falls into two broad categories: decomposition into

a series of basis functions or model-based approaches. In this thesis we are considering

decomposition, of which the most common method by far is Fourier analysis. The

data to be analyzed is sampled so the Discrete Fourier Transform (DFT) is used,

this method attempts to decompose the data into a set of orthogonal basis functions

consisting of sinusoids. Though this method is simple, it produces good results for

many applications due to the abundance of systems in the natural world that obey a

law similar to Equation 3.1.1.

ẍ = −kx (3.1.1)

This is Hook’s Law which applies not only to the mass on a spring problem we studied

in high school, but to most problems involving compression, bending, or torsion of
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a material. In addition this same form shows itself in the acoustic wave equation,

electromagnetic wave equation, and many others.

3.2 Discrete Fourier Transform (DFT)

In general a transform decomposes an input signal x (t) into a series of coefficients cn

that represent the amplitude of each member of a set of basis functions gn (t) which

when summed would result in the reconstruction of the original signal.

x (t) = c0g0 (t) + c1g1 (t) + c2g2 (t) + . . . =
N∑
k=0

ckgk (t) (3.2.1)

In the case of the Exponential Fourier Series, the basis functions are the complex

exponentials gk (t) = e−jkω0t at integer multiples of the frequency ω0 which is related

to the sampled interval T by the relation ω0 = 2π
T

. This choice of basis functions is

useful since they have to form of solutions to 3.1.1. In addition, the criteria that they

form is a set of orthogonal basis satisfying Equation 3.2.2:

T̂

0

gk (t) g∗k′ (t) dt =
T̂

0

e−jkω0tejk
′
ω0tdt = Tδkk′ (3.2.2)

where δnn′ is the Kronecker delta function. When k = k
′ Equation 3.2.2 is simply

´ T
0 dt = T and when k 6= k

′ Equation 3.2.2 is of the form
´ T

0 e
j

(
k
′−k
)
ω0t
dt which

since k and k′ are both integers means that we are integrating an oscillating function

over an integer number of cycles which is zero. To determine the optimal value, in a

minimum square error sense, of each coefficient ck in the series we can use:
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ck =
´ T

0 x (t) gk (t) dt´ T
0 gk (t) g∗k (t) dt

= 1
T

T̂

0

x (t) e−jkω0tdt (3.2.3)

If we assume our input signal is sampled at intervals separated by ∆t then t = n∆t

and N = T/∆t. This allows us to change Equation 3.2.3 to the discrete sum:

ck = 1
N

N−1∑
n=0

x (n) e−jk2πn/N (3.2.4)

Equation 3.2.4 forms the DFT, the 1
N

normalization can be removed and we will use:

X (k) =
N−1∑
n=0

x (n) e−j2πnk/N (3.2.5)

For example the simple signal

x (t) = ej2π2.0t (3.2.6)

and its DFT X (f) are shown in figure 3.2.1. It can be seen that x (t) in this case

enjoys compact support in the frequency domain by the observing the sparseness of

X (f), in fact X (f) has only one non-zero coefficient.
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Figure 3.2.1: Complex Exponential with Integer Number of Cycles

If we look at the case of:

x (t) = ej2π2.5t (3.2.7)

and its DFTX (f) in Figure 3.2.2 this minor change has made X (f) much less sparse;

in fact all the coefficients in X (t) are non-zero.
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Figure 3.2.2: Complex Exponential with Fractional Number of Cycles
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3.3 Limitations of the DFT

By necessity, Fourier techniques require the satisfaction of the Dirichlet condition, or

periodic matching of the boundary conditions, to be valid. Sampled signals that do

not fit an integer number of periods into the sample period as well as signals that are

intermittent do not fit this criteria. Figure 3.3.1 illustrates this problem by showing

what Equation 3.2.7 looks like when sampled for three seconds in Figure 3.3.1a and

what it looks like when w·sampled for one second and repeated three times in Figure

3.3.1b. The difference is dramatic and obvious.
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Figure 3.3.1: Equation 3.2.7 Extended to 3.0 seconds Two Ways

