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Abstract

Magnetic nanorobots have immense potential for medical treatment at the cellular level. Col-
loidal nanorobots with independent locomotion and multi-actuating capabilities controlled
by electromagnetic fields are still challenging. Our approach to fabricate nanorobots uses
the dipolar interaction between anisotropic particles with different shapes and materials to
generate tunable configurations between particles. Quantifying the high-dimensional depen-
dence of dipolar interactions of tri-axial particles in position and orientation is crucial to
model magnetic nanorobots. We report the analytical expressions for the interaction dipolar
forces and torques between permanently magnetized tri-axial ellipsoids with different shapes
and materials. We combine the novel ellipsoid-dipole model with unit quaternions to param-
eterize the orientational space. The analytical expressions capture the established behavior
of uniform magnetic spheres. Additionally, we report Brownian dynamics simulations of
interacting permanently magnetized ellipsoids under the influence of time-varying magnetic
fields. We will show simulation results for binary systems composed of tri-axial ellipsoids
with different shapes and sizes. We characterize the relative dynamic patterns between par-
ticles in the relative particle space. Simulation results show a synchronous particle rotation
for small dipolar interactions; however, results show coupling rotation dynamics for strong
dipolar interactions.
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Chapter 1

Introduction

The term "nanorobot" aptly describes its own meaning: nano-sized robots. More specifi-
cally, nanorobots are externally controllable nano-sized structures on the that can operate
and perform tasks on the nano-scale. In recent years, nanorobots have stimulated consider-
able excitement due their potential applications in a variety of fields, particularly in medicine.
Several possible applications include cancer treatment, precise dental surgery, magnetic and
ultrasound imaging, minimally invasive brain surgery, blood monitoring, and targeted drug
delivery [1]. Current designs for nanorobots span a wide array of functionalities and capa-
bilities, but at the most basic level all nanobots have two critical capabilities: they must
convert external forms of energy into locomotion, and their direction of movement must be
externally controllable. However, constructing nanorobots even with just these two capabil-
ities has proven difficult. In general, as the the scale of the fabrication process decreases,
robots lose functionality and tunability. Currently, the challenge of fabricating controllable
nanorobots has not been overcome.

Magnetic robot Ciliary robo

ﬁ

100 pm

Y. Kim, et al. Nature. 558, 7709, 274 (2018) S. Kim. Sci. Rep. 6, 30713 (2016) J. Giltinan. Adv. Intell. Syst. 3, 2000204 (2021)

Soft Octobot (-\
pse iy
fee -

= ‘/ ;#i -
LS ‘-" N A f
IS coustic
]mwir‘[‘f‘] —

M. Wehner, et al. Nature. 536, 451 (2016)  S. Mohanty. Sens. Act. A Phys. 347, 130589 (2021) C. Alcantara, et al. Small. 15, 1805006 (2019)

cm pum

Figure 1.1: Examples from current literature of multi-actuation robots on
the centimeter and micrometer scale [2] [3] [4] [5] [6] [7]-
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To solve this problem, we propose using com- 5
binations of magnetized ellipsoidal nanoparticles with , .
various shapes, materials, and magnetizations, as il- ‘
lustrated in Figure 1.1. This design has several unique .
advantages. First, the simple shapes involved in the <o )

. . . o . Discrete charge model Numerical simulation
design make fabrication significantly more simple and — « chenserar sonmrer 12 110 coro D.Dueral LM 417, 100 2016
feasible than other, more complex structures. Sec-
ond, the shape anisotropy of the particles permits
them to overcome the Scallop Theorem, which states

that locomotion in low Reynolds numbers requires
some asymmetry of motion [11]. Third, the magne-

z (units of d)

U.J_:_.qu“
E (kgT)

tization of the particles affords a simple method for rmiadd o
.. . R . Coarse-grained line Coarse-grained cluster
giving them energy and controlling their direction of ot Ads Fnc B Keaadgnatal | Chom. iy

movement. Finally, the immense design space formed
through choice of particle material, shape, size, and
magnetization offers a diverse range of possibilities
when searching combinations of particles to form the
most effective nanorobots for specific purposes.

Figure 1.2: Current models for
quantifying dipolar interaction of
anisotropic colloids [8] [9] [9] [10].

In order to efficiently and thoroughly explore this design space and inform the con-
struction of the first nanorobots, interaction dynamics of ellipsoidal nanoparticles must first
be modeled and simulated. However, no analytical method currently exist for modeling the
dipolar interaction of ellipsoids (Figure 1.2), a vital component of the interaction of two
magnetized particles in close proximity. This report aims to tackles this challenge. To be
specific, this report proposes a novel analytical model, termed the ellipsoid-dipole model, for
the magnetic dynamics between two tri-axial ellipsoids and tests this model through both
numerical calculations and comparisons with the established point-dipole model. Then, the
report applies this model using Brownian dynamics simulations with a time-varying mag-
netic field to analyze the overall effect of dipolar interaction on particle dynamics in various
conditions. First and foremost, the following two sections give some mathematical standards
and background useful for clarifying the subsequent pages.

1.1 Dimensionless Variables

In order to easily extend the results of this work to various types of particles in various
environments, all time and length measurements are made dimensionless. For a given time ¢
and length [, equations (1.1.1) and (1.1.2) give the corresponding dimensionless forms t and
[, respectively:

= tDy e, (1.1.1)

~
= — 1.1.2
— (112)
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where D, ,q, is largest diagonal component of the rotational diffusivity tensor D, of the
particle, and r,, is the minimum particle semi-axis. When simulating multiple particles, the
diffusivity tensors of all the particles must be compared to find the universally largest term.
In addition to time and length, all force and torque variables are made dimensionless through
comparison with Brownian energy. Equation (1.1.3) defines the relationship between a given
energy U and its dimensionless form U:

U=— (1.1.3)

where kp is the Boltzmann constant and T is absolute temperature. Given this relation,
equations (1.1.4) and (1.1.5) give the dimensionless forms of a given force F' and torque 7:

~ T
F=-""F 1.1.4
~ T

= . 1.1.
T T (1.1.5)

Over the course of this report, several dimensionless parameters are defined that de-
scribe the relative strengths of various interactions with respect to Brownian motion. Namely,
[ describes the strength of dipole-dipole interactions; « characterizes the strength of dipole-
field interactions, and Z defines the strength of the electrostatic repulsion. Defining these
parameters simplifies the process of quantifying and evaluating how the particles interact
under varied conditions.

1.2 Spatial Representations

When modeling the interactions of more than one particle, defining relative positions and
orientations of particles becomes key. First, a laboratory coordinate system, in which vectors
define the position of particles in each coordinate direction, is established. The relative
position of the particles in lab coordinates is found by subtracting the position vector of
one particle from the position vector of the other. Ellipsoidal coordinates prove useful when
characterizing the relative position of particles. Consider a particle with a coordinate system
attached to its principal semi-axes. The ellipsoidal coordinate £ at a relative position (x,y, z)

measured in the particle coordinate system equals the real root of
72 y? 52

- - =
r24¢ rf,—irf r24+¢

1, (1.2.1)

where 7., r,, and r, are the principal semi-axes of the particle.

The orientation of the particles is described by the commonly used set of 3-1-3 Euler
angles, denoted by 6, ¢, and 1. Respectively, these angles rotate counterclockwise around
the z-axis, then the x-axis, then the z-axis.
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Again, consider a particle with a coordinate system attached to its principal semi-
axes. The orientation of this particle with respect to lab coordinates can be described by the
Euler angles needed to rotate the lab coordinate system to the particle coordinate system. A
transformation matrix that rotates a vector from lab space to particle space can be directly
defined by these angles. However, in certain cases where the Euler angles align, a degree
of freedom is lost and the orientation of the particle is not fully defined, a phenomenon
known as Gimbal lock. Thus, the orientation of the particle is described using quaternions
as expressed by

q=qo + qii + ¢2J + gsk. (1.2.2)

To preserve the rigidity of the transformations, the quaternion elements are normalized
according to
Go+d+d+ag =1 (1.2.3)

Based on Evans [12], the elements of the quaternion, known as the Euler-Rodrigues param-
eters, are defined from the Euler angles as

qo = cos (g) cos (#) : (1.2.4)

1 = —sin (%) cos (%) : (1.2.5)
i (2) i (252, 026
s = —cos <§) siM (#) : (1.2.7)

The Euler-Rodrigues parameters completely describe without singularities any rela-
tive orientation and are thus suitable to describe the orientation of particles. Consider a
particle I an orientation relative to lab space described by a quaternion. Based on O’Reielly
[13], The transformation matrix from lab space to particle I space in terms of the Euler-
Rodrigues parameters equals

G+aG—6G -G  2(@e — qgs) 2(q193 + Q042)
A=| 2@n+aps) G-—G+aE—aG 200ee—qon) |- (1.2.8)
2(¢sq1 — 9042) 2032 + 0001) @G -G — G+ ¢

Consider particle J with its own coordinate system, quaternion, and transformation
matrix. The relative orientation between particle I and particle J can be described by a
relative quaternion given by

a7 @ 4d @ 4 @
I1J J J J J I
| _|a o ow et & | 1.2.9
4’ - ¢ q —qd| |d]’ (1.2.9)
a5’ —¢ -’ ¢ 4 @
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which can then be used in equation (1.2.8) to produce a transformation matrix from particle
J space to particle I space.

Quaternions have several intriguing properties, many of which aid in maximizing
the efficiency of calculations. For example, because normalized quaternions produce an
orthogonal transformation matrix, the inverse of a transformation matrix, which rotates back
to the original coordinate system, equals its transpose. Furthermore, relating quaternions
to their corresponding transformation matrices requires only arithmetic, unlike the Euler
angles, which require computationally expensive trigonometric calculations.
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Chapter 2

Ellipsoid-Dipole Model

2.1 Interaction Energy

When two magnetized particles are close enough, the magnetic field of each particle will
interact with the dipole of the other particle. The interaction of a dipole in a magnetic field
will have a potential energy that depends on the magnitude and direction of the magnetic
moments and the relative position and orientation of the particles. Consider two magnetized
ellipsoids, particle I and particle J. The potential energy resulting from the particle J dipole
interacting with the particle I field will have a magnitude described by

U = —m’ - H' (2.1.1)

where m” is the magnetic moment of particle J and H’ is the magnetic field of particle 1.
Using the definition of magnetic moment (m = pov,M),

U" = —povyM’ - H' (2.1.2)

gives another description of dipolar interaction energy, where vg is the volume of particle J,
Lo is the vacuum permeability, and M7 is the magnetization of particle J.

1,.1,.1 3 1
H' = (”2’”) G- M = <%> G'-M! (2.1.3)
™

gives the magnetic field of an ellipsoidal particle I, where 77, 7"15 , and rl are the principal
semi-axes of particle I, G’ is the Green tensor for particle I evaluated at the relative position
of particle J, v] is the volume of particle I, and M’ is the magnetization of particle I. Sub-
stituting this into equation (2.1.2) and using the transformation matrix A/ to transform

from particle I space to particle J space yields
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3pov vl
Ul — (%) M7 AT G M, (2.1.4)
s

which can be further simplified by factoring out the magnitude of the magnetization vectors
and applying the definition of magnetic moment, resulting in

Ul — _ 3(povy M) (povy M) M. AT .G M
87 Lo 7

1

gl — (Bm‘]m

) M’ - AT G M, (2.1.5)
87 Lo

where M7 and M! are the unit vectors in the direction of the magnetizations of particles J
and I, respectively, and m” and m! are the magnitudes of the magnetic moment of particles
J and I, respectively.

The Green tensor characterizes the magnetic field of an ellipsoidal particle at a posi-
tion defined by a relative position vector and the associated ellipsoidal coordinate £. Equation
(2.1.6) gives the components of the Green tensor:

5L, ()
Gij = (51'3' (Lrj (5) - Lrj (OO)) + z; o (2_1.6)
where 0;; is the Kronecker delta and L,; is the shape parameter function defined by
§
L, (&) = / F,, (o) da, (2.1.7)
0
1
F (o) = (2.1.8)

(a+712)\/la+ 2@+ r3)(a+12)

To make the Green tensor dimensionless, the measurements of distance (particle semi-
axes and relative position) are related to their dimensionless form in the manner described
by equation (1.1.2):

Fo= L F =t (2.1.9)
'm T'm

From Appendix A, dimensionless analysis of the Green tensor using these identities yields

where éij is the dimensionless Green tensor as a function 9f z; and r;. Using this identity
in equation (2.1.5) and defining the dimensionless variable U!7 according to equation (1.1.3)
yields B . o

Ul =—-pg.-M7- AT G- M, (2.1.11)

10
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which describes the dimensionless dipolar interaction energy, where

3m7m!

B

—_—. 2.1.12
8mpord kT ( )

When comparing the interactions of particles with different shapes, it becomes useful
to relate the dipolar interaction parameter 3 for each particle to the that of a sphere with
radius 7,,. To relate these two parameters,

Vp = Tyl T, Vs (2.1.13)

is used to relate the volumes of a sphere and an ellipsoid with the same r,,. Applying this
relationship to equation (2.1.12) results in

Be = (Faryrl) (FIFTY) B, (2.1.14)
where v, is the volume of an ellipsoid and v, is the volume of a sphere with a radius equal
to r,, of the ellipsoid, and (. and s are the associated dipolar interaction parameters.

To find the dipolar interaction energy of the entire system, the potential energy of
the particle I dipole interacting with the particle J field must also be considered:

U =—p.-M'- A" .G M. (2.1.15)
The potential energy of the system equals the sum of the two interaction energies:

U = U + U7 (2.1.16)

Given the orientation, magnetization, and shape of a pair of particles, the potential
energy can be calculated at various relative positions of the particles to produce an energy
landscape. In Figure 2.1, the dimensionless dipolar interaction energy (Ugyy) is plotted in
particle I space. To plot in I space, a grid of positions around particle I on the particle
I coordinate xy-plane is produced, excluding positions where the particles I and J would
overlap. This grid is then transformed to lab space, the potential energy is calculated with
particle J positioned at each point on the grid, and the grid is transformed back to particle
I space for plotting.

11
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6 6
)
3 3
, S 2
g 1 &
= BN S
-3 J -3 - 1
) -2
N 6
-6 -3 0 3 6 -6 -3 0 3 6
x/Tm x/rm
(a) Aspect ratios 2:1:1 and 2:1:1 (b) Aspect ratios 3:1:1 and 1.5:1:1

Figure 2.1: Dipolar interaction energy between particles I and J. For both pairs, magnetiza-
tions are M! = M’ = (1,0,0) and 3, = 10.

2.2 Analytically Calculated Force

The interaction energy between two magnetized ellipsoids results in a force pushing each
particle towards a lower energy position. This force equals the negative gradient of energy
with respect to particle position. For example, the force on particle J can be found by taking
the negative gradient of the dipolar interaction energy with respect to the position of particle
J. This theory is summarized for both particles by

Fiy=—VUia, Fig=—-ViUu, (2.2.1)

where F; and F; are the dipolar interaction forces on particles J and I, respectively. The
gradient operator with respect to each particle is defined as

b 6 6 g o6 0
_ (0 o o (L0 0 9.2.2
VJ ((5$J’5yj75,2’])7 VI (5.77]’53/[’52]) ( )
Using equation (2.1.16) in equation (2.2.1) results in
Fj,=-Vv,u" -v, v’ ¥, =-v,Uu" -v,Uu" (2.2.3)

The above equations imply the need for four gradient calculations to find the total force
on both particles. However, the gradient operators with respect to the positions of the two
particles can be related according to

V,=-A"vV, V;=-A"v,. (2.2.4)

12
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Applying this to equation (2.2.3) yields
Fi, =-V,U" + AV, U’ Fl,=A"v,u" —-v, U (2.2.5)
To curtail computational costs, the evaluation of F, reduces to
Fl,=—-A"Y(-v,U" + A"V, U") = -A"F, (2.2.6)

Thus, once the force on one particle is calculated, the force on the other particle can be
found by negating and transforming the result.

The process for finding V;U!7 is shown below. The corresponding calculation for
VU’ follows a similar procedure. From equation (2.1.5),

3 J
v,U = v, (— ( mem
87 Lo

1

) M’ - AT G- MI) . (2.2.7)
Because only the Green tensor varies with position, this reduces to

3m’m
v,U = —
’ ( 87t

1

) M- AT v,GI M. (2.2.8)

From Appendix B, gradient of the Green tensor equals

6g  OF, (§) 9 &¢
dx; T8¢ dwy by

5 8¢
5xk G'Lj (Sz] Tj (5) (S,I‘k + 5jk r; (f)

52¢

dx; 0y

+ ijrj (5)

(2.2.9)

where x; is the position of particle J in direction i, and £ is the ellipsoidal coordinate of
particle J with respect to particle 1.