The repeated case shown in Figure 3.3.1b is what the result of the DFT trans-

form is based on whereas the desired result would likely be the transform of the time

extended case in Figure 3.3.1a. This disconnect between the desire to estimate the

actual power spectral density (PSD) of a signal and what is returned by the DFT is

at the heart of the problem with the Fourier transform.
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It is instructive to look at the origin of the “tails” in spectrum shown in Figure

3.2.2. The DFT can be considered a bank of filters with each their centers placed at

ωk = 2πk/N, k = 0 . . . (N − 1). The time-domain input is a simple rectangular pulse

x (n) =


xi (n) 0 ≤ n ≤ (N − 1)

0 n > (N − 1)

(3.3.1)

where xi (n) is the data input to the finite length DFT which results in the familiar

sinc filter response of:

X (m, k) = N

2
sin (π (k −m))
π (k −m) (3.3.2)

This filter shape is shown in Figure 3.3.2 and annotated to highlight the fact that

X (m, k) has a zero response at each bin center except for k. In Figure 3.3.3 we show

the overlapped response of the entire filter bank, on the left a signal is place between

bins and we see that there is a response from each of the filters in the bank. On

the right a signal is placed in the center of a bin and there is only response from the

filter centered on that bin. This leads us to a common method of mitigating these

“tails” or “leakage” by shaping the filter response to localize the signal energy more

compactly in frequency.

The customary solution is to apply a time-domain weighting to the data set

prior to the DFT to set the shape of the filters. These windowing functions generally

approach zero at the beginning and end of the samples, so this can also be seen as

artificially enforcing the Dirichlet condition. For example, the Hamming window can
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be defined[12] in the time domain as:

w(n) = 0.54− 0.46 cos
( 2πn
N − 1

)
0 ≤ n ≤ N − 1 (3.3.3)

if we apply this weight to the signal described in Equation 3.2.7 we can see the result

in Figure 3.3.4.
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Figure 3.3.4: Hamming Window

If we compare plot the Hamming filter band in Figure 3.3.5 and then compare

it to Figure 3.3.3, we can see that though we now have a small response in all the

filter at bin center, we have reduced the response from all but the adjacent bins to

tones mid-bin, thus improving the situation greatly.

Windowing has limits in that it cannot deal effectively with data sets that

contain highly non-stationary signals.[12] To state this another way, Equation 3.2.5

uses a complex exponential with a constant frequency across the entire sampling

interval as the basis function so a signal that contains an intermittent signal will not
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enjoy compact support. In addition, when windowing is used in the time domain to

better localize the signal in the frequency domain, unequal weighting of non-stationary

signal components will occur. For example if we consider the signal:

x (t) =


2t+ ej2πt4 + 0.002 · ej2πt60 t < 0.5

2t+ ej2πt16 + 0.002 · ej2πt60 t ≥ 0.5

(3.3.4)

This signal is continuous in the time domain as can be seen in Figure 3.3.6. The DFT

of the signal described by Equation 3.3.4 with the Hamming window applied is also

shown in Figure 3.3.6 along with the DFT of x (t) =
√

2ej2πt4 +
√

2ej2πt16 + 0.002 ·

ej2πt60 . The presence of the frequency discontinuity produces large tails that are not
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mitigated by the Hamming window. The effect on the spectrum due to this kind of

change is so dramatic that it completely hides the third smaller continuous tone. This

is not surprising since the discontinuity occurs at the point that the window has the

least effect.
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3.4 Short Time FFT

A widely-used method for analysis of non-stationary signals is the Short-Time Fourier

Transform (STFFT), also know as the spectrogram. The information of speech and

music is encoded in the time-varying amplitude and frequency of the component parts,

and analysis of these signals makes extensive use of the spectrogram. A STFFT is

nothing more than the application of a window with limited-time extent that is shifted

through the signal to form spectral estimates at different times in the signal. The

result is then plotted as a function of time and frequency

wt (τ) = w (τ − t) (3.4.1)

where w (t) → 0 on a time scale that is small compared to the total length of the

input signal.