The dimensionless analysis of the the energy gradient follows below. The dimension-
less gradient operator is defined as

- )
V= (5—%,5—?}, 5—%,> : (2.2.10)

which relates to the extensive gradient operator as follows:

b 6 9 0 0x 66y 6 o0z 1 61 61 1~
v: FEEEEE — T~ e ) o~ ) o~ — e~ Ty =Ty o~ - . 221]—
(593’5y’(5z) (53:5$ 8y by 52(52’) ((5:m’m 8Y T'm, 5zrm) va ( )
Appendix C finds the dimensionless form of the Green tensor gradient as

VG- VG, (2.2.12)

4
Tm

13
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Applying these relations to equation (2.2.8) yields

l &~y 3m?7m’ N a e =1 <
- — (=" M A v, GI M
T'm ViU <87T,uOk:BT rd Vi ’

m

S - (3m—‘W

— kBT> M7 - ATV, ,GE M. (2.2.13)

Applying the definition of the dipolar interaction parameter 8 from equation (2.1.12) gives
V,0"7 = —3-M7- AT V,G" - M. (2.2.14)

For the total force on particle J, applying the above equation and the corresponding evalu-
ation of V;U’! to equation (2.2.5) yields

Fj, =6 -M-A.V,GI-M! - A(3-M!- AV . V,G7 - M), (2.2.15)

The total force on particle J can be plotted in particle I coordinates on a particle I
space grid to produce a force field continuously perpendicular to the equipotential lines of the
dipolar interaction energy. This perpendicular property of force results from its definition
as the gradient of energy. In Figure 2.2, a dipolar interaction force field is plotted over the
associated dipolar interaction energy.

3

2

13
~2
=

0

-1

-2

x/Tm x/Tm

(a) Aspect ratios 2:1:1 and 2:1:1 (b) Aspect ratios 3:1:1 and 1.5:1:1

Figure 2.2: Dipolar interaction force between particles I and J. For both pairs, magnetizations
are M! = M’ = (1,0,0) and 3, = 10.

14
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2.3 Numerically Calculated Force

Using the definition of gradient, the dipolar interaction force can be calculated numerically
to corroborate the analytical calculations. For example, the force on particle J equals the
negative gradient of the energy with respect to particle J position:

~ ~ ~ 0Uss 0Usa U
F) =—-VUy=|-—"2 "2 ——=|. 2.3.1
dd S dd ( ¥ J 5y J 0z J ( )
The partial derivative of the dipolar interaction energy along any axis can be estimated by
determining the energy at the particle J position plus a displacement d along the axis and
minus a displacement d along the axis, then by calculating the slope between these two

points:

5[7dd ~ fjdd (f(] + da gj’ "ZVI) - ﬁdd (%J - d7 gJ’ EJ)

0Ty 2d ’
T a5 40) D 0 2) v
0y 2d ’
U 4a N Uda (7,97, 2" +d) - Usa (7,977 — d)
0Z; 2d '

The step size d must be small enough to accurately estimate the partial derivative, but large
enough to avoid significant computational round-off errors. The dipolar interaction force on
particle I can be calculated by varying the position of particle I instead of particle J.

Recall that because force has direction, these calculations necessarily produce a vector
defined in a certain coordinate system. In the case of numerical force calculations, this
depends on the choice of axes on which to vary particle position. In this work, particle J
position is varied along the lab coordinate axes, then the results are transformed to particle
I space for plotting.

As shown in Figure 2.3, numerical force fields can be plotted in the same manner
as analytical force fields. Figure 2.4 demonstrates that the two methods produce the same
vector fields.

15
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Figure 2.3: Numerically calculated (d = 107%-7,,) dipolar interaction force between particles
[ and J. For both pairs, magnetizations are M! = M7 = (1,0, 0) and 3, = 10.

6 100 6 100
J LE “
3 3
60 § 60 §
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Figure 2.4: Direct comparison of analytical and numerical force calculation methods.
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2.4 Analytically Calculated Torque

The interaction energy between a magnetic dipole and a magnetic field results in a torque
that rotates the dipole towards a lower energy orientation. The lowest energy orientation
occurs when the dipole aligns with the local field. For example, the force on particle J equals
the negative gradient of the dipolar interaction energy with respect to the orientation of
particle J. This concept is summarized for both particles by
oU, oU,
J dd I dd
Tdd = T s@arr Tdd T T sl (24.1)
where 7/, and 7}, are the dipolar interaction torques on particle J and particle I, respectively,
®7! is the orientation of particle J relative to particle I, and ®!” is the orientation of particle
I relative to particle J. Using equation (2.1.16) in equation (2.4.1) results in
1J JI 1J JI
g U eut o, U U (2.4.2)
dd SPII  sPII’ dd SPIJ SPlJ’ o
As with force, the partial derivatives with with respect to the orientations of the two particles
can be related according to

d g 0 d g 0

ST = —A 517 33l —A ST (2.4.3)
Applying this to equation (2.4.2) yields
SU SU SU SU/!
J _ JI I _ AlLJ

Tia = s T A s T = A5~ Sgin (244)

To curtail computational costs, the evaluation of 71, reduces to

SU SU

Tid = —A" <_5(I)J1 + AJI(;(I)IJ) = _AUTz;l]d- (2.4.5)

Again, as with force, once the torque on one particle is calculated, the torque on the other
particle can be found by negating and transforming the result.

The process for finding §U’7 /§®7! is shown below. The corresponding calculation
for 6U7!/§®17 follows a similar procedure. Because this work uses quaternions to represent
orientation, these equations are transformed to quaternion derivatives as follows:

5UIJ _ JI,T5UIJ

s = S (2.4.6)
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where q// = (q@”, qlt, q)", qé”) is the quaternion of particle J relative to particle I, and ¥/%7
is the transpose of W7/, In a more explicit form, this equals
U [6q]"
5UIJ 5UIJ/5qJI
= w/i L 2.4.
SPJI (SUIJ/CSQQH ( 7)
U /g

As defined by Delong [14], ¥/ = §q/d® has several useful when properties attempting to
relate rotational motion and quaternions. For the general quaternion q = (qo, q1, ¢2,q3), ¥
and W1 respectively follow

Q1 q2 qs
21 g —q —ql’
—q2 q1  —4qo
1 g1 —4qo 43 —Q42
o= 5| B D @ (2.4.9)

43 g2 —q1 —qo
Appendix D shows the derivation of these identities. Note that Evans [12] finds a similar
matrix for ¥ with the same placement of the quaternion parameters but different signs. This
results from equation (1.2.2) in this report, which defines quaternions slightly differently
Evans. If one uses the quaternions as defined by Evans in the derivation shown in Appendix
D, one will find ¥ as given by Evans.

Substituting equation (2.1.5) for U’ in equation (2.4.6) yields

oUt’ ) 3mImi\ — —~
=g/t - M7 ATT.GE M) . 2.4.1
(5(I)JI 5qJI ( ( 87r,u0 ) G ) ( 0)

Because only the transformation matrix varies with orientation, this simplifies to

6UU—_\IJJI <3meI) N1 AT

.G M. (2.4.11)

SPJII 87 1o

Since polynomial functions of the quaternion parameters define the transformation matrices,
their partial derivatives with respect to quaternions are trivial to calculate, as shown below.
The partial derivative of a transformation matrix A defined by equation (1.2.8) with respect
to the each of the quaternion parameters equals

SA 290 =243 292 | A 21 2¢2 2g3
5—% = | 2g3 290 —2q ,5—% = [2¢2 —2q1 —2qo|,
—2¢2  2q1 2q0 | 1293 290 —2q1] (2.4.12)
SA |72 200 200 ] s [205 200 2@ o
— =200 20 2q3 |,— = | 200 —2q3 2¢°
04> —2q0 293 —2¢2] 043 | 21 2q2  2q3]
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Because quaternions have no units, dimensionless analysis of torque follows the same
procedure and produces the same outcome as energy.

5U”:_l1,ﬂ 3m’m! v oATT &M
P! 8mpord kT oq/T
717 — JIo
gg—ﬂ =—p5- v M (;qﬂ G- M. (2.4.13)

For the total torque on particle J, the above equation and the corresponding calcula-
tion for §U’!/§®!/ are substituted into equation (2.4.4), yielding

JI 1J

O — . A
- 'GI'MI—AJI(ﬁ"I’IJ'MI'd

~J AxJ
577 .G M), (24.14)

T =02 M -

oq”’

The dipolar interaction torque between two particles can also be calculated using the
definition of torque resulting from a magnetic moment interacting with a magnetic field:

7=mx H. (2.4.15)

For example, the total dipolar interaction torque on particle J equals the sum of the torques
from particle J’s moment interacting with particle I's field and from particle I’s moment
interacting with particle J’s field:

i =m’ x H — A//(m’ x H’). (2.4.16)

Note that because the latter term produces the torque on particle I in particle I space, the
result must be negated and transformed to particle J space to find the effect on particle J.
Using the definition of magnetic moment and equation (2.1.3) for H field,

JooIN N T TN\ N
f1 (PN N AT G N — AT (PN N AT LG M) (2.4.17)
87 11 8T Lo

In dimensionless form,

7= 5. M x AT G M — AY! (5 M x AV .G MJ> . (2.4.18)

This equation produces the same result as equation (2.4.14), which uses the quaternion
derivative. In Figure 2.5, dipolar interaction torque fields are plotted where circles represent
vectors pointing out of the page, and crosses represent vectors pointing into the page. The
landscape beneath the symbols is the magnitude of the torque vector. The results from the
cross product method (not shown) exactly match the results from the quaternion gradient
method (shown).
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T/kZBT

X / T'm X / Tm

(a) Aspect ratios 2:1:1 and 2:1:1 (b) Aspect ratios 3:1:1 and 1.5:1:1
Figure 2.5: Dipolar interaction torque between particles I and J. For both pairs, magnetiza-
tions are M! = M’ = (1,0,0) and 3, = 10.