XST (k,m) =
N−1∑
n=0

w (n−m)x (n) e−j2πnk/N (3.4.2)

Algorithmically from the spectrogram, we simply split the input signal into a set of

overlapping or contiguous sub-series that are each then transformed with a windowed

FFT. If we apply the STFFT to the signal described by Equation 3.3.4, we could get

any of a family of spectrograms such as the the ones shown in Figure 3.4.1. Both

of the spectrograms are of the same input data and use a Hamming window, but

the width of Figure 3.4.1b was made small, giving it good time localization and poor

frequency localization. Figure 3.4.1a used a wide window, giving it good frequency

resolution but poor time resolution. This is the basic trade-off that limits the ability
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of the STFFT to localize a signal in time or frequency but not both.[13] When the

spectrogram is formed with a short window in Figure 3.4.1b, there is not enough

process gain to see the tone, but the time of the step is well-defined. When a long

window is used in Figure 3.4.1a the tone is discernable, but the time around the step

is corrupted by the step-event obscuring details close the time of the step.

3.5 FFT analysis of RADAR data

Using the target model developed and described in Chapter 2, we will attempt to

analyze the target track using Fourier methods. Initially we will perform the DFT

on the noise-free track shown in Figure 2.4.1 with and without Hamming weights

applied. The result is shown in Figure 3.5.1. Since the track has a large Ar = 0.2 dB

fluctuation at a spatial frequency of Fs = 0.10 1/m, we can easily see a peak in the

windowed FFT; it is however much less obvious in the rectangular FFT. When the

FFT is applied to the signal from Figure 2.5.2, which includes noise, we see similar

results, which are shown in Figure 3.5.2.

Finally, we form spectrograms with good frequency and time resolution in

Figures 3.5.3a and 3.5.3b respectively. No features of this signal are made apparent

by either type of spectrogram.

Having seen the ability of the windowed FFT to reveal the roll flutter peak, a

simple peak interpolator was used to estimate the frequency and amplitude of the roll

flutter using the FFT. The simulation was swept through parameter space by varying

the RCS of the target from -35 to -10 dBsm and then adjusting the cross range of
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the target Ty and target altitude Tz from 0 to 10 meters at the nominal RCS of

−15.0 dBsm. At each point in parameter space estimates of the roll parameters were

made in Monte Carlo fashion by recording the median result of 10 noise realizations.

The results of this are shown in Figure 3.5.4 and 3.5.5. It can be seen that the method

estimates the roll frequency well when the RCS is bigger than -27dBsm. The estimate

quality does not appear to be impacted by the altitude or cross-range position of the

target as long at the RCS is large enough.
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Figure 3.4.1: Short Time FFT (Spectrogram)
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Figure 3.5.2: DFT of Target Track
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CHAPTER 4

EMPIRICAL MODE DECOMPOSITION AND THE

HILBERT-HUANG TRANSFORM

God does not care about our mathematical difficulties.
He integrates empirically.

- Albert Einstein

4.1 Introduction

Having seen the limitations of Fourier analysis when applied to an intensely non-

stationary signal such as the radar amplitude track, it was interesting to explore

application of Empirical Mode Decomposition (EMD) to the problem. Introduced by

Norden E Huang in 1998 [14], this method is singular in its ability to derive basis

functions (Intrinsic Mode Functions) from the data set itself rather than pulling from

a fixed family of basis functions like the Fourier or Wavelet transform. It is well-

suited to decomposition of strongly non-stationary and non-linear data sets owing to

its method of defining frequency content based explicitly on local zero crossings in

the data rather than fitting to an ensemble of oscillatory functions. This ability to
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deal with data sets with non-stationary frequency and large trends made it look like

a good choice to use with this type of data set.

4.2 Properties of Intrinsic Mode Functions

An Intrinsic Mode Function (IMF) represents a simple oscillatory mode and is the

equivalent of the basis functions used by other transforms such as the Wavelet or

Fourier transform. Unlike these other basis functions, IMFs are derived from the data

set of interest and are not necessarily related to each other by a parameter change in

a generating function. Specifically, any IMF must satisfy two conditions:[14]

1. In the whole data set, the number of extrema and the number of zero crossings

must either equal or differ at most by one.

2. At any point, the mean value of the envelope defined by the local maxima and

the envelope defined by the local minima is zero.

The first condition is simply formally requiring that the function be oscillatory about

zero. The second condition is more specifically requiring the first condition to be met

during each cycle. These two criteria essentially require an IMF to have only one

frequency, as defined by zero crossings, at any given time during the signal duration.

The IMFs as a set should be able to reconstruct the original signal they were

derived from when summed and added to any non-oscillatory residue.