2.5 Numerically Calculated Torque

Numerical calculation of dipolar interaction torque follows a similar path as the numerical
force calculation. Consider the dipolar interaction torque on particle J, which equals the
negative quaternion gradient of energy with respect to particle J orientation:

_07dd O7dd | O7dd 2.5.1
oqy  oqf T oqd T dqf (25.1)

6Uia _ g0 ( 0Usa _0Uaa _ 0Uua 6Udd>
The partial derivative of the dipolar interaction energy with respect to any quaternion can
be estimated by determining the energy at the particle J position plus a displacement d of
that quaternion and minus a displacement d of that quaternion, then by calculating the slope
between these two points:

0Usa _ Uaa (@) +d,qf,¢d,¢]) = Uaa (6 —d, i, @3, @)

oql 2d ’
0Usi _ Uaa (af,af +d,q3,4)) — Usa (4, 4] — d, 43, )
oo 2d _ | (2.5.2)
0Usa _ Uaa (4,40, 98 +d,¢) — Uaa (¢, ¢, @ — d, @)
5qy 2d ’
6Udd ~ Udd (%77 qllja QQ]7 qé] + d) - Udd (%]7 Qi]7 qg? Q:{ - d)
8qq 2d ’
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Because torque has direction, these equations produce a vector in a certain coordinate space.
For numerical torque calculations, this depends on the quaternion that is varied and asso-
ciated ¥ matrix that is applied. The above equations produce a torque defined in particle
J space. Numerical calculation of torque on particle I follows the same procedure as above
and produces a result in particle I space. Figures 2.6 and 2.7 summarize the results.

3
2.5
o. ’ 2
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1 q o]
O =
0500, :
0.5
0
-6 -3 0 3 6
(L'/?”m Q?/T‘m
(a) Aspect ratios 2:1:1 and 2:1:1 (b) Aspect ratios 3:1:1 and 1.5:1:1

Figure 2.6: Numerically calculated (d = 107 r,,) dipolar interaction torque between parti-
cles I and J. For both pairs, magnetizations are M! = M’ = (1,0,0) and 3, = 10.
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(a) Aspect ratios 2:1:1 and 2:1:1 (b) Aspect ratios 3:1:1 and 1.5:1:1

Figure 2.7: Direct comparison of analytical and numerical torque calculation methods.
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2.6 Comparison with Point-Dipole Model

Dipolar interactions of spherical particles have been extensively studied and modeled using
the point-dipole model. Because of the simplicity of spherical particles, these interactions
pose much less of a challenge to analyze. Thus, the formulas describing these interactions
offer themselves as simple method for corroborating the formulas derived in the past several
sections of this report. To accomplish this, the formulas for ellipsoidal particles were applied
to spherical particles, and the results were compared to those of the point-particle model.

First, according to Edwards [15], the dipolar interaction energy between spheres (mod-
ified to use the notation of this report) follows

o Ho m! . m’ - (m’ - x/7)(m” - x!)
U _47r( Ty 3 oy ) (2.6.1)

where U!” is the interaction energy of particle J’s dipole with particle I's field, m’ and m’
are the magnetic moments of particle I and particle J, respectively, x/” is the position of
particle J relative to particle I in particle I space, and x’” is the magnitude of x’/. Edwards
defines the relationship between magnetic moment and magnetization as m = v,M. Putting
equation (2.6.1) in terms of magnetization and factoring out =’/ yields

I,J
MoV, Uy, o1J

Ut = - (MT- M7 = 3M' - x )M - %)) (2.6.2)

 An(2lY)

where %X’/ is the unit vector in the direction of x’/. Factoring out the magnitude M of the

magnetization vector and using the identity m = pov, M gives

1J m’m! VIEEV 2 Nl oIz oIJ

In dimensionless form, the dipolar interaction energy follows
_omIm! 1
 drpgrd kT (T17)

o1 - (ﬁl MY — 3(ﬁ1 : }A{U)(MJ : )QIJ)> . (2.6.4)

As originally given by equation equation (2.1.12),

3m/m!

B

— 2.1.12
8mpord kgT ( )

defines the dipolar interaction parameter. Substituting this into equation (2.6.1) yields

1
(T17)3

- 2 — N —
o =28 (MM =3 %)) (2.6.5)

For spheres, the results from this equation should match those from equation (2.1.11).
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Next, according to Zhao [16], the dipolar interaction force between spheres (modified
to use the notation of this report) follows

FIJ _ % ((ml . XIJ)mJ + (mJ . XIJ)mI + (mI X mJ)XIJ
T Ar (x17)5
2.6.6
(rn[-x”)(m‘]-x”) ( )
—5 <!/
($IJ)7

where F!7 is the dipolar interaction force on particle J. Factoring out magnetic moment and
magnitude M from magnetization, applying the definition of magnetic moment, factoring
out z//, and making force dimensionless yields

L - ((MI ZIMY 4+ (M- &M+ (M- MR
Arpor3 kT (T17)* (2.6.7)
—5(M! %) (MY - }A{IJ))A{IJ) ‘
Substituting in the parameter 3 gives
~ 1 — L~ — L~ ~ o~
FY =23 o <(MI KM 4 (MY -M + (M- M7)R .

_5<ﬁ1 ‘ )A(IJ)@/I“J ) )A(IJ)}A(IJ> '
For spheres, the results from this equation should match those from equation (2.2.15).

Next, according to Zhao [16], the dipolar interaction torque between spheres (modified
to use the notation of this report) follows

(2.6.9)

L Mo m! x m’ . S(ml . XIJ)<mJ > XIJ)
- 4 (xu)s (x]J)5

where 777 is the dipolar interaction torque on particle J. Factoring out magnetic moment and
magnitude M from magnetization, applying the definition of magnetic moment, factoring
out z//, and making torque dimensionless yields

Jon 1
~IJ m-=m 1

T Ampgrd kgT (z17)3

(MI « MY + 3(M! - %17)(M x f<”)> . (2.6.10)
Substituting in the parameter 3 gives

21 ey ~
~IJ __ I J I SIJ J s1J
P = P (M x M7+ 3(M %) (M x %)) (2.6.11)

For spheres, the results from this equation should match those from equations (2.4.13).

Figure 2.8 compares the results from the ellipsoid-dipole model and point-dipole model
using spherical particles. They match well.
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Figure 2.8: Comparison of ellipsoid-dipole model and point-dipole model dynamics. Magne-
tizations are M! = M’ = (1,0,0) and 3, = 10.
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Chapter 3

Brownian Dynamics

3.1 Electrostatic Repulsion

When suspended in a liquid with a high dielectric constant (such as water), colloidal par-
ticles experience negative surface charging. At close range, this causes mutual electrostatic
repulsion of the particles. The magnitude of charging depends on the properties of both the
colloid and the solvent. Furthermore, if the solution contains dissolved ions, the charged
molecules congregate around the particle surfaces, enhancing the repulsion. The Derjaguin
approximation models electrostatic repulsion between colloids when the diameter of the par-
ticles significantly surpasses the range of the interactions. According to this approximation
as described by Israelachvili [17], the electrostatic energy U, between two spheres follows

T’IT’J

U = ——
rl + ¢/

Ce P, (3.1.1)
where 77 and 7 are the radii of particles I and J, respectively, D is the minimum separation
distance between the surfaces of the particles, ( = 64mwege(kpT/e)*tanh®(zevy/4ksT) is a
parameter that determines the strength of the interaction according to particle surface prop-
erties, and kK = (ZpinfiGQZ?/€0€kBT)_l/2 is the inverse of the Debye length x~!, a parameter
that determines the extensiveness of the interaction depending on solution properties.

Because ellipsoids do not have constant radii, the fractional term in Equation (3.1.1)
must be replaced by more complex term that accounts for the curvature of the particles
near the point of minimum separation. This term depends on the Guassian curvature K
and mean curvature H of both particles, and surface coordinate system mismatch angle ¢.
Applying the curvature correction term for two ellipsoids from Schiller [18], the Derjaguin
approximation for electrostatic energy becomes

Ce—nD

~ KT+ K7+ 2HTH? — 257¢05(20)

(3.1.2)

e
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with S7/ defined by

S = V((H)? = KT)((H7)? - K). (3.1.3)
When applied to spheres, for which K = r=2 and H = r~!, equation (3.1.2) matches equation
(3.1.1), as expected. When the position vector (z,y, z) describes a point on the surface of
an ellipsoid in the particle coordinate system, the Gaussian and mean curvature follow

K= ! (3.1.4)

PR (5 4t )Y

rar(rl 4+ r2)a? +r2r(rl + 7’2)y2 +r2ra(r2 +r2)2?