X =
M∑
j=1

Cj + r (4.2.1)
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X is a set of discrete data, Cj is the jth IMF, r is the non oscillating residual, and M

is a number of oscillating modes.

In keeping with their role as a set of basis functions for the data set, the

IMFs, taken as a set, should also be orthogonal to each other. Since the IMFs have

no analytic or continuous description, we define an index of orthogonality, θ to test

numerically how well the set has fulfilled this goal. If we square Equation 4.2.1

X2 =
M∑
j=1

C2
j + 2

M∑
j=1

M∑
k=1

CjCkδj,k +
N∑
j=1

Cjr + r2 (4.2.2)

and would like X2 = ∑M
j=1C

2
j + r2 then we require ∑M

j=1
∑M
k=1CjCkδj,k → 0 and

∑M
j=1Cjr → 0. We wish our orthogonality condition θ to capture how well our system

enforces the condition that the cross-terms sum approached zero. It also bears some

mention that the second term that needs to approach zero should do so if the residual

r and each mode Ci meet their respective definitions, i.e., since r is a non-oscillating

component it simply modulates the envelope of each IMF. If each IMF is oscillatory

and has an RMS value near zero then this term should also approach zero. Though

this last condition is a bit different from orthogonality [14] defines Cn+1 = r and

defines the orthogonality index in Equation 4.2.3 where we operate on a discrete

signals which range over n = [0 . . . (N − 1)].

θ =
N−1∑
n=0


M∑
j=1

M∑
k=1

Cj (n)Ck (n) δj,k
X2 (n) +

M∑
j=1

Cj (n) r (n)
X2 (n)

 =
N−1∑
n=0


M+1∑
j=1

M+1∑
k=1

Cj (n)Ck (n) δj,k
X2 (n)


(4.2.3)
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Hence θ is simply the cross term of the IMFs normalized by the signal over the duration

of the signal where the value of θ should approach zero for an ideal set of IMFs and

residual. The Kroncker Delta defined below is used for notational compactness.

δi,j =


0 i = j

1 i 6= j

(4.2.4)

Since the normalization is arbitrary the orthogonality index given in Equation 4.2.5

will be substituted so that we do not suffer from divide-by-zero problems in imple-

mentation. Also exclusion of the residual from the index does not produce artificial

increase in θ when the frequency changes dramatically over the course of the signal.

θ =
M∑
j=1

M∑
k=1

δj,k

{∑N−1
n=0 Cj (n)Ck (n)∑N−1

n=0 X
2 (n)

}
(4.2.5)

4.3 Sifting and Stopping Criteria

The sifting process as described in [14, 15, 16] is the process of deriving a set of IMFs

from a data set. To explain this process an example of decomposition of the simple

two-tone discrete data set

X (n) = sin (2π3 (nT/N)) + 1
2 sin (2π13 (nT/N)) (4.3.1)

where T is the period , n = [0.. (N − 1)] and X (n) is shown in Figure 4.3.1.

45



0.0 0.2 0.4 0.6 0.8 1.0

t [sec]

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

s

Figure 4.3.1: Two Tone Example

The first step is to obtain a list of local minima and maxima in the data set.

This can easily be accomplished by stepping through the array from n = 1 to n = 498

and storing a list of points that satisfy the criteria X (n− 1) > X (n) < X (n+ 1)

for local minima and X (n− 1) < X (n) > X (n+ 1) for the local maxima. Apply

this to the example data set we obtain the maxima and minima show in figure 4.3.2a.

The set of local maxima and minima can be used to interpolate an upper envelope

u0 and lower envelop l0 respectively through the use of a cubic spline which is shown

in figure 4.3.2b. Once these envelopes have been created their mean m0 = u0+l0
2 can

be found which is shown in figure 4.3.2c. Once this mean is defined we can use to

attempt to find the first IMF by forming the difference between the data set and the

mean designating it h0 = X −m0. This result is shown in figure 4.3.2d.
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(a) Maxima (diamonds) and Minima (triangles)
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(b) Envelopes u1and l1
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(c) Mean Envelope
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(d) h1

Figure 4.3.2: Sifting Step

Ideally, h0 would be the first IMF but in practice the process can have undesir-

able overshoot or the initial subtraction can reveal new extrema. To deal with this, the

signal is sifted repeatedly by forming a mean of h0 in the same manner as the first step,

and proceeds to refine the IMF more and more by producing h0,k = h0,(k−1) −m0,k.

This process is repeated until h0,k has not changed significantly from the previous

iteration; this is stopping criteria and is typically accomplished by terminating the
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sifting process once the following criteria is met:

∑N−1
n=0

∣∣∣(h0,(k−1) (n)− h0,k (n)
)∣∣∣2∑N−1

n=0

∣∣∣h0,(k−1) (n)
∣∣∣2 < Slim (4.3.2)

where Slim = 0.005 was used. Repeated sifting of the example signal quickly reaches

this limit and the final iteration of h0,k is saved as the first IMF IMF0 = c0 =

h0,k. This IMF is subtracted from that data and an intermediate residual is formed

r0 = X − c0, which is then used in place of X above and the procedure repeated. To

determine when all of the IMFs have been found, each residue is checked to determine

if it no longer has oscillatory components. This is accomplished by testing it against

the IMF criteria in section 4.2; if it fails these criteria then the final residual has been

found. This residual is typically a dc offset of monotonic trend in the data. Figure

4.3.3 shows the result of sifting the example signal, the two tones have clearly been

isolated and the residual is small.
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0.0 0.2 0.4 0.6 0.8 1.0

t [sec]

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

s

(b) Second IMFc1 = h1,1
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Figure 4.3.3: Example IMFs and Residue

4.4 Hilbert Huang Transform (HHT)

Now that we have decomposed the data into a set of IMFs we can use this to attempt

to gain insight into the data. Since each IMF should have only one characteristic

frequency at any given time, it is natural to look at the frequency and amplitude of

each IMF as a function of time or sample number. Any time series can be made into

an analytic or complex function through the use of the Hilbert transform, allowing
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use to take the real signal X and transform it into a complex signal

Z = X + jX̂ (4.4.1)

where X̂is the Hilbert transform of X [17]

X̂ (t) = 1
π

ˆ ∞
−∞

X (t)
t− τ

dτ (4.4.2)

Equation 4.4.2 is a continuous definition that must be approximated to be used on

discrete data sets. Commonly FFT and filter methods are used to approximate the

Hilbert transform but both suffer from bandwidth restrictions and ripple. If we

restrict ourselves to transforming IMFs that are by definition oscillatory, the discrete

approximation to the Hilbert transform may often be meaningful. Once we have

formed the complex signal Z we can apply the definition of instantaneous frequency

in [14] and [13]

ω = dθ (t)
dt

(4.4.3)

by estimating the instantaneous phase of the signal with

θ (t) = arctan
(
X̂ (t)
X (t)

)
(4.4.4)

and the instantaneous amplitude with

a (t) =
√
X2 (t) + X̂2 (t) (4.4.5)
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for the example signal we can see the estimate of ω over time in figure 4.4.1a is

constant for both IMFs as is a (t) in Figure 4.4.1b. This behavior corresponds to the

underlying signal characteristic nicely for this simple example. Finally, we attempt

to form a plot similar to the STFFT spectrogram in Figure 4.4.1c by plotting a line

with varying color that corresponds to amplitude, frequency in the vertical axis, and

time or sample in the horizontal axis. When the signal is decomposed with EMD into

IMFs which are then analyzed for instantaneous frequency and amplitude, the final

result will be referred to as the Hilbert Huang Transform or HHT.
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Figure 4.4.1: HHT of Example

4.5 EMD of the radar track

The noise-free version of the simulated received signal shown in Figure 2.4.1 was

decomposed using EMD into a set of IMFs and the result is shown in Figure 4.5.1.