2

H = 5
rxryrg( + 4 —l— Z )3/2

(3.1.5)

_Relating the distance variables to r,, (which yields D=r'D & =rpr, K=12K,
and H = r,,H) and defining the dimensionless parameter Z = (r,,/kgT to describe the
strength of the electrostatic interactions, the dimensionless form of equation (3.1.2) equals

- VA —RD
U, = c . (3.1.6)

VR + K7 +2H HY — 25V cos(29)

Because the minimum separation distance must be calculated numerically, the deriva-
tive of equation (3.1.6) must be taken at least partially numerically. For example, consider
the repulsive force on particle J given by

F/ = —V,U.. (3.1.7)
Using the definition of gradient, this force is calculated according to

oU. U (@ +dy’ 7)) - U (3 —d,i’,7)

0Ty 2d ’
6U. U, (#,9 +d, )~ U. (3,9 - d,7) (3.18)
50, 2d ’
oU. U (@577 +d) — U (3,57, 7 — d)
0Zy 2d '

As with the numerical calculation of force and torque, the coordinate space in which the
result is defined depends on axes on which the particle position is varied. In this work, the
particle position is varied in lab space, and thus the resulting torque is transformed from lab
space to particle J space to achieve the final result.

Direct numerical gradient calculation is not the only method for finding the electro-
static force. An alternative method calculates the magnitude and the direction of the force
separately. Because the gradient vector lies perpendicular to the particle surface, the line
that connects the closest points on the surfaces of two particles must run parallel to the
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gradient of both particle at those points. Otherwise, moving a point along the surface in
the direction of the gradient would lead to a smaller minimum separation distance. From
equation (1.2.1) with & = 1, the gradient of the surface of an ellipsoidal particle follows

V- (2—”“" % 2—2) (3.1.9)

where (z,y, z) describes a point on the particle surface defined in the particle coordinate
system. With the direction of the repulsive force easily determined by this simple calculation,
the magnitude can be determined analytically from equation (3.1.4) by taking the negative
partial derivative with respect to the minimum separation distance D:

Zke FD

VR + K7 +2HHY — 25 cos(29)

F.| = (3.1.10)

This method produces a near identical yet computationally less expensive result than equa-
tion (3.1.8), so all simulations in this report use it.

The torque resulting from the electrostatic repulsion is calculated using the general
equation for torque from a force applied on a body along an axis that does not necessarily
pass through the center of mass:

T=rxF. (3.1.11)

For example, the torque on particle J equals the cross product between the applied force on
the particle (F/, in particle J space) and the distance vector from the particle center of mass
to the numerically calculated point on the particle surface where the force is applied (T5),
according to B
7 =7 x F/. (3.1.12)
Figure 3.1 shows the dynamics resulting from equations (3.1.10) and (3.1.12) for two
pairs of particles. The force field is plotted over the energy landscape, and the torque field
is plotted over the torque magnitude landscape.
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x/Tm

(a) Aspect ratios 2:1:1 and 2:1:1

x/Tm x/rm

(c) Aspect ratios 2:1:1 and 2:1:1 (d) Aspect ratios 3:1:1 and 1.5:1:1

Figure 3.1: Electrostatic (a,c) force and (b,d) torque between particles I and J. For both
pairs, magnetizations are M! = M’ = (1,0,0), Z = 10, and % = 1.

3.2 External Magnetic Field

In addition to fields from surrounding particles, magnetic particles also interact with ex-
ternally applied magnetic fields. In this report, a uniform magnetic field is applied, which
exerts no net force on the particles due to its uniformity. However, the external field does
exert a torque on the particles, compelling the particles to orient such that their magnetic
moments align with the external field. This torque follows 7 = m x H, as originally given
by equation 2.4.15. Applying this relation to particle-field gives
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7 =m’ x AT H™, (3.2.1)

where Td‘gc is the dipole-field torque on particle J and H®* is the vector in lab space that
describes the strength and direction of the applied external field. Using the relation between
magnetic moment and magnetization (m = pyv,M) yields

T = pov,M x A - H*", (3.2.2)
Factoring out the magnitude of the magnetic moment and the external field, and

defining the variable (7y4) in the manner that (1.1.5) suggests, equation (3.2.2) is represented
in dimensionless form as

Th=a-M/ x A7 H*, (3.2.3)
where the particle-field interaction parameter « is defined by
H° pyv, M
= - P 7 3.2.4
a T (3.2.4)

Once again, it becomes useful to relate the particle-field interaction parameter for an
ellipsoid to that of a sphere with radius r,,. Using equation (2.1.13) gives

Qe = TyTyT, 0. (3.2.5)

3.3 Langevin Equation

The Langevin equation describes the motion of particles when subjected to a combination
of deterministic and stochastic influences. This differential equation describes a variety
of phenomena, including Brownian motion. A form of the Langevin equation based on
derivations in Zhao [16] relates the various forces and torques considered in this report:

)= () () () () o

n.n n

where ";," refers hydrodynamic effects, ar " refers to
dipole-field interactions, "," refers to electrostatic interactions, and "g" refers to Brownian
dynamics. Based on Brenner [19], the inverse of the grand mobility matrix M relates the

force and torque on a particle to the resulting particle movement according to

(]’;) - M (5 B Bz) , (3.3.2)

where u is the translational velocity and w is the angular velocity of the particle due to force
F and torque 7, and u®™ and w™ describe the flow field of the carrier fluid. Decomposing

44" refers to dipole-dipole interactions, "
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the velocity terms into their derivative form and assuming a quiescent carrier fluid yields

(E) - —MT;. (ﬁg) , (3.3.3)

where At is the time step, Ax is the change in position, and A® is the change in orientation.

From Brenner [19] and Swan [20], assuming no coupling between translational and
rotational motion, the grand mobility matrix for ellipsoidal particles equals

M = (Ko_l QO_1> , (3.3.4)

where K is the translational resistance dyadic given by

K = 1671'/1 [mexex + meyey + mezez} , (3.3.5)
(2 is the rotational resistance dyadic given by

167 2 2 2 2
_ Ty +7z Tg;2+’r‘z2 Tx +7’y
3 M[ryzLTx(oo)JrerLTz(oo) €xCx 1 T o0 11 27 (50 &Y Y T 7T (o) v, 7L (50) €262 |

(3.3.6)
and p is the dynamic viscosity of the carrier fluid. The function L; is the shape parameter
function in direction i as defined by equation (2.1.7), and X is defined by

Q

o 1
X —
/o V0@+12) (a+72) (a+12)

da. (3.3.7)

Applying equation (3.3.3) to the hydrodynamics and Brownian motion terms in equa-
tion (3.3.1) and solving for the velocity of the particle yields

0 o _M__l ) Ax + Fdd + Fdf + Fe . M__l ) AXB
0/ At AP Tdd Tdf Te At Abg )’

Ax _ | D Fy F. Axp
() a0 (B) na (P0) o (B (32). o

where Ax is the change in position and A® is the change in orientation of the particle during
time step At, and Axp is the random change in position and A®p is the random change in
orientation due to Brownian movement of the particle.

Brownian motion results from the random collisions of vibrating particles in a fluid.
Due to the random nature of these collisions, a Gaussian distribution of randomly generated
vectors with a mean p = 0 can simulate Brownian motion. For translational motion, the
distribution of Ax vectors must have a variance (02) following

o2 =2D,At, (3.3.9)
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where D, is the translational diffusivity tensor of the particle in the fluid. The set of AP
vectors must follow the same rules, with

o? = 2D, At, (3.3.10)

where o2 is the rotational variance and D, is the rotational diffusivity tensor of the particle
in the fluid. To numerically produce a Gaussian distribution, the Modified Box-Muller
transform proves useful. Given two random values (C; and C3) between 0 and 1, this
algorithm numerically generates a normal distribution with a unit standard deviation and a
mean 1 = 0. This operation is defined by

BM = +/—=2In(C}) - cos(2mCy). (3.3.11)

To adjust the standard deviation, equation (3.3.11) can be multiplied by the square root of
the variance. Applying this principle in equation (3.3.8) yields

<§<>1(>> = AtM (1;;;) + AtM <]i;f ) + AtM <F) - (%Eg%;) . (3.3.12)

The diffusivity tensors D, and D, depend on the properties of both the fluid and the
particle. In general, according to the Einstein relation of kinetic theory, the diffusivity of a
sphere in a viscous fluid follows

kT
DPh = 12— 3.1
z G (3.3.13)
kT
D =12 3.14
. Sy’ (3.3.14)

where I is the identity matrix. Note that because of the perfect symmetry of spheres, all three
particle axes have the same diffusivity, which manifests in a symmetric diffusivity tensor.
To find the D, and D, for ellipsoids, the asymmetry of the particles must be considered.
Noting that K = 6rurl and Q = 87ur®I for spherical particles,

D, = kgTK™, (3.3.15)

D, = kgTQ ™. (3.3.16)

Substituting these equations and the the definition of M into equation (3.3.12), then
simplifying with dimensionless variables, and finally implementing ¥ so that quaternions
describe orientation (see Appendix F), yields

(30) - (3) o () () () - (V)

. (3.3.17)

Tdd
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where M is the dimensionless mobility matrix given by

— QO . K-!