52



The results shown in Figure 4.5.1 exhibit very clear separation of the modes allowing

clear association of each IMF with the basic 1/r4 power roll-off, multipath propagation

factor, or the roll-induced flutter. Clear as they are, there was some coupling between

the 1/r4 roll-off and the multipath modes. Progressing on and looking at the HHT of

the signal in Figure 4.5.2, some edge effects are present, but the simultaneous tone

and chirp behavior are easily seen.
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(b) IMF0“Roll Flutter”
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(c) IMF1 “Multipath”

50 100 150 200 250 300 350 400 450 500

r [m]

−120

−115

−110

−105

−100

−95

−90

−85

−80

IM
F

 [
d
B

]

(d) Residual “1/r4”

Figure 4.5.1: EMD Derived IMFs of Noise Free Signal
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Figure 4.5.2: HHT of Clean Signal

Once noise is added and the signal shown in Figure 2.5.2 was decomposed,

the results changed dramatically. It appears that decomposition in the presence of

noise results in over sifting, which was exacerbating boundary effects which resulted

in highly non-physical IMFs. These IMFs are very dependent on the particular real-
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ization of noise. The realization shown in Figure 4.5.3 produced a reasonable residual

but this is not always the case. Progressing on and looking at the HHT of the signal

in Figure 4.5.4, very little of the characteristics of the signal are discernible. This in-

consistency of the transform result can be quantified by looking at the orthogonality

index θ, one thousand noise realizations of the baseline were decomposed and only

32% had orthogonality indicies less than 1.0. In addition the number of IMFs found

varies between 6 and 8, Figure 4.5.5 summarizes the results.
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(c) IMF1
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(d) IMF2
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(e) IMF3
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(f) IMF4
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(g) IMF5
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(h) Residual

Figure 4.5.3: EMD derived IMFs of Signal with Noise
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Figure 4.5.4: HHT of Signal with Noise
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Figure 4.5.5: Transform Quality
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CHAPTER 5

A PRIORI MODE DECOMPOSITION

Everything should be made as simple as possible, but not simpler.
- Albert Einstein

5.1 Introduction

The strength of EMD is that no knowledge of the underlying signal is required to

decompose the signal. This is a significant asset when attempting to decompose

signals where there is an incomplete understanding of the underlying process, such as

with the sunspot cycle or turbulent pressure data.[18] In the case of the radar signal

considered in this thesis, the governing equations of the components of the signal are

known a priori. It seems reasonable that we should be able to use that information

to form a better decomposition of the signal.

In essence, the EMD method sifts high-frequency information from the signal,

assigns it as an IMF, and then subtracts it from the signal. This process is then re-

peated until no oscillatory data remains. Inspired by the EMD method, an algorithm

was developed to attempt to fit a model of each underlying process, form a signal

for this “a priori mode function” (AMF) and then subtract it from the signal. This
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process is repeated until all the known modes have been estimated and removed. The

residual should then consist of unmodeled dynamics and noise.

The most straightforward method is to look at the residual between the signal

and a mode function

g (x, ~p) = Ri−1 (x)−mi (x, ~p) (5.1.1)

where Ri (x) is the current signal, mi (x, ~p) is the mode constructed with parameters

~p over x. A cost function such as the `1 norm then assigned and a minimization

program is run

min
xmax∑
x=xmin

|g (x, ~p)| = min `1g (5.1.2)

the ~p that forms the minimum is then assigned as a mode

ai (x) = mi (x, ~pmin) (5.1.3)

and subtracted from the signal.

si (x) = Ri−1 (x)− ai (x) (5.1.4)

At this point we already diverge from EMD; EMD estimates the IMFs using

the envelope of the signal. This has the effect of estimating the mode with the highest

frequency content first and removing it in roughly decreasing order of frequency until

a residual is left. In order for above algorithm to succeed, g (x) must have a minimum.

This is made more likely by assigning mi (x, ~p) that estimates the local mean or trend

60



of the signal. To make clear why this important step is necessary, let us consider the

simple tone with a linear trend

s (t) = 2t+ sin (2πft) (5.1.5)

where f = 5 and 0.0 ≤ t < 1.0 then the result is shown in Figure 5.1.1.
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Figure 5.1.1: Example Signal

If we go on to form the cost function g (t, f) = s (t)− sin (2πft) and generate

the value of the `1 norm over frequency we would get the solid line in Figure 5.1.2

which would have directed an unconstrained minimization program to identify f = 0.3

as the global minimum. Even if we had constrained the search near the value of

f = 5.0, the program would still have chosen either f = 5.3 or f = 4.7. The reason
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for this can be seen in Figure 5.1.3 where comparison of g (t, 5.0) in (a) and g (t, 5.3)in

(b) clearly show why the `1 norm fails to find the true fit for this case. If the trend-

line is removed first, then the behavior shown by the dashed line in Figure 5.1.2

is achieved which would clearly choose the proper answer of f = 5.0. This simple

example illustrates the importance of removing the low-frequency trend information

before attempting to fit to higher frequency oscillatory modes.
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Figure 5.1.2: `1 Norm vs Frequency with and without Trend
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Figure 5.1.3: g (t, f)

5.2 Description of the Algorithm

The algorithm can be described by the following 6 steps:

1. The known modes should be arranged by inspection from lowest frequency con-

tent to highest m0 (x, ~p) . . . mn (x, ~p)

2. Set k = 0 and designate the input signal R0 (x)

3. Fit mk (x, ~p) to Rk (x) to form an estimate ~̂pk of the mode parameters

4. Form the first IMF, IMFk = mk

(
x, ~̂pk

)

5. Form the working residual Rk+1 (x) = Rk (x)− IMFk

6. Set k = k + 1 and repeat at step 3 until all known modes are complete
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5.3 Example

To explain the algorithm more fully, an example decomposition of the radar track

signal generated with radar parameters from Table 2.1 as well as the target param-

eters shown in Table 2.2 and terrain parameters in 2.3 will be performed. Table 5.1

summarizes the key parameters that will be considered in this section. It is assumed

that the radar data collected is in a test range environment, so the radar operating

parameters and flight path is known via the normal radar range and bearing opera-

tion. Thus Rz, Ty, Tz are known but the rest of the parameters must be estimated

from the amplitude return data shown in Figure 2.5.2.

Parameter Truth
σrcs −15.0 dBsm
α 0.24Np/m
σh 40.00mm
Ar 0.2 dB
Fs 0.10 1/m
Rz 3.0m
Ty 1.0m
Tz 2.0m

Table 5.1: Example Parameters

5.3.1 Arrangement of Modes

Step one is to arrange the a priori modes into ascending order of frequency content.

The overall amplitude return signal is composed of the r−4 roll off in the radar range

equation, the chirped frequency pulse of the multipath components, the steady tone

of the roll flutter, and noise.
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Since the radar range equation has no oscillating components it is assigned

first. The equation is given in Equation 2.2.1 and used as m0 where the only unknown

parameter to estimate is σrcs:

m0 (r, 〈σrcs〉) = PtxGrGtλ
2σrcs

(4π)3 r4
(5.3.1)

Next, the multipath signal described in Equation 2.3.20 is used asm1 where the

unknown parameters are σh, and α. Since the target track and is known θg (r, Tx, Tz, Rz)

and the rest of the radar parameter such as Ptx and λ are constant.

m1 (r, 〈σh, α〉) = ejld
2π/λ + 2Rρo (θg) ρs (θg, σh)A (θg, σh, α) ejla2π/λ

+R2
o (θg) ρ2

s (θg)A2 (θg) ejlc2π/λ

(5.3.2)

The roll-induced amplitude flutter described in Equation 2.4.1 is used as m2,

where the unknown parameters are the amplitude Ar, frequency Fs, and phase φ.

m2 (r, 〈Ar, Fs, φ〉) = Ar sin (2πrFs + φ) (5.3.3)

5.3.2 Range Equation

Once the modes have been ordered, steps 2-5 can be performed. The signal shown in

Figure 2.5.2 is assigned to R0 and then fit to m0 (r, 〈σrcs〉) using the downhill simplex
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algorithm. This resulted in an estimate of RCS σ̂rcs = −15.0 dBsm which is then

used to generate a mode function IMF0 shown overlaid onto R0 in Figure
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Figure 5.3.1: Range Equation Fit

5.3.3 Multipath

After the first mode estimate is made, steps 2-5 can be performed again for the second

mode. IMF0 is subtracted from R0 to form R1 which is then fit to m1 (r, 〈σh, α〉)

using the same downhill simplex algorithm used by the previous step. This resulted

in an estimate of the surface roughness σ̂h = 39.86mm, and attenuation rate α̂ =

0.26Np/m which is then used to generate the mode function IMF1, shown overlaid

onto R1 in Figure 5.3.2.
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Figure 5.3.2: Multipath Fit

5.3.4 Roll Induced Flutter

After the second mode estimate is made, steps 2-5 can be performed again for the

third and final mode. IMF1 is subtracted from R1 to form R2, which is then fit

to m2 (r, 〈Ar, Fs, φ〉). Since this is a simple sinusoidal signal, Fourier methods are

employed. The result is an estimate Âr = 0.10 dB, and F̂s = 0.25 1/m which is shown

overlaid onto R2 in Figure 5.3.3.