Wl

0

Equations (3.3.17) and (3.3.18) successfully relates the dimensionless forces and torques
previously described in this report to a change in particle position and quaternion.
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Chapter 4

Simulation Results

4.1 Trajectory Projections

To simulate the motion of two interacting particles, the change in position and orientation
is calculated and integrated over many successive small time steps. To keep the particles in
relatively close proximity, a periodic boundary condition is applied that contains the particles
inside a defined box by relocating the particles to the one side of the box when they leave
through the opposing side. To prevent this boundary from separating actively interacting
particles, the boundary condition is only applied if the interparticle separation distance is
greater than half the box diameter. The dimensionless time step At is scaled according to
the strength of the interaction and interparticle separation distance, with 1072 set as an
upper limit. If particle overlap occurs, the simulation step is rejected and recalculated with
a fresh set of random Brownian vectors.

The results of these simulations for several types of interactions are shown in Figures
4.1, Figure 4.2, and Figure 4.3. These figures represent the results through projecting the
density of relative positions onto the coordinate planes of the central particle. In other words,
areas of high color density indicate that the particle not shown in the figure tends to be in the
corresponding three-dimensional position relative to the particle in the center. For all figures
except the first, the two particles are identical, and so only the projection of one particle is
shown. All simulations use a dimensionless Debye length k = 32.9 and a electrostatic energy
parameter Z = 1268. FEach of the individual figures represents ten successive individual
simulations with random initial positions and orientations, which ensures greater exploration
of the possible relative configurations.

33



DocuSign Envelope ID: D014A1CC-AADF-4CBC-934D-B23C3DAEESE3

(e) B =140 (£) 6 = 60

Figure 4.1: Simulations of binary particles with varied dipolar interaction strengths, plotted
in (a,b,c) I space and (d,e,f) J space. Aspect ratios 1:3:5 for particle I and 1:3:5 for particle
J, magnetizations M! = M’ = (0,0, 1), a = 20, and 2 = 1.

- ’@
(a) =1 (b) Q=3

Figure 4.2: Simulations of tri-axial particles with varied external field frequencies. Aspect
ratio 1:3:5 for both particles, magnetizations M! = M’ = (1,0,0), a = 20, and 3 = 100.

(c) =10
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(a) B =20, M! = (0,0,1) (b) B =40, M! = (0,0, 1) (c) B =60, M! = (0,0,1)

)
‘,‘
@

(d) 8 =40, M! = (0,1,0) (e) B =60, M! = (0,1,0) (f) B =80, M = (0,1,0)

B =60 M =(1,0,0) (h) 8 =80 ,.M! = (1,0,0) (i) B =100 ,M! = (1,0,0)

Figure 4.3: Simulations of tri-axial particles with varied magnetizations and dipolar interac-
tion strengths. Aspect ratio 1:3:5 for both particles, a = 20, and €2 = 1.
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4.2 Mean Squared Displacement

Mean squared displacement (M S D) analysis offers itself as a convenient method for verifying
the validity of Brownian dynamics simulations. As its name implies, M SD measures the
average squared dislocation of a particle from its initial position. For any random walker,
such as a particle experiencing Brownian motion, this value should be proportional to the
particle’s translational diffusivity. Any discrepancy in this correlation indicates an error in
the simulation. According to Medved [21], this relation follows

where M SD; is the mean squared displacement in coordinate direction ¢, D, ; is translational
diffusivity in coordinate direction 7, and At is the lag time between the initial and final
positions. Rearranging this yields

MSD;
=2D,,, 422
At ’ (422)

which, given the initial condition that the M.SD; = 0 at At = 0, implies that the slope of
MSD; versus At equals a constant multiple of the diffusivity. Thus, to verify the validity
of a given simulation, the average slope of MSD; versus At is calculated using a linear
regression. If the simulation is accurate, the slope will approach 2D, ; as the number of
averaged simulations increases.

For each of the three coordinate directions aligning with semi-axes of an ellipsoidal
particle, D, ; can be calculated from equation (3.3.15). For any coordinate direction, M SD;
can be calculated with

MSD; = {|x;(to + At) — 2;(t0)]?), (4.2.3)

where x; is the position of the particle along the i axis, ¢, is the initial time, and () denotes
the mean across several simulations. The quantity under the square is often abbreviated as
|A:v,-|2 and interpreted as the change in z; across At. Equation (4.2.3) can be summed along
each axis to yield the total M SD in higher dimensions. This also applies to equation (4.2.2),
yielding a relation between the total M SD and the diffusivity. In summary, the calculation
and expected result for n dimensions follows

MSD 37 AzY) &
= < _zzi:Dm. (4.2.4)

Putting equation (4.2.2) in dimensionless form and rearranging to solve for equation
(4.2.4) in dimensionless form yields

PP Drma:c
r2 MSD; ( T ) =2D,;,
At
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/‘3./

MSD; 2 (kgT\ ([ Qnin
At 12\ K; kgT )’

]\//[Tgf?i 2 [ 16mprs, Qin
At 12\ 3 16m K,

o =3 (4.2.5)

WD, 2 (G

where K; is the component of K in the i direction. Applying this relation to multiple
dimensions gives

MSD 2~ 1
ROy 420

Figure 4.4 presents the mean squared displacement analysis for various particles and
conditions. All calculations use the mean of 10* siIELLla/tions, each with 4102 time steps and
At = 1072. For each case, the expected slope of MSD versus At as predicted by equation
(4.2.6) is compared to the simulated slope as the number of simulations increases. The
theoretical and simulation results match well.
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- - Simulation }V W‘W - = Simulation
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~ 6 .
Q Aty
803 49 . o ’
= °. . °®
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0
10° 102 10*
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(a) Spherical particle moving in 2D space.
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- - Simulation Mﬂ - - Simulation
| °
‘ [ ]
[ ]
: XX ) 2000 . o
102 104
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(b) Spherical particle moving in 3D space.
14
—— Theoretical ——X-axis
{Luu’f‘ 15+ - - Simulation 121 yoaxis
I P\ ——z-axis
[ 10
10 d 8
N I . etn
* e, = 6
[ ]
5 4
L . . 2
0 0
10° 102 10 0 1

# Simulations

(c) Tri-axial particle moving in 3D space.

Figure 4.4: Mean squared displacement analysis for spherical and tri-axial particles in two
and three dimensions. The first panel in each subfigure reports the squared displacements
for several simulations along with the theoretical and simulated mean. The second panel

—_—

shows how the simulated MSD/At converges on the theoretical value as the number of
averaged simulations increases. The third panel (only in subfigure c) gives the theoretical

and simulated M SD; for each axis.
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4.3 Rotational Mean Squared Displacement

In a similar manner as M S D, rotational mean squared displacement (RM SD) can verify the
validity of the rotational aspect of Brownian dynamics simulations. However, unlike M SD,
the angular displacement of a particle from its initial orientation has an natural limit, (7
radians). Thus, many methods of calculating and analyzing RM SD have been developed.
This report considers two methods, one "bounded" analysis and one "unbounded" analysis.
The bounded result approaches a limit as the simulation time increases, and the analysis
relies on how quickly this limit is reached. On the other hand, the unbounded calculation
mirrors the M SD method, and the analysis relies on the slope of the result versus At.