67



50 100 150 200 250 300 350 400 450 500

r [m]

−4

−3

−2

−1

0

1

2

3

4

s 
[d

B
m

]

Figure 5.3.3: Roll Flutter Fit

5.3.5 Residual

In this case, the residual shown in Figure 5.3.4 consists primarily of the system noise.

Since the log power signal was decomposed to allow the other signal features to be a

linear combination of modes, the noise appears to be non-stationary.
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Figure 5.3.4: Residual

5.4 Sensitivity

To determine the robustness of the method against different system parameters, first

the signal was generated using the values in the previous section with one parameter

swept in over a range. At each parameter value the method was applied to 10 different

noise realizations and the median percentage error was recorded. First the target RCS

(σRCS) was varied from -35 to -10 dBsm. The median error in the estimates of the

system parameters are shown in Figure 5.4.1. In this figure, it can be seen that the

estimation of σRCS is better than 3% throughout the range. Estimation of surface

parameters σh and α require cross sections greater than −20dBsm, and estimation

of the roll rate requires a cross section greater than −30dBsm.
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Figure 5.4.1: Parameter Estimation Error vs Target RCS

Next, the target altitude and cross range was swept from 0 to 10m, and the

results shown in Figures 5.4.2 and 5.4.3. In these plots we see low to moderate

estimation errors spread uniformly over the range. Combined with the previous RCS
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sweep, this suggests the algorithm is not “tuned” for a particular realization or point

in parameter space. Parameter estimation success seemed to be more dependent on

target altitude than cross range.
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Figure 5.4.2: Parameter Estimation Error vs Target Altitude
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Figure 5.4.3: Parameter Estimation Error vs Target Cross Range
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CHAPTER 6

CONCLUSION

Engineers aren’t boring people, we just get excited over boring things.
- Annonymous

6.1 Overview

In this thesis, a detailed amplitude model of a target over rough flat terrain was

developed. This amplitude track data was then analyzed with Fourier methods which

had some success identifying the roll rate of the target but gave no insight into the

multipath behavior. EMD was then investigated which had some success decomposing

a pristine track but did not work in the presence of noise. Finally, EMD was used

as inspiration to develop a method of successive regression and fitting to the data

dubbed AMD. AMD was applied not only to a single simulated environment but was

applied in Monte Carlo fashion to a large portion of parameter space which showed

it to be effective and robust to changes in the modeled system parameters.

At a very high level, EMD and AMD are similar and part of the greater family

of transforms which attempt to decompose a signal into a set of functions of which
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the linear combination is the original signal. Both EMD and AMD do not require

the component functions to be related and attempt to have the modes have physical

meaning rather than mathematical purity. EMD decomposes a signal by extracting

the highest frequency signal into the first IMF. This occurs because the upper and

lower envelopes ride on top of the high frequency signal and hug the underlying low

frequency components allowing the high frequency signal to be stripped off. This

behavior is inherent in EMD. In contrast, AMD requires that the current mode be

the lowest frequency of the remaining modes so that the least square fit can ignore

the remaining modes by allowing them to average out over cycles. Though EMD

is more flexible because it can attack problems where the underlying physics may

be completely unknown or unknowable, AMD was much more useful for the signal

explored in this thesis.

6.2 Future Work

This thesis only touched the surface of this rich area of transform math. Improvements

such as the adaptation of `1 optimization programs used in compressive sensing [19,

20] to this method look interesting. Possible further investigation may also lead to a

deeper understanding of EMD itself. The validity of the AMD method was not tested

against variation of all model parameters nor was it used to estimate all possible

system parameters, so its ultimate limitations are not known. Most importantly,

performance versus unmodeled dynamics was not considered, consideration of this

would allow for an understanding of when AMD is appropriate. It was also considered,
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but not implemented, that use of AMD to remove gross known effects and then apply

EMD to the residual of unknown behavior may have a synergistic effect.
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