The RMSD, (bounded) analysis as described by Jain [22] is defined according to
RMSD, = ([t(ty + At) — T(to)[*), (4.3.1)

where T is any unit vector with a fixed orientation with respect to the particle. When
averaged across many simulations, the result should match the theoretical model given by

RMSDy, = 2(1 — e 2PrA1), (4.3.2)

Note that since this equation depends on D, and the three diagonal components of D, only
equal each other for spherical particles, this analysis is only suitable for spherical particles.
Dimensionless equation (4.3.2) equals

RMSDy = 2(1 — e 28%), (4.3.3)

The RM SD, (unbounded) analysis as described by Hunter [23] relies on a change in
orientation vector @ calculated according to

At
D(AL) = / w(t)dt' (4.3.4)
0
where w is angular velocity. Using this definitions, RMSD, is defined according to

RMSD, = {|®(ty + At) — ®(to)]?). (4.3.5)

When rotating in n dimensions, the slope of RMSD, versus At should equal

RMSD, &
——=2> D,,. 4.3.
N 2 Dr (4.3.6)

The dimensionless form of this equation equals

RMSD ~ ~ 1
At Z Q 437

1
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Figures 4.5 and 4.6 display the results of the bounded and unbounded RMSD cal-
culations, respectively. As with the M SD simulations, all calculations use the mean of 10*
simulations, each with 4 x 10? time steps with a time step of 1072. The bounded result is
compared to equation (4.3.3), and the slope of the unbounded calculation is compared to
equation (4.3.7). The theoretical and simulation results match well.

2.5 . :
—— Simulation
9l == Theoretical
Q’° 1.5}
=
g1t
0.5
0 )
0 1 2 3 4
At

Figure 4.5: Bounded rotational mean
squared displacement, based on Jain [22].

50 ‘ : : 8 :
—— Theoretical —— Theoretical

- = Simulation — — Simulation

102 10*
# Simulations

(a) RMSD,, for several simulations and (b) Convergence of RMSD, /At with
the theoretical and simulated mean. number of averaged simulations.

Figure 4.6: Unbounded rotational mean squared displacement, based on Hunter [23].
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Chapter 5

Conclusion

This work derived an analytical model for the dipolar interaction of magnetic ellipsoids and
verified the dynamics through both numerical calculations and comparison with the estab-
lished point-dipole model. Then, the model was applied in Brownian dynamics simulations
along with a rotating external magnetic field and an electrostatic potential that accounts
for particle curvature at the point of interaction. Next, several simulations were performed
of tri-axial and binary particles in various conditions, revealing how each parameter affects
the particle interactions. Finally, the validity of the simulations were confirmed using both
translational and rotational mean squared displacement analysis.

In the future, the simulation techniques and code derived in this work will be applied
to simulations of dense particle suspensions, in which multiple particles interact simultane-
ously. Because the behavior of these suspensions is experimentally known, this will verify
the validity of the simulation method, lending credence to any simulation-based predictions
about the behavior of possible nanorobot designs.
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Chapter 6

Appendices

6.1 Appendix A

Functions with no accents denote functions of extensive variables, and functions accented

with a tilde denote functions of dimensionless variables. From equation (2.1.6):

= (11~ 1, () 2,20

Gij = 0y (LTj (&) — Ly, (OO)) Tt (Frj (5)(;5_52)

In dimensionless form:

Finding a definition for E

r2 o r2 y? N r2 z? _
r%ﬁi—i—g rare+§ rari+§
AN
TR P
-~ ¢ )~
52_27Tm£:£
Tm
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(6.1.7)
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Using this relation to find 55 /0,

e 0(28) | sFom 255(i)_ &

= = — = — =Ty
ow; ox; "o O, moT; \ 1T 0T,

Substituting equations (2.1.9), (6.1.7), and (6.1.8) into equation (6.1.1):
=1 (3 1 09) s 2
] ¥ Tj m Tj myj rj m m5551

Using equation (2.1.8) for I :

Using equation (2.1.7) for L, :

oA [€ 1 N
' @)_/o (aw*;)\/(awg)(awﬂ)(aw?)d

- 7€ 1
L,, (rif) :/ do
0 (a2 (a2 o+ ki) (a4 r2)
Q@ da
T = % , dy = a

2

"m

/5
O (r2y + 127 (2 + AT 2y + ) (2 + 13)

dry

t~
Q‘E
/N
=
3[\')
Iy
N—
I

N ¢ "
L, (rmg) N /o r3.(y +7“"2)\/(7+7“2)(7+7“2)(7 +7~"2)dv

(6.1.8)

(6.1.9)

(6.1.10)

(6.1.11)

(6.1.12)

(6.1.13)

(6.1.14)

(6.1.15)

(6.1.16)

(6.1.17)

(6.1.18)

(6.1.19)
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Substituting in equation

1
3
(6.1

3):

L (39 =

Substituting equations (6.1.13) and (6.1.20) into equation (6.1.9):

Gij = bi; (éﬁj (5) - éﬁj (oo)) T (%FW (5) T
[ i (L’” O L7 (x ) + 7 <F”j (E) %)]
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(6.1.20)

(6.1.21)

(6.1.22)

(6.1.23)
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6.2 Appendix B

From equation (2.1.6):

s 5 5Ly, (€
G = o (85 (£ (O = 1, (00) 2,72 )

0 OL,. (&) OL, (00) dx; 0L, (&) 5 (6L, (&)
— G =0 J J el J o J
0xy, Gij “ < oxy, + 0xy, ) * ox, Oz, t T oxy, ( 0x; )
5 ., 0L, (§) 0L, (£) 6 (dLy; (§)

L, (§)

Using the chain rule, i s-— 1s simplified to an algebraically evaluable term:

0Ly, (§) 0Ly, () 66

0w o0& o
P (O SN oL (ORI (5Lrj (€) 55)
P A R P L Y R A U T T

where the derivative of £ with respect to position equals

5_{_ 2z, x? N y? N 22
dr; PHENIOT (349" (249

Using the definition of the shape parameter function given by equation (2.1.7):

0L, (§)
(5—5 - FTj (g)
5o s 0 L, 0 %
EGij = 5ijFTj (5)5_% + 5ijTj (5)5_3;1 + xj(s_xk <Frj <€>5_=Tz)
5o 5¢ 56 OF, (€) 6¢ ¢ 0%
5_l‘kGij = 5ijFTj (€) m + 5j’fFTj (€) 5_% i 0& 5_3%51‘1 ik, (©) 0x;0xy,

where the derivative of F;., with respect to the ellipsoidal coordinate equals

oF;, (€) 1

CEFP) () T EHT) F (E+T) €+
2(¢ +~32) ((€+72) (¢ +;Z> (€ +@)3/z
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(6.2.1)

(6.2.2)

(6.2.3)

(6.2.4)

(6.2.5)

(6.2.6)

(6.2.7)

(6.2.8)

(6.2.9)

(6.2.10)
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and second derivative of the ellipsoidal coordinate with respect to position equals

{52_5]_ > o %), A
00Tk |, \(F4E) (246705 F2+8)°  (2+¢&?  (72+¢)°

2
2%, 3 7 »
_ 6.2.11
W+®/Q@+@fW@+@fW@+@J (0240
N
R AGEGG EG GG

{52_5}__2_@5_5 LA N
0Ti0Tr ]y \ T +&70T ) \(2+9°  @2+8° 7+’

2
27; 72 v? 32
_ 6.2.12
<ﬁ+®(@+@2Wﬂ+ " W) (6212

(2w 6¢ 2§2+2372+2§2
47 0T\ (248 T+8°  (FZ+¢)
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6.3 Appendix C

As derived in Appendix A, the gradient of the Green tensor follows

o 55’ o OE, ,(6) 0& 55 62¢

(6.3.1)

In dimensionless form:

%éij = (5¢jFW (f) ;E +5ij (E) 56 +7; T5£<§> ;l’i ;f +ij~j (g) 5%5;5219 (6.3.2)

Using equation (6.2.10), the dimensionless derivative of F}. with respect to &:

o EeR) ) (Em) () (633)
(+72) (€+7) + (€+72) (£+72) + (+7) (€+7)

(SF (T;g) - 1
(5 (mEenn) | (2Eean) (38 nR) (2 2m)
(2&+02m) (2€+27) + (RE+ram2) (RE+ ) + (BE+ ) (BE+ )

(6.3.5)
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oF (r%{) _ i - 1
WO @) R @) E) L
((E+72) (E472) + (€+72) (€+72) + (E+72) (€+72))
(@7 (E7) R )

5F’"f(’”72n§)_ 197 (€) 6.3.7
6028 Th 8(©) 030

The second derivative of the ellipsoidal coordinate with respect to position:

2 52 rfng 26 5%, 0F 20 27
52.5; - 5£i5a:k> - Tiﬁé—%%% - ﬁ”% (%) - 525% (6:58)

Substituting the above equations other identities from Appendix A into equation (6.3.1):

=337 0) (i) 30 (3 9) ()

i F ¢ N s g
) (-6 () (e 0) (6)

j 7 3 : i3
52 G, (%FT (é) —+5 G ;; 7 55( ) ;fk (;55 7 (€) 52;@)

(6.3.10)

(6.3.9)

Substituting in equation (6.3.2):

Gij (6.3.11)
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6.4 Appendix D

According to Evans [12]:

0A
@ = —AT 6.4.1
YT o (6.4.1)
where w® = ¢-w is the skew-symmetric tensor form of the angular velocity vector w = d®/dt,

and e is the Levi-Civita tensor. Using these identities in equation (6.4.1) gives

0P A
Using the chain rule: J SA
q T
——=—A 6.4.3
“Sqot ot (6.43)

For a quaternion defined by equation (1.2.2) and the associated transformation matrix as
defined by equation (1.2.8):

0A . 2(qod0 + 161 — 262 — 43G3)  2(q1G2 + G1q2 — GoG3 — Goq3) 2(q1G3 + G1g3 + GoGa + Gog2)
E =A = |2(q1Ge + G1¢2 + GoG3 + Gog3)  2(q0Go — @11 + @22 — G3G3)  2(q3G2 + G3G2 — Godi — Gogr) (6-44)
2(q1gs + 4143 — QG2 — Gog2)  2(q3Gz + G3q2 + qod1 + doq1)  2(qgodo — ¢1G1 — G2G> + G3qis)

., B+ —a—a  2(ea + 99) 2(3q1 — q0q2)
A= 2 —9p) G-C+E -G 2(pe+ on) (6.4.5)
2(1g3 + 002)  2(02q3 — @q1) @ — 4 — ¢+ 4

Substituting these expressions into equation (6.4.3), multiplying the matrices, and using the
properties of unit quaternions (namely, ¢2 +¢3 +q3 +¢5 = 1 and qoGo + q1G1 + @22 + g3z = 0)
to reduce the result yields

0® iq 0 2(q3go + 261 — q1G2 — qoG3)  —2(q2G0 — @361 — QoG + G1G3)

: 5_E = | —2(g3d0 + @241 — @162 — qoG3) 0 2(q1G0 — qod1 + g3G2 — G2G3) (646>
q 2(g2do — g3G1 — Qod2 + @1d3)  —2(q1d0 — Godr + 4342 — G2Gs) 0

As expected, the matrix in equation (6.4.7) is skew-symmetric. Thus, using the properties
of the Levi-Civita tensor, the equation can be solved in reverse to to isolate d®/dq:

o — qoq1 + q3G2 — G243
5® 5q 9190 — doth : \
~— 7 =2 | % — @G — 992 + @143 (6.4.7)
oq ot . ; . )
4390 + 9291 — Q192 — qog3
5P Q1q:0 - QOCJ:1 + 613(.!:2 - C.I2q:3 5t
3q 2 [ q2G0 — @31 — QoG2 + q1G3 Sa (6.4.8)

9390 + 241 — G1G2 — Gogs
Factoring out the time derivative of the quaternion reduces the above relation as follows:

5P g1 —qo g3 —Q2 5q 5t
— =2 —¢B —q@ ¢ i el (64-9)
oq ot 0q

9 42 —q1 —
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5P g1 —4qo0 g3 —@2
5— =2|q¢ —qG —q GO

q
qg3 G2 —q1 —qo

As defined by Delong [14]:

oq
=35

Relating this definition to the matrix defined in equation (6.4.10):

0P _ 0q0® 4
5q 6P oq

where I is the identity matrix. In matrix form:

g1 —qo 4q3 —Q2
V-2 —q3 —q@ ¢ | =1
qg3 G2 —q1 —qo

Solving for W:

qi q2 q3
1= _
g—_ | —B P
21935 —q —q
—q2 @1 —q
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6.5 Appendix E

According to equation (3.3.5), the translational mobility matrix equals
K = 167mp [mexex + TyQLr—ly(oo)eyey + mezez} (6.5.1)

Defining the dimensionless form as

- ) . )
K = [)?+F2ZL” (o) X T X727 (00) Y Y + mezez} (6.5.2)
According to equation (6.1.20):
1 ~.
Li(oo) = —L'(0) (6.5.3)
Tm

~ o0 1
X :/ da (6.5.4)
0l (04 72) (a4 72)
> 1
X = da (6.5.5)
0 et i) (a4 2) (ot i)
o do
oo/r2, 7“2
X :/ m dy (6.5.7)
0 Uy B (B4 R (R )
1 [ 1
X — _/ dvy (6.5.8)
o SO (47 ()
1 ~
X=—X (6.5.9)

T'm

Substituting these values into equation (6.5.1):

1 1

K= ].67'('[1, — _ exey + ~ _ eyey

LX 40272 (417 () LX 402 (F17 ()
" " " " (6.5.10)
1
+—— — €€,
LX 42 (F17 (o)

K = 16mur,, [mexex + meyey + mezez] (6.5.11)
K = 167pur, K (6.5.12)
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According to equation (3.3.6), the rotational mobility matrix equals

— 167 ry’trs? re?4r.? re24ry?
Q=S |:Ty2LTz (00 17207 (00) €x€x T T3 ooy 4r 207 (00) OYCY Tt 120 (o0) 7, 7 L7 (00) €27

Defining dimensionless form as

Q=

272 ~ | 2 272
AT R T OO + BT R TVa &vey + BT T %2
TZL™ (00)+72 L™ (00) 2L (00)+72L™ (00) Y Y T2L™ (00)+72 L™ (00)

Using the definitions of dimensionless variables derived in Appendix A:

16 r2rE 422
Q=—"y N - exex
30 (L7 (00)) + 12 (07 (00))
A+ 1
+ - — eyey
1272 (L7 (00)) + 272 (17 (o0)
T
+ — — eze,
4 (L7 (00)) + 23 (17 (00))
Q 167 3 ?Z +77 4 PR
= —Uur — eXeX P ey e
31 B (o) + 7207 (00) O T LT (o0) + 2L (50)
ATy
27 27 €26z
72 L7 (00) + 75 L7 (00)
16 ~
Q= TWW’SQQ

o4

(6.5.13)

(6.5.14)

(6.5.15)

(6.5.16)

(6.5.17)
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6.6 Appendix F

According to equation (3.3.12), the Lagrange Equation in terms of the grand resistance

matrix and the diffusivity tensors equals

AP Tdd Tdf e

Substituting in the definitions of M, Dy, and Dy yields

Ax - K-! 0 Fai K 0
(32) =2 (%) ol () a5y o

' ) () (B

0 Q! Tdd

Using dimensionless variables results in
TmAi . A’{ I{i1 0 kBTT,;Ll f‘dd
A® ) Dipae \ 0 Q71 kgTTaq
. At (K™Y 0\ (kpTr; ' Fy
Drmaz \ 0 7\ kpTT7y
N At (K" 0\ (kgTrlF,
Dr,max 0 Qil kBT?e

\/265TK 1 ATD L, (BM)

r,max

\/265TQIAID L, (BM)

r,max

Further utilizing the definitions of Dy and Dy yields
AR _ 7\ 7min (K70 (kpTr Faa
A® kgT \ 0 Q7! kT Taq

_}_A%‘“Qmm <K_1 0 ) (k?BTTmlﬁdf>

T \ 0 Q1) kpTry
NQmin I<71 0 k TT_lﬁ
A B m~ e
TALL T ( 0 Ql)( kT

B \/Qk:BTKflAt%(BM)
\/ 2k T LA (BM)

95

(AX> — AtM (Fdd> + AtM (Fdf ) + AtM (F) - (%Eg%;

(6.6.1)

(6.6.2)

(6.6.3)

(6.6.4)
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where €,,,;, is the minimum diagonal component of {2 among all particles in the simulation.
Applying the dimensionless forms of the resistance dyadics and simplifying gives

Ax\ A6 5 16Rw;;m 0 T;Qﬁdd

167 urs
Rfl ~
+At~16_7rlur3 Q.. | 16murm ~O o Fap
3 m*“mwn 0 3071 ?df
167 urs (6 6 5)
o1 ~ .0.
67 55 Tomir 0 T Fe
16mprs, ¢
B 7“;11\/QIGRW;;mA’tV§7wr§ﬁmm(BM)
V2 A Qi (BM)
A —~ (iK' 0 \/(F
— AR (3 D ) (B
(A@) t mm( 0 Q‘l) (Tdd
—~ 1K1 F
+ AT in <3K Y 1) <}zdf )
Q Tdf
- (6.6.6)

20 ATQ,in (BM)

To condense this expression, this dimensionless mobility matrix M is defined according to
equation (3.3.18), which yields

~ /T T B 1/2A;{2mmﬁ_l BM
(ﬁ;‘)) = AIM (Fdd) + ATM (Edf) + AtM (F6> — | VEi— (BM) , (6.6.7)
\/ QAtQme_1<BM)

Because this report uses quaternions to track orientation, the change in orientation is trans-
formed to a change in quaternion using ¥ according to

Tdd

- s o o (T 2N K-Y(BM
<6¢AX ) = ATM <fFfld> + ATM @df) + AtM (F) R \/?’w—~( ). o)
2 e (BM)

(3%) = (5) [0 (B) vt (Br) s (B - (éj%)) 669
